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ABSTRACT. Let X be a locally m-connected compact metric space. Then,
the canonical homomorphism from the singular homology group Hyn+1(X) to
the Cech homology group I:In+1(X) is surjective. Consequently, if a compact
metric space X is locally connected, then the canonical homomorphism from
H1(X) to Hy(X) is surjective.

1. INTRODUCTION AND SUMMARY

There exists a natural homomorphism from the singular homology group to the
Cech homology group for any space [8,7]. Tt is known that it is not an isomorphism
in general, but is an isomorphism when the space is locally contractible. In the
present paper, we study this homomorphism when the space is locally connected
up to certain dimension. The following is our main result.

Theorem 1.1. Let X be a locally n-connected (LC™ for short) compact metric
space.  Then, the canonical homomorphism from the singular homology group
H,11(X) to the Cech homology group H,11(X) is surjective.

Corollary 1.2. If a compact metric space X is locally connected, then the canonical
homomorphism o, : H1(X) — Hy(X) is surjective.

We recall that the canonical homomorphism is an isomorphism when X is semi-
n+1-l¢® by [8, Theorem 1] and, in particular, when X is LC™*!. The above theorem
holds for the homotopy groups and the Cech homotopy groups if the space X is
the limit of an inverse sequence of polyhedra with weak fibrations as bonding maps
[9, p. 178]. On the other hand, an example of Mardesi¢ [8, p. 162] shows that this
theorem and corollary do not hold for non-metrizable compact Hausdorff spaces.

In the following we review the definition of the above canonical homomorphism
and also its dual for cohomology, which will be used for an application in Section
3. For our purpose, it is convenient to use the Vietoris homology groups, which
are naturally isomorphic to the Cech homology groups [I]. A natural homomor-
phism from the singular homology group to the Vietoris homology group is defined
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fairly directly, and that simplicity is helpful to keep the geometric idea transpar-
ent. The canonical homomorphism of Theorem [Tl is the composition of the above
homomorphism with the natural isomorphism between the Vietoris and the Cech
homology groups, so, in the sequel, we investigate the canonical homomorphism
from the singular homology group to the Vietoris homology group. First we recall
the definition of the Vietoris homology groups and next the homomorphism above.

For an open cover O of a space X, a subset S of X is said to be O-small, if there
exists an element O € O such that S C O. Let X be the simplicial complex whose
n-simplex is an (n+1)-tuple (xq,- - ,x,) such that {zg, -+ ,z,} is O-small. The
set of all n-simplexes of X¢ is denoted by XJ.

The n-dimensional chain group C,,(Xe) is the free abelian group generated by
X&. The boundary operator 0 is defined by

n+1

5‘((x0,~ o 7xn+1)) = Z(—l)i($0,~ o a@a' v ,$n+1),

=0

where (xg,- -+ ,T;, -+ ,Znt1) is the n-tuple obtained by deleting x;. Then, H,,(Xeo)
is defined as the homology group of this chain complex. When an open cover P is
a refinement of another open cover O, we write O < P. Then, C,(Xp) is a sub-
group of Cy,(Xp) and the inclusion induces a homomorphism hop. : Hy(Xp) —
H,(Xo). Now, the n-dimensional Vietoris homology group is the inverse limit
@(Hn(Xo),hop* : O < P), and, as was mentioned earlier, the group is natu-
rally isomorphic to the Cech homology group H,,(X).

We use standard notations for the singular homology groups. The set of all
continuous maps from a space X to Y is denoted by C(X,Y). The standard n-
simplex is denoted by A,. The vertices of A, are denoted by egp,---,e,. The
simplicial map ¢; : A,—1 — A, is defined by ¢;(e;) = e, for j < i and by ¢,(e;) =
ej+1 for j > i. The singular chain group, the free abelian group generated by all
singular n-simplexes, is denoted by S, (X). The boundary operator 9,41(= 9) :
Sn+1(X) — Sp(X) is defined by 9(u) = Z?Iol u-g; foru € C(Ay,41, X). Since this
operation 0 is defined as well in the case that u is defined only on A, 41, by abuse
of notation, we define d(u) for u € C(0A,4+1,X) by the same formula as above.

Let O be an open cover of X. A well-known fact [10, p. 178] shows that there
exists a chain homotopy equivalence to : {Sn(X)} — {S9(X)}, where SO (X) is
the subcomplex of S, (X) generated by all singular n-simplexes u € C'(A,, X) such
that Imu = u(A,) are O-small. Also tp is the chain homotopy inverse of the
inclusion S (X) < S,,(X). Hence any singular n-chain is homologous to a chain
of the form Z;’;O Ay with A; = £1 and uy, € C(A,,, X) such that each Im(u;) is
O-small. Define 9o : SO (X) — C,(Xo) by: po(u) = (u(eg),--- ,u(e,)) for each
singular simplex u of S€(X). Then, o induces a homomorphism from H,,(X) to
H,(Xo), which is denoted by po.. Since the equality o+ = hopx - ©p« holds for
each pair of open covers O and P with O < P, we get the canonical homomorphism
@i+ Hy(X) — lim(H,(Xo), hops : O < P) =~ H,(X). For simplicity, we use the
following notation: [z] denotes the homology class which contains a cycle z, when
the homology group under consideration is clear in the context. When we need to
consider a single cycle z in several different homology classes, we shall note which
homology group is in question.

For use in Section 3, we recall a definition of the Alexander cohomology group.
First let C"(Xp) = Hom(C,(X0),Z), and let the coboundary map §,, : C"(Xp) —
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C""1(Xp) be defined by d,(h)(u) = h(d,(u)) for u € Cp11(Xo) and for h €
C"(Xo). The cohomology group of this cochain complex is denoted by H™(Xp).
The homomorphism gop. : H"(Xp) — H™(Xp) is induced by the dual homo-
morphism gop : C"(Xp) — C™(Xp) of the inclusion C,(Xp) — Cp(Xo). The
n-dimensional Alexander cohomology group is the direct limit lim(H"(Xo), gop« :
O < P), and, as in the Vietoris homology groups, the group is naturally iso-
morphic to the Cech cohomology group H "(X). Since the singular cohomology
group H"(X) is well-known, we do not repeat the definition here. The homomor-
phism o : S2(X) — C,,(Xe) induces a homomorphism S, (X) — C,(Xo) via
to and consequently we get the dual homomorphism ¢© : Hom(C,(X0),Z) —
Hom(S,,(X), Z) which commutes the coboundary maps. Thus, ¢© induces a homo-
morphism ¢9* : H"(Xo) — H"(X). Since hlyp : H"(Xp) — H"(Xp) commutes
with ¢© and ¢F, we get the canonical homomorphism ¢* : H*(X) — H™(X).

2. PROOF OF THEOREM [ 1]

Throughout the present paper, all open covers of spaces are assumed to be finite.
Since we restrict our attention only to compact Hausdorff spaces, this assumption
loses no generality. The first lemma seems to be known, but we were not able to find
this result in the literature so we present a proof for the sake of completeness. (We
refer the reader to [8] for the homology version of this lemma.) For an open cover P
of a space X and a subset P of X, Stp(P) denotes the set (J{U € P: U NP # (}.
For a map f : X5 — C(A;,X) and each simplex (zo,- - ,x;), we simply write
f(zo,- -+ ,x;) instead of f((xo, - ,xs)).

Lemma 2.1. Let X be an LC™ compact metric space and O an open cover of X.
Then, there exist a refinement P of O and a map ; : X% — C(A;, X) for each
0 < i < n with the following properties:
(1) For each P € P, Stp(P) is O-small.
(2) vo(x)(eg) = x for each 0-simplex x € X.
(3) For each s € X%, Im);(s) is O-small.
(4) o - ; is the identity on Xs.
(5) The equality Yiy1(zo, -, xiv1) - €5 = Yi(zo, -+ ,Tj,  ,Tir1) holds for each
(i + 1)-simplex (o, -+ ,xiy1) and for each 0 < j <i+ 1.

Proof. As was mentioned at the beginning of this section, we assume that all covers
are finite. We define a sequence of covers O; by induction. Let Oy = O. For a given
cover O;, take a refinement O,41 of O; satisfying the following condition: for any
U € Oiy1, there exists a V € O; such that any map f € C(0A,4+1-i,Sto,.,(U))
extends to a map f € C(Any1-4, V). The cover P is defined by P = O, ;.

Next, we construct ¢; also by induction. The map v is defined by condition (2).
Suppose that ¢; : X, — C(A;, X) is defined so as to satisfy conditions (2)—(5),

and, in addition, for any (zo, - ,2;) € Xb, Im(¢;(z0, -+ ,2;)) is Opy1—;-small.
Take any (i + 1)-simplex (zg, - ,zi41) € X5 . Since
?/Ji(xo,"' a:ﬁ\jv"' ’xi+1).5k71 = 1/)1.71(1-07... 7@’... ’@7... ;xiJrl)
= wi(xO;"';@v”'vxiJrl)'Ej
for 0 <j <k <i+1, the equations f-e; = ¥;(xo, -~ , L5, - ,Tit1) (j < i+1) define

a map f € C(0A;41,X). By the induction hypothesis, there are V; € Opi1-;
(0 <j <141) such that Im(¢;(xg, -~ , L5, -+ ,Tit1)) C Vj, which imply Im(f) C
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Sto,1_: (Vo). Then, there exist a V' € O,,_; and an extension ¥ 1(zg, -+ ,Ziy1) €
C(Ai41,V) of f. Now, 1,11 has the required properties. O

Notice that any refinement of P can be used to define 1); of the above lemma as
well. Since Cy,(X0) is free, the map 1; extends to a homomorphism from Cy,(Xo) to
S;(X), which is also denoted by 1);. We remember that ; maps X% into C(A;, X),
which is important in the final step of the proof of Theorem [[1] For the next
lemma, we introduce an auxiliary notion. A singular n-cycle z € Z,(X) is called
a standard n-cycle, if there exists a continuous map u : 0A,4+1 — X such that
Ju = z.

Lemma 2.2. Let X be an LC™ compact metric space and O an open cover of X.
Take a refinement P of O satisfying the properties of Lemma [Z1. Suppose that a
singular cycle z € Zn41(X) N SP (X)) satisfies the following conditions:

(1) 2= 227" Aj¥ni1(zjo, -+, @jni1) where \; = £1;

(2) volz) = Zj S0 Ai(@jos - Tjnt1) € Bpy1(Xp).
Then, there exist i = 1 and standard cycles ur, € S, 1(X) (0 < k < myg) such
that z =Y} o etk in Sni1(X).

Proof. By condition (2), there exist (yxo, " ,Ykn+2) € X;;Jrz and pp = £1 (0 <
k < m) such that vo(2) = > 120 11O (Yko, -+ » Ykn+2). Substituting the equality of
(2) and the definition of d(yko, - - , Ykn+2) for both sides of this equation, we have

mo ma n+2
> Xi(@jo, 5 xjnga) Zﬂkz (Ykos -+ 5 Ukir+  Ykna)-
=0 =0

Applying ¢, +1, we have

ma n+2
Z_Z,Usz wnJrl(kav "7@7"'aykn+2)~
=0

By property (5) of Lemma 2.1] for 4,41 and v, we define vy, € C(0A, 12, X) by:

Uk - €5 = Yng1(Yko, -+, Ukis -+ »Yknt2) for each 0 <@ <n 4 2.

Now, let uy, = vy, for k. Then Im(vy) is O-small by property (1) of P in Lemma 2]
and hence these u’s are the desired standard cycles. [l

The next lemma is essentially due to Mardesié [§] where the result is proved
under a weaker assumption lc} rather than LC™.

Lemma 2.3. Let X be an LC™ compact metric space and O an open cover of
X. Then, po«(H,11(X)) is equal to the image of the canonical projection ho :
Hy1(X) = lim{H,+1(Xo), hops : O < P} — Hypp1(Xo).

Proof. Take a refinement P of O and v¢; (0 <4 < n) which satisfies the properties
of Lemma 211 Let ¢ = >0, Nj(2jo,-+ ,%jnt1) be a cycle in Cp(Xp), where
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A = 1. Then,
m m n+1
O Njtnir(@jo, - mjni1) = DX > (1) Unra(@jo, - jni1) - ex
j=0 j=0 k=0
m n+1
= Z)\Z Yobn (Tjo, - s Tgky - Tjmi1)
7=0 k=0
= 0.
The last equality follows from the equation
m n+1
Z/\ Z J)jo,'-',fj\k,-",l‘jn+1):8620.
j=0 k=0
Now, we have that ijo AjUny1(xjo, -+ ,&jnt1) Is a cycle. Also notice that ¢ =

00 (3720 Aj¥nt1(xjo, -+ Tjn+1)) by Lemma ZIl These two imply that Im(ho-)
is contained in @o.(H,+1(X)). The reverse inclusion follows from the equality:
PoOx = hox - P O

The standard n-cell {(xg, -+ ,2,—1) : 0 < x; <1 for each i} is denoted by I".

Lemma 2.4. Let X be a connected, locally connected compact metric space. Then,
there exists a continuous surjection F : 1"t — X which satisfies the following:
(1) F(OI"Y) = {x,} for some z,. € X.
(2) F is null homotopic relative to OI" 1,

(3) For any open set U of X, there exist a point y € U and an open subset O of
"1 such F(O) = {y}.

Proof. The assumption on X implies that there exists a continuous surjection f :
[0,1] — X. Let C be the Cantor ternary set {d ;o d;/3" : §; = 0,2}. Let g :
[0,1] — [0, 1] be a continuous surjection such that g is constant on each component
of [0,1]\ C. The existence of such a function is well known. For an explicit formula,
see [6] pp. 74-76], for example. Let h(z) = f(g(|2x — 1|)) for 0 < & < 1. The map
h 1 — X satisfies the condition of the lemma for n = 0.

For = (xg, - ,xn-1) € I", let p(z) = max{|2z; — 1| : 0 < i < n — 1} and
F(z) = f(g(p(z))). Then, the map F takes the value f-g(1) on the boundary 9I"**
and factors through the interval [0,1]. Properties (1) and (2) follows easily from
these. Further, since [0, 1]\ C is dense in [0, 1], we can see that F' satisfies condition
(3). O

Proof of Theorem [Tl Since H, 1(X) and H,1(X) are finite direct sums of Cech
and singular homology groups of the components of X respectively, we may assume
that X is connected. Applying Lemma [ZT] and the remark after that lemma,
we get a sequence of open covers (P, : m < w) such that Py = {X}, and the
collection {P, : m < w} is cofinal in the set of all open covers of X and Py,41 is a
refinement of P, satisfying the properties of Lemma [Z1] for P,,. We may assume
that each P € P, is path-connected and the diameter of each P € P, is less
than 1/m. Any element of H,;(X) is given by a sequence (¢, : m < w), where
cm € Hy1(Xp,,) (m < w) and hp,,p,, 1 +«(Cmy1) = ¢m. By Lemma 23] choose an
element zg € Z,+1(X) so that pp,«([20]) = c1 and let by, = ¢ — @p,, «([20]). Then,
hp,, Ppsrs(Oms1) = by for each m and by = 0.
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Next, we define a map F,,, € C(0A,+2,X) for each m < w by induction as
follows. Let Fy € C(0A,+2,X) be a null homotopic map which satisfies the condi-
tions of Lemma[Z4l In particular, for any non-empty open set U of X there exist
a point y € U and an open subset O of 0A, 2 such that F;(O) = y. Then, we
obtain a countable disjoint collection of open disks { Dy, : k < w} of 0A, 42 such
that F is constant on each Dy and {F(Dy) : k < w} is dense in X. We construct
maps F,,, € C(0A,12,X) and finite subcollections U, of {Dy, : k < w} so that the
following conditions (%) hold:

(1) ¢ ([0Fn]) = b,
(2) UlUm nUU,, = 0 for any distinct m and n,
(3) F; is constant on each D e Uy, for i <m,
(4) F | 08010 — U Uth = Fy [ 08042 — U2, U, and
(5) d(Fm (), Fri1(x)) < 1/m.
Suppose that F; (1 < i < m) satisfy (x) and ¢p,«([0F;]) = b;. Choose a1 €
Zn1(Xp,,41) 80 that byt — @p,, 14 ([0Fm-1]) = [am+1]-

Since we have chosen P, so as to satisfy the conditions of Lemma [Z1] for P,,_1,
there exists an element z € Z,,11(X)N Sfrl( ) such that p, (2) = @m41. On the
other hand, in H,1(Xp, _,) we have

[am+1] = oPi4(2) = hpp 1 Prirs (Omt1) = 0Ppya s ([0Fm—1]) = b1 — b1 =0,

and hence a,,41 belongs to By11(Xp,, ). Since m —1 > 1, we apply Lemma
and get fim; = £1 and um; € C(0An42,X) such that Im(um,;) is Prm—_2-small and
z = Z?Zo oy
Take Ppj € Pm—2 (0 < j < ky,) so that Im(um;) C Pr,j. For each 0 < j < kiy,

choose an open disk Up,j € {Dy : k < w}\ U;’;Bl UU; so that Fy(Uy,j) € P, and
Upmj MU jr =0 for j # j', and let Uy, = {Up; : 0 < j < ky, }. By condition (4), we
have that F,,_1|Up; = F1|Upn; is constant and takes a value in P,,;. Since P,,; is
path-connected, we can choose u’mj € C(0An+2, Pn;) such that u’mj is homotopic
t0 Uy and ul, m; takes the constant value F1(Upj) on 0A, 42 \ Unj. Define the
map Fy, by F|Un; = umj|Umj for 0 < j < ky, and F,,, | 0A,42 \ YU

Fr—1 | 0Ap+2\ U, Note ul, ; and F,, 1 take the same constant value on OU,;.
Then, F,,, € C(0A,42,X) and

Km
OFy — (0F -1+ 2) = 0Fy — (0F 1+ » _ Oty) € Buya(X).
j=0
Thus,

PP ([0Fm]) = 0P ([0Fm—1] + [2]) = ¢p,« ([0Fm-1]) + [am+1] = bm.

Hence, (%) holds for F; (1 < i < m) and we have finished the induction step m.
Since {F,, : m < w} forms a Cauchy sequence, it converges uniformly to a
map Fo € C(0A,42,X). For each point € JA, 12, there exists P € Pp,_1
such that both F,,(z) and Fx(z) belong to P. Take a subdivision of A, 12 so
that the n-cycles 0F,, and OF,, are homologous to sums of signed P,,_1-small
singular simplexes. By property (1) of Lemma [ZT] for such a singular simplex
u € C(Apt1,X) which appears as a term for 0F, and for the corresponding
singular simplex u,, for OF,,, we see that ¢, _2(u) and ¢.,—2(u.m,) are contained
in a single simplex of Xp,_ _,. Thus ¢p,, ,+([0Fx]) = @p,,_o«([0Fm]) = bm—2 for
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each m and, therefore, vp, «([20] + [0Fx]) = ¢ for each k < w. This completes the
proof. O

Remark 2.5. Corollary [[.2] contrasts with the following result [3]: For a 1-dimen-
sional locally connected compact metric space X, the canonical homomorphism
from the fundamental group to the first Cech homotopy group is injective.

Remark 2.6. A compact Hausdorff space X is the inverse limit of an inverse sys-
tem (Xo,pap : @ < B,a,3 € A) of compact polyhedra [9]. Then, H,(X) ~
lim(Hp(Xa), Pag« : a < By, 3 € A) holds. Let p, : X — X, be the projec-
tion. Then, according to [1] the canonical homomorphism ¢, commutes with each
Dax : Hn(X) = Hp(Xa), that is, ¢, (u) is the limit of pa.(u) for u € H,(X).

A factor of singular homology HI'(X) is defined and a canonical surjection
ox : Hy(X) — HI(X) is constructed in [4]. Since H!(X;) = H,(X;) holds by
[4, Theorem 2.1], v, factors through ox and hence there exists a canonical homo-
morphism from HI'(X) to Hn(X) When X is LC™, this canonical homomorphism
from HY, | (X) to Hyy1(X) is a surjection by Theorem 11

3. APPLICATION TO COHOMOLOGY GROUPS

Mardesié [8] proved that for an LC™ compact Hausdorff space X, the canonical
homomorphism ¢* : H*T1(X) — H"*1(X) is an injection. As an application of
Theorem [[T], here we prove that the injection is extended to an “injection” of the
short exact sequence of the Universal Coeflicient Theorem for cohomologies. No
specific reference to open covers is necessary in this section, so we work on the
inverse limit representation of compact metric spaces by compact polyhedra as in
Remark

Suppose that X is an LC™ compact metric space which is the limit of an inverse
sequence im(X;, pjj+1 : Xj41 — X;) of compact polyhedra. Let p; : X — X be
the projection. Applying the Universal Coefficient Theorem to each H"™!(X;) and
passing to the direct limit, we have the short exact sequence as follows:

0 — lim Ext(H,,(X;), 2) — H"*}(X) — lim Hom(H,y1(X,), Z) — 0.

We define homomorphisms A : lim Ext(H,(X;),Z) — Ext(H,(X),Z) and p :
lim Hom(H,41(X;),Z) — Hom(H,+1(X),Z) as follows: For a homomorphism
f+ A — B between groups A and B, Hom(f) : Hom(B,Z) — Hom(A, Z) denotes
the Z-dual homomorphism induced by f. Similarly, Ext(f) : Ext(B,Z) — Ext(A,Z)
denotes the induced homomorphism by f. The sequence (Hom(pj«) : j < w) induces
the limit homomorphism

p = lim Hom(p;.) : lim Hom(Hy,41(X;), Z) — Hom(Hp11(X), Z).

Let pjx : Hny1(X) — Hp41(X;) be the projection homomorphism. By Remark
of the previous section, one can see that y = Hom(p.) - lim Hom(p;. ), where ¢, :
H,1(X) — vn_,_l(X) is the homomorphism of Theorem [l

Similarly, the sequence (Ext(p;«) : j < w) induces the limit homomorphism
A = lim Ext(pj.) : lim Ext(H,,(X;),Z) — Ext(H,(X),Z). We can now state our
result as follows.

Theorem 3.1. Let X be an LC™ compact metric space. Under the above notation,
the homomorphisms \,p* and p form the commutative diagram below and they are
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all injections.

0 — lmExt(H.(X,),Z) — H"NX) — limHom(H,i(X;),2) — 0
A lw* lu

0 — Ext(Hp(X),Z) — H"Y(X) — Hom(H,11(X),Z) - 0

Proof. The commutativity of the above diagram follows easily from the definition
of those homomorphisms and the naturality of the exact sequences involved. By
Corollary 2 of [§], ¢* is an injection, which implies that A is an injection as well
(the commutativity of the diagram). It remains to prove the injectivity of the
homomorphism p. It follows from Theorem [Tl that Hom(¢,) is an injection. From
the equality © = Hom(p,) - lim Hom(p;. ), it suffices to prove that lim Hom(pj.) :
lim Hom(H,,41(X;,Z)) — Hom(H,+1(X),Z) is an injection.

In general pj, : Hyy1(Xj41) — Hpt1(X;) need not be surjective. Applying the
proof of [5l Theorem 4], we obtain an inverse sequence (Y, g;j+1 : Y41 — Yj) of
compact polyhedra such that each g; induces an isomorphism of homotopy groups
up to dimension n and a surjection up to dimension n+ 1, and, further (by taking a
subsequence if necessary), there exists a homotopy commutative diagram as follows:

X, P12 X, P23 Xs P34 o

" q12 Y2 q23 Ys q34
Let Y = ll—II{(YJ’ gjj+1) and let ¢; : Y — Y; be the projection to the j—th factor.
Observe that H,,41(Y) is isomorphic to Hy4+1(X). As before, let G, : Hpt1(Y) —
H,,1+1(Y;) be the projection homomorphism. By the Whitehead Theorem, ¢;jt+1+ :
Hp1(Yj41) — Hppa(Y;) is a surjection and thus §j. : HnH(Y) — H,1(Yj)
is surjective for each j. Taking the Z-dual and passing to the limit, we see that
lim Hom(g;») : lim Hom(H,,+1(Y;), Z) — Hom(Hp41(X),Z) is an injection. Finally

the commutativity of the above diagram shows that liL)nHom(ﬁj*) is an injection as
well. This completes the proof. [l

Notice that Dydak [2] proved that the group lim Ext(H,(X}),Z) is isomorphic
to the group Tor H"+1(X) which is finite, and lim Hom(H,,+1(X}), Z) is isomorphic
to H"*t1(X)/ Tor H"*1(X) which is free abelian.
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