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EVERY GROUP HAS A TERMINATING TRANSFINITE
AUTOMORPHISM TOWER

JOEL DAVID HAMKINS

(Communicated by Ronald M. Solomon)

Abstract. Iteratively taking the automorphism group of any group leads,
transfinitely, to a fixed point.

The automorphism tower of a group is obtained by computing its automorphism
group, the automorphism group of that group, and so on, iterating transfinitely.
Each group maps canonically into the next using inner automorphisms, and so at
limit stages one can take a direct limit and continue the iteration:

G → Aut(G) → Aut(Aut(G)) → · · · → Gω → Gω+1 → · · · → Gα → · · · .

The tower is said to terminate if a fixed point is reached, that is, if a group is
reached which is isomorphic to its automorphism group by the natural map. This
occurs if a complete group is reached, one which is centerless and has only inner
automorphisms.

In the special case that the initial group is centerless, matters simplify consid-
erably: in this case all the groups appearing in the tower are centerless (see Hulse
[1970]), and, consequently, all the natural maps are injective. The tower can there-
fore be viewed as building upwards to larger and larger groups; the question is
whether this building process ever stops.1 Wielandt [1939] proved the classical re-
sult that the automorphism tower of any centerless finite group terminates in finitely
many steps. Rae and Roseblade [1970] proved that the automorphism tower of any
centerless Černikov group terminates in finitely many steps. Hulse [1970] proved
that the automorphism tower of any centerless polycyclic group terminates in count-
ably many steps (but not necessarily after just ω many steps). Solving the problem
for centerless groups, Simon Thomas [1985] proved that the automorphism tower
of any centerless group eventually terminates. In fact, the automorphism tower of
a centerless group G terminates in fewer than (2|G|)+ many steps. In the general
case, however, the question remained open whether every group has a terminating
automorphism tower. This is settled by the following theorem.
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1In Hulse [1970], Rae and Roseblade [1970], and Thomas [1985], the tower is only defined in
this special case; but the definition I give here works perfectly well whether or not the group G is
centerless. Of course, when there is a center, one has homomorphisms rather than embeddings.
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Main Theorem. Every group has a terminating automorphism tower.

Proof. Suppose G is a group. The following transfinite recursion defines the auto-
morphism tower of G:

G0 =G,

Gα+1 =Aut(Gα), where πα,α+1 : Gα → Gα+1 is the natural map,
Gλ =dir limα<λ Gα, if λ is a limit ordinal.

When α < β one obtains the map πα,β : Gα → Gβ by composing the canonical
maps at each step, and these are the maps used to compute the direct limit at limit
stages. Thus, when λ is a limit ordinal, every element of Gλ is of the form πα,λ(g)
for some α < λ and some g ∈ Gα.

Since Simon Thomas [1985] has proved that every centerless group has a termi-
nating automorphism tower, it suffices to show that there is an ordinal γ such that
Gγ has a trivial center. For each ordinal α, let Hα = { g ∈ Gα | ∃β πα,β(g) = 1 }.
For every g ∈ Hα there is some least βg > α such that πα,βg (g) = 1. Let
f(α) = supg∈Hα

βg. It is easy to check that if α < β, then α < f(α) ≤ f(β).
Iterating the function, define γ0 = 0 and γn+1 = f(γn). This produces a strictly
increasing ω-sequence of ordinals whose supremum γ = sup{ γn | n ∈ ω } is a limit
ordinal which is closed under f . That is, f(α) < γ for every α < γ. I claim
that Gγ has a trivial center. To see this, suppose g is in the center of Gγ . Thus,
πγ,γ+1(g) = 1. Moreover, since γ is a limit ordinal, there is α < γ and h ∈ Gα such
that g = πα,γ(h). Combining these facts, observe that

πα,γ+1(h) = πγ,γ+1(πα,γ(h)) = πγ,γ+1(g) = 1.

Consequently, πα,f(α)(h) = 1. Since f(α) < γ, it follows that

g = πα,γ(h) = πf(α),γ(πα,f(α)(h)) = πf(α),γ(1) = 1,

as desired.

The proof does not reveal exactly how long the automorphism tower takes to
stabilize, since it is not clear how large f(α) can be. Nevertheless, something
more can be said. Certainly the automorphism tower of G terminates well before
the next inaccessible cardinal above |G|. More generally, if κ > ω is regular and
|Gα| < κ whenever α < κ, then I claim the centerless groups will appear before κ.
To see this, let Hα = { g ∈ Gα | ∃βg<κ πα,βg(g) = 1 } and define f : κ → κ by
f(α) = supg∈Hα

βg; if γ < κ is closed under f , then it follows as in the main theorem
that Gγ has no center, as desired. In this case the tower therefore terminates in
fewer than (2|Gγ |)+ many additional steps. If it happens that |Gγ |+ < κ, one
can adapt Thomas [1998] argument using Fodor’s lemma to prove that the tower
terminates actually in fewer than κ many steps. The point is that one can find a
bound on the height of the tower by bounding the rate of growth of the groups in
the tower.

Thomas [1985] provides his explicit bound in the case of centerless G in precisely
this way. He proves that if G is centerless and κ = (2|G|)+, then |Gα| < κ for all
α < κ. The analogous result, unfortunately, does not hold for groups with nontrivial
centers. This is illustrated by the following example, provided by the anonymous
referee of this paper:
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Example. There exists a countable group G such that

|Aut G| = 2ω and |Aut(AutG)| = 22ω

.

Proof. For each prime p, let Z[1/p] = {m/pn | m ∈ Z, n ∈ N } be the additive
group of p-adic rationals and let G =

⊕
p Z[1/p] be the direct sum of these groups.

An element g ∈ G is divisible by pn for all n ∈ N iff g ∈ Z[1/p]. Hence, if π ∈ AutG,
then π[Z[1/p]] = Z[1/p] for each prime p. It is easy to see that any automorphism
of Z[1/p] is simply multiplication by an element u ∈ Up = {±pn | n ∈ Z }, the
group of multiplicative units of the ring of p-adic rationals. Thus, AutG ∼= ΠpUp;
and so |Aut G| = 2ω.

Next note that Up
∼= Z × C2 for each prime p. Thus Aut G ∼= P × V , where P

is the direct product of countably many copies of Z and V is the direct product of
countably many copies of C2. Since each nonzero element of V has order 2, it follows
that V is isomorphic to a direct sum of |V | copies of C2. Thus we can identify V
with a vector space of dimension 2ω over the field of two elements. Hence,

Aut(Aut G) ∼= AutP ×AutV = AutP ×GL(V ),

where GL(V ) is the general linear group on the vector space V . Since |GL(V )| =
22ω

, it follows that |Aut(Aut G)| = 22ω

.

Enriqueta Rodŕıguez-Carrington has observed that the natural modification of
my argument shows that the derivation tower of every Lie algebra eventually leads
to a centerless Lie algebra. Since Simon Thomas [1985] proved that the derivation
tower of every centerless Lie algebra must eventually terminate, it follows that the
derivation tower of any Lie algebra must eventually terminate.

One might hope, since every step of the automorphism tower kills the center of
the previous group, that Gω is always centerless; but this is not so. The dihedral
group with eight elements has a center of size two, but is isomorphic to its own
automorphism group (there is an outer automorphism which swaps a and b in the
presentation 〈a, b | a2 = 1, b2 = 1, (ab)4 = 1〉). The group at stage ω is just the two
element group, which still has a center, and so this tower survives until ω+1. Simon
Thomas has constructed examples showing that for every natural number n there
are finite groups whose tower has height ω + n, but these also become centerless at
stage ω + 1. Perhaps our attention should focus, for an arbitrary group G, on the
least ordinal stage γ such that Gγ is centerless. The main point, then, is to find an
explicit bound on how large γ can be in comparison with |G|.

To my knowledge, the following questions remain open: For which ordinals γ is
there a group whose tower becomes centerless in exactly γ many steps? Is there a
countable group with an uncountable automorphism tower? Is there a finite group
with an uncountable automorphism tower? Is there a finite group G such that Gω

is infinite?
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