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STABILITY OF n-VORTICES
IN THE GINZBURG-LANDAU EQUATION
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Abstract. We consider the class of n-vortex solutions to the time-indepen-
dent Ginzburg-Landau equation on R2. We prove an inequality governing the
solutions of a particular boundary value problem. This inequality is crucial
for an elementary proof by Ovchinnikov and Sigal that such n-vortices are
unstable in the case |n| ≥ 2.

We consider here the time-independent Ginzburg-Landau equation

∆ϕ+ (1− |ϕ|2)ϕ = 0,(1)

where ϕ : R2 → C satisfies the boundary condition |ϕ(r, θ)| → 1 as r → ∞. The
simplest family of solutions of (1) are the n-vortices [1] where n is an arbitrary
integer. They are defined by ϕn(r, θ) = einθfn(r), where fn : [0,∞)→ R satisfies

f ′′n (r) +
1
r
f ′n(r) +

(
1− n2

r2

)
fn(r)− f3

n(r) = 0, fn(0) = 0, fn(∞) = 1.(2)

The existence and uniqueness of a solution for (2) are shown in [2, 4].
Of particular interest is the question of the stability of n-vortices under small

perturbations, originally studied by Hagan [3]. Later, it was shown in [7] using
variational methods that n-vortices are unstable for |n| ≥ 2. An alternative, el-
ementary proof was proposed by Ovchinnikov and Sigal [5] and makes use of an
inequality whose validity was only checked experimentally. In this note, we present
a simple proof of this inequality, as follows.

Proposition. Let fn be the solution of (2) with |n| ≥ 2. Then fn ≤ fmax
n , where

fmax
n (r) =

r2

r2 + n2

2

, r ∈ [0,∞).(3)

For the proof, we recall the following comparison result for ODE’s [6].

Lemma. Let (a, b) be an interval in R, let Ω = R2× (a, b), and let H ∈ C1(Ω,R).
Suppose f ∈ C2(a, b) satisfies f ′′+H(f, f ′, r) = 0. If Hf ≤ 0 on Ω and if there exist
functions M,m ∈ C2(a, b) satisfying M ′′(r) +H(M(r),M ′(r), r) ≤ 0 and m′′(r) +
H(m(r),m′(r), r) ≥ 0, as well as the boundary conditions m(a) ≤ f(a) ≤ M(a)
and m(b) ≤ f(b) ≤M(b), then for all r ∈ (a, b) we have m(r) ≤ f(r) ≤M(r).
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Proof of the Proposition. We apply the lemma to our problem, taking a = 0, b =
∞, M = fmax

n , m = fn, and

H(fn, f ′n, r) =
1
r
f ′n +

(
1− n2

r2

)
fn − f3

n.(4)

We easily check that all the conditions of the lemma are satisfied, except possibly
Hfn ≤ 0. Now,

Hfn(fn, f ′n, r) =
(

1− n2

r2

)
− 3f2

n,(5)

and so Hfn ≤ 0 as long as fn lies above the curve gn given by

gn(r) =

{
0, 0 ≤ r ≤ n;√

1
3

(
1− n2

r2

)
, r ≥ n.

(6)

Let U = {r ∈ (0,∞), fn(r) > gn(r)}. If U = (0,∞), then the theorem follows
immediately. Otherwise, since U is open it consists of countably many disjoint
open intervals. If (c, d) is any such interval, then applying the lemma to (c, d)
we have fn ≤ fmax

n on all of (c, d). Hence the inequality holds on U . But it is
easily checked that gn(r) ≤ fmax

n (r) for all r ∈ (0,∞), and so fn ≤ fmax
n for all

r ∈ [0,∞).

With this inequality in place, the proof of instability of n-vortices for |n| ≥ 2
proceeds along the lines given in [5]. Begin by introducing the renormalized energy
functional E , defined by

E(ϕ) =
1
2

∫
R2

(
|∇ϕ(x)|2 − deg(ϕ)2

|x|2 χ(x) +
1
2

(|ϕ(x)|2 − 1)2

)
d2x,(7)

where χ is a smooth weight function inserted to make the integral finite, and deg(ϕ)
is the degree of the function ϕ (in particular, deg(ϕn) = n). We will work with the
space X defined by X = {ϕ ∈ H1(R2), E(ϕ) <∞}. The tangent space TϕX to X
at the point ϕ will be identified with the Sobolev space H1(R2).

A function ϕ is a solution of (1) if and only if it is a critical point of the energy
functional (7). Our goal is to determine whether a given solution is an extremum
or a saddle point of this functional. This can be done by considering the usual first
and second variations [8] dEϕ : TϕX → R and d2Eϕ : TϕX × TϕX → R. To prove
the instability of a solution ϕ it suffices to find a u ∈ TϕX such that d2Eϕ(u, u) < 0.

Now, we claim that u(r, θ) = e−r
2/4 satisfies this requirement as long as |n| ≥ 2.

Using the fact that fn ≤ fmax
n , we have

d2Eϕn(u, u) = Re
∫

R2
ū
(
−∆u+ (2|ϕn|2 − 1)u+ ϕ2

nū
)

= Re
∫ 2π

0

∫ ∞
0

e−r
2/4
(
−∆

(
e−r

2/4
)

+ (2f2
n − 1)e−r

2/4 + f2
ne

2inθe−r
2/4
)
r dr dθ

≤ −π
2

∫ ∞
0

r3
[
(2r2 + n2 − 8)2 + 16n2 − 64

]
e−r

2/2

(2r2 + n2)2
dr.

For |n| ≥ 2 this expression is clearly negative, and the result follows immediately.
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