PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 126, Number 9, September 1998, Pages 2619–2622
S 0002-9939(98)04409-8

THE SUPREMUM OF THE DIFFERENCE BETWEEN THE BIG
AND LITTLE FINITISTIC DIMENSIONS IS INFINITE
SVERRE O. SMALØ
(Communicated by Ken Goodearl)
Abstract. For each natural number n, an example of a finite dimensional
algebra Λn is given, which has left little finitistic dimension equal to 1 and left
big finitistic dimension equal to n.

Introduction
The objective of this note is to give, for each natural number n ≥ 1, an example
of a finite dimensional algebra Λn over a field such that the left little finitistic
dimension of Λn is 1 and the left big finitistic dimension of Λn is n.
Recall that the left little finitistic dimension of an algebra Λ is the supremum of
the projective dimensions of the finitely generated left Λ-modules of finite projective
dimension, and that the left big finitistic dimension of an algebra Λ is the supremum
of the projective dimensions of all Λ-modules having finite projective dimension.
The first example of a finite dimensional algebra Λ where the two dimensions do not
coincide was given in 1992 by Birge Huisgen-Zimmermann [1]. The examples given
there are a family of monomial relation algebras, and they are rather complicated
compared to the algebras given in this note. In [1] it was also proved that, for
monomial relation algebras, the difference between the two dimensions is at most 1,
and in the examples the left little finitistic dimension was at least 2. For monomial
relation algebras it was also proved that the two dimensions have to coincide if
r3 = 0 where r denotes the radical of the algebra. However, the algebras given in
this note have the property that r3 = 0.
An alternative approach to the problem of making the difference between the
little and big finitistic dimensions arbitrarily large, which was pointed out to me
by Jeremy Rickard, is to use the first example constructed by Birge HuisgenZimmermann together with properties of tensor products of algebras. For finite
dimensional algebras Λ1 and Λ2 over an algebraically closed field k one has that
the global dimension of Λ1 ⊗ Λ2 is the sum of the global dimension of Λ1 and the
global dimension of Λ2 . Letting ` fin. dim Λ denote the left little finitistic dimension of Λ and ` Fin. dim Λ denote the left big finitistic dimension of Λ one also
gets that ` fin. dim Λ1 ⊗ Λ2 = ` fin. dim Λ1 + ` fin. dim Λ2 and ` Fin. dim Λ1 ⊗ Λ2 =
` Fin. dim Λ1 + ` Fin. dim Λ2 . From these two equalities one can just take repeated
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tensor products of the algebra mentioned above to obtain arbitrary differences between the two finitistic dimensions. I include the arguments presented to me by
Rickard that the two equalities above hold. First observe that if M is a Λ1 -module
of projective dimension m and N is a Λ2 -module of projective dimension n, then
M ⊗ N has projective dimension m + n as a Λ1 ⊗ Λ2 -module. Hence the inequalities ` fin. dim Λ1 ⊗ Λ2 ≥ ` fin. dim Λ1 + ` fin. dim Λ2 and ` Fin. dim Λ1 ⊗ Λ2 ≥
` Fin. dim Λ1 + ` Fin. dim Λ2 follow readily. We now carry through the argument
for the other inequality for the little finitistic dimension. If one lets X be a finite dimensional Λ1 ⊗ Λ2 -module of finite projective dimension, then X as a Λ1 module has finite projective dimension, since a Λ1 ⊗ Λ2 -projective resolution restricts to a Λ1 -projective resolution. Hence the m-th syzygy, Ωm X, in the Λ1 ⊗ Λ2 projective resolution of X is projective as a Λ1 -module when m = ` fin. dim Λ1 .
Next observe that if P is a projective Λ1 ⊗ Λ2 -module then the isomorphism
(P ⊗Λ1 M )⊗Λ2 N ' P ⊗Λ1 ⊗Λ2 (M ⊗ N ) shows that P ⊗Λ1 M is a flat and hence projective Λ2 -module for all Λ1 -modules M . Now let S be a simple Λ1 -module. Then
Ωm X ⊗Λ1 S has finite projective dimension as a Λ2 -module since a Λ2 -projective
resolution can be obtained by tensoring the Λ1 ⊗Λ2 -resolution of Ωm X by S over Λ1
and observing that this sequence is exact since Ωm X is projective as a Λ1 -module.
Λ1 ⊗Λ2
m
2
(Ωm (X), S ⊗ T )
Now using the isomorphism TorΛ
i (Ω (X) ⊗Λ1 S, T ) ' Tori
for any simple Λ2 -module T , and letting n be the finitistic dimension of Λ2 , we ob1 ⊗Λ2
(X, S ⊗ T ) = 0 for all i > m + n. Hence the flat dimension and
tain that TorΛ
i
therefore also the projective dimension of X are at most m+n as a Λ1 ⊗Λ2 -module.
Observe that using the tensor product construction one also increases the Loewy
lengths of the algebras involved.
One can now ask if the two equalities involving the finitistic dimensions are valid
also for nonseparable finite dimensional algebras over a field.
For a historical account of the finitistic dimension conjectures, we refer to the
paper [2].
This paper was written while the author was visiting The University of California
at Santa Barbara and he would like to take the opportunity to thank the algebra
group there for their hospitality.
The example
The algebra Λn will be given as a path algebra of a quiver modulo relations
and it will then be explained how it is obtained by means of repeated one point
extensions using basically injective modules except in the first step. This point of
view will then serve as basis for the argument leading to the announced conclusion.
Let Γn be the quiver
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let k be any field, and let Λ be the path algebra of Γ over k modulo the ideal
generated by the following relations: α2 , β 2 , αβ, βα, αρ1 , ασ1 , βτ1 , xi yi+1 for i =
1, 2, · · · , n − 1 and x 6= y; x, y ∈ {ρ, σ, τ } and xi xi+1 − yi yi+1 , x, y ∈ {ρ, σ, τ }, i =
1, · · · , n − 1.
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Theorem. For each natural number n ≥ 1, the algebra Λn given above has left
little finitistic dimension 1 and left big finitistic dimension n.
Proof. For each vertex i = 1, 2, · · · , n in the quiver Γn , let ei be the corresponding
idempotent in Λn , and let Pi = Λei and Si = Pi /rPi be representatives of the
indecomposable projective and simple Λn -modules respectively. Here r denotes
the radical of the algebra Λn . Since the Loewy length of P0 is 2 and all the
indecomposable projective Λn -modules except P0 have Loewy length 3, there can
be no inclusion from a projective P into the radical of another projective Q if P
contains an indecomposable direct summand not isomorphic to P0 . So, in order
to have an inclusion of a nonzero projective module P into the radical of another
projective module Q, the projective P has to be isomorphic to a direct sum of copies
of P0 . However, P0 has nonzero morphisms only to P1 , P2 and itself. So if P is a
finitely generated projective module which is a submodule of the radical of a finitely
generated projective module, we have the situation f : P0m → P0m0 q P1m1 q P2m2
where the image of f is in the radical. But then, since the image of p0 f , where p0
is the projection of P0m0 q P1m1 q P2m2 onto P0m0 , and the image of p2 f , where p2 is
the projection of P0m0 q P1m1 q P2m2 onto P2m2 , are both semisimple, we obtain an
inclusion P0m → P1m1 by composing the given inclusion f with the projection p1 of
P0m0 qP1m1 qP2m2 onto P1m1 . However, it is not hard to see that this is possible only
if m1 ≥ m. But then r2 P1m1 , which has dimension 3m1 as a k-vector space, is not
contained in the image of P0m which has an intersection with r2 P1m1 of dimension
2m. Therefore the cokernel of any inclusion P → Q of finitely generated projective
Λn -modules P and Q with the image in the radical has Loewy length three and can
therefore not be embedded in the radical of any projective Λn -module. Therefore
the syzygy of any finitely generated Λn -module cannot have projective dimension
1, which shows that the left little finitistic projective dimension of Λn is 1 for all
n ≥ 1.
(N)
Next, let e0,i be the coordinates of P0 with e0 in the i’th place and 0 otherwise,
(N)
and let analogously e1,i be the coordinates of P1 with e1 in the i’th place and 0
(N)
(N)
otherwise. Letting φ : P0 → P1 be given by φ(e0,2i−1 ) = τ1 e1,2i−1 + σ1 e1,i and
φ(e0,2i ) = τ1 e1,2i +ρ1 e1,i , where τ1 , σ1 and ρ1 also denote the cosets of τ1 , σ1 and ρ1
(N)
(N)
in Λn respectively, it is not hard to verify that φ is an inclusion P0 → P1 such
that coker φ is annihilated by the residue classes of α and β and has socle equal
(N)
to S0 . If we now go back and look at the definition of the algebra Λn , it follows
that for n ≥ 3 one has that Λn is a one point extension of Λn−1 by the injective
envelope of Sn−2 considered as a Λn−1 -module. Λ2 is the one point extension of Λ1
by the injective Λ1 /(α, β)-envelope of S0 considered as a Λ1 -module, where we also
let α and β denote the residue classes of α and β in Λ1 . Denoting coker φ by X1 ,
(N)
we know that we can embed X1 into P2 in such a way that their socles coincide,
yielding a quotient module which we denote by X2 having Loewy length two with
(N)
socle isomorphic to S1 . This can now be repeated leading to an exact sequence
of modules
(N)

0 → P0
(N)

where each Pi
at least n.

(N)

→ P1

(N)

→ P2

→ · · · → Pn(N) → Xn → 0

is projective. This shows that the big finitistic dimension of Λn is
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That the big finitistic dimension cannot exceed n follows from the fact that
the vertices in Γn corresponding to all indecomposable projective Λn -modules Pi
except P0 do not belong to any oriented cycle in Γn . This finishes the proof of the
theorem.
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