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DEHN SURGERIES ON STRONGLY INVERTIBLE KNOTS
WHICH YIELD LENS SPACES

MIKAMI HIRASAWA AND KOYA SHIMOKAWA

(Communicated by Ronald Fintushel)

Abstract. In this article we show no Dehn surgery on nontrivial strongly
invertible knots can yield the lens space L(2p, 1) for any integer p. In order
to do that, we determine band attaches to (2, 2p)-torus links producing the
trivial knot.

1. Introduction

Some results are known concerning Dehn surgeries on strongly invertible knots
yielding lens spaces. The property P for strongly invertible knots was confirmed
by S. Bleiler and M. Scharlemann [4]. Bleiler and R. Litherland [3] proved that
L(2, 1), i.e., the real projective 3-space, cannot be obtained by Dehn surgeries on
nontrivial strongly invertible knots. They also conjectured that no nontrivial Dehn
surgery on nontrivial knots can yield a lens space M with |π1(M)| < 5. To prove
this conjecture for strongly invertible knots, one has only to consider the case where
Dehn surgeries on nontrivial strongly invertible knots yield the lens spaces L(3, 1)
and L(4, 1). In this paper we show that no Dehn surgery on nontrivial strongly
invertible knots can yield the lens space L(2p, 1) for any integer p.

S. Wang and Q. Zhou [19] conjectured that no nontrivial Dehn surgery on non-
trivial knots can yield a 3-manifold M with |π1(M)| < 5. For symmetric knots
there are some results on this conjecture. The property P for symmetric knots was
confirmed by M. Culler, C. McA. Gordon, J. Luecke and P. B. Shalen [5]. In [19] it
is shown that if a non-torus symmetric knot K admits a nontrivial cyclic surgery
yielding M , then K is a strongly invertible knot (with no other symmetry) and
M is a lens space. We remark that they assume Thurston’s orbifold geometriza-
tion “theorem” [17], which has not been proved precisely yet. Our result extends
to a partial solution to the above conjecture in [19] for symmetric knots modulo
Thurston’s orbifold geometrization “theorem”.

The above conjecture of Bleiler and Litherland is subsumed by the following
conjecture of Gordon [9, Problem 1.78]:

“If a Dehn surgery on a knot K yields a lens space, then K is a Berge knot.”
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For the definition of Berge knots, see [1] or [9]. If the conjecture holds, then
the orders of the fundamental groups of lens spaces obtained by Dehn surgeries on
nontrivial knots are at least five. (−5

1 -surgery on the trefoil knot yields L(5, 4).)
Moreover if the knot is hyperbolic, then it is at least eighteen. (18

1 -surgery on the
(−2, 3, 7)-pretzel knot yields L(18, 5).)

A knot K in S3 is said to be strongly invertible if there is an orientation pre-
serving involution of S3 which preserves K as a set and reverses the orientation of
K. By a result of [18] such an involution is equivalent to a π-rotation whose axis
is unknotted and meets K in exactly two points.

Theorem 1.1. No Dehn surgery on nontrivial strongly invertible knots can yield
the lens space L(2p, 1) for any integer p.

Theorem 1.1 has the following two corollaries.

Corollary 1.2. No Dehn surgery on nontrivial strongly invertible knots can yield
L(2p, q) with |π1(L(2p, q))| ≤ 6.

If we assume Thurston’s orbifold geometrization “theorem”, we can generalize
Corollary 1.2 by using results of [19].

Corollary 1.3. Thurston’s orbifold geometrization “theorem” being assumed, no
nontrivial Dehn surgery on nontrivial symmetric knots can yield a 3-manifold M
such that |π1(M)| is even and not greater than 6.

Proof. Suppose that a non-trivial Dehn surgery on a symmetric knot K yields a
3-manifold M as in Corollary 1.3. Then by [11], π1(M) ∼= Z/2pZ where p = 1, 2
or 3. By [19, Theorem and Corollary 1], we see that K is a strongly invertible
knot and that M is a lens space, for torus knots are strongly invertible. Hence by
Corollary 1.2, we obtain the conclusion.

We prove Theorem 1.1 by analyzing a band attach to a (2, 2p)-torus link pro-
ducing the trivial knot.

Let L be a link in S3. Suppose there is a band b : I × I → S3 such that
b−1(L) = I × ∂I, where I = [0, 1] is an interval. Let Lb denote the knot or link
obtained by replacing b(I × ∂I) in L with b(∂I × I). We call Lb a banding of L.
For simplicity we denote b(I × I) by b.

Note that there is a way to attach a band to a (2, 2p)-torus link L producing the
trivial knot as in Figure 1.1. We say that a band b is standard if it is isotopic to
the one in Figure 1.1. In other words, it is isotopic relative b ∩ L to a band in the
cabling annulus of L which connects two components of L.

Figure 1.1.

We show that the above is the only way to yield the trivial knot:
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Theorem 1.4. Let L be a non-trivial (2, 2p)-torus link in S3, where p is any inte-
ger. If Lb is trivial, then b is standard.

A. Thompson studied the case of the Hopf link ((2, 2)-torus link) in [16].
Let B = S3−int N(b), where N(·) denotes the regular neighborhood. Then the

pair (B,B ∩ L) is a 2-string tangle. Theorem 1.4 has a following direct corollary,
which we use to prove Theorem 1.1:

Corollary 1.5. Let L be a (2, 2p)-torus link in S3, where p is any integer. If Lb
is trivial, then (B,B ∩ L) is a trivial 2-string tangle.

To prove Theorem 1.4, we consider more general cases. Let χ(L) = max{χ(S)},
where χ(·) is the Euler characteristic and S is an oriented surface without closed
components such that ∂S = L.

Theorem 1.6. Suppose that L and Lb have coherent orientations except for the
band b. Then χ(L) ≤ χ(Lb)−1 if and only if L has a minimal genus Seifert surface
S such that S ⊃ b.

Remark 1.7. We note that Theorem 1.6 can also be deduced from the combination
of [15, Theorem 1.4] and [15, Proposition 3.1], where they apply Gabai’s result in
[6]. However in order to clarify the structure of the proof, we give a direct proof
also using Gabai’s result.

2. Dehn surgeries on strongly invertible knots

In this section we prove Theorem 1.1 assuming Corollary 1.5 which directly
follows from Theorem 1.4. For that purpose, we study integral Dehn surgeries on
strongly invertible knots by examining band attaches to links producing the trivial
knot. The idea is explained in the proof of Lemma 2.2, where we need the following
proposition shown by J. M. Montesinos [12] and Bleiler [2, Theorem 1].

Proposition 2.1. For a strongly invertible knot K, the manifold K(mn ) obtained
by an m

n -surgery on K double-branch-covers S3. The pair of the base space and the
branch set B(K; mn ) of this covering decomposes into an m

n -rational tangle (B1, T1)
and a locally trivial 2-string tangle (B2, T2) attached together in a manner specified
by m

n . Moreover if K is nontrivial, then (B2, T2) is prime.

Here, a 2-string tangle, or a tangle in brief, is a pair (B, T ), where B is a 3-ball
and T is a union of two properly embedded arcs. The trivial tangle is a tangle
homeomorphic as a pair to (D × I, {x1, x2} × I), where xi’s are points lying in
the interior of a disc D. A tangle T is said to be non-split if for each properly
embedded disc F in B disjoint from T , one of the two 3-balls cl(B − F ) does not
meet T . A tangle T is said to be locally trivial if each 2-sphere in B intersecting T
in exactly two points bounds a 3-ball B′ such that (B′, B′∩T ) is the trivial 1-string
tangle. A tangle is said to be prime if it is non-split and locally trivial.

Lemma 2.2. No integral Dehn surgery on nontrivial strongly invertible knots can
yield the lens space L(2p, 1) for any integer p.

Proof of Lemma 2.2. Suppose K(mn ) is L(2p, 1), where K is a nontrivial strongly
invertible knot and |n| = 1. Since the case where p = 0 has been done in [7], we
can assume p 6= 0. By [8], L(p, q) double-branch-covers S3 in a unique way, where
the branch set is a 2-bridge knot or link S(p, q). Hence B(K; mn ) is a 2-bridge
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link S(2p, 1), i.e., a (2,2p)-torus link in S3. On the other hand, since K(1
0 ) =

S3, B(K; 1
0 ) is a trivial knot. By Proposition 2.1, B(K; 1

0 ) is decomposed into
a 1

0 -rational tangle (B1, T1) and a locally trivial tangle (B2, T2), and B(K; mn ) is
decomposed into an m

n -rational tangle (B′1, T
′
1) and (B2, T2). Since |n| = 1, B(K; 1

0 )
is a banding of B(K; mn ). By applying Corollary 1.5, we see that (B2, T2) is a
trivial tangle. Then from Proposition 2.1, it follows that K is trivial, which is a
contradiction.

Proof of Theorem 1.1. Suppose K(mn ) is L(2p, 1), where K is a nontrivial strongly
invertible knot. As in the proof of Lemma 2.2, we assume p 6= 0.

Case 1. K is a non-torus knot. In this case, we have |n| = 1 by [5, Corollary
1]. Hence the conclusion follows from Lemma 2.2.

Case 2. K is a torus knot. In this case, Lemma 2.3 below justifies the claim.

Lemma 2.3. An m
n -surgery on a nontrivial (r, s)-torus knot yields a lens space

L(p, 1), where n > 0 and r > s, if and only if (r, s,m, n, p) = (3,±2,∓5, 1,∓5).

Proof of Lemma 2.3. Suppose a nontrivial mn -surgery on an (r, s)-torus knot yields
a lens space. Since n 6= 0, we may assume n > 0. Then under the assumption
that r > s > 0, it is shown in [13] that the obtained lens space is L(|m|, ns2) and
|rsn+m| = 1.

(Proof of the “if” part.) We can see that L(5, 4) ∼= L(−5, 1) is obtained via
−5
1 -surgery on the (3, 2)-torus knot. Taking the mirror images, we also see that
L(5, 1) is obtained via 5

1 -surgery on the (3,−2)-torus knot.
(Proof of the “only if” part.) Case 1. r > s > 1. Suppose a nontrivial surgery on

a nontrivial torus knot yielded a lens space L(p, 1). Since L(−p, 1) ∼= L(p,−1), we
see that L(p′, 1) or L(p′,−1) is obtained where p′ > 0. Then by Moser’s formulae
above we have

ns2 ≡ ±1 (mod m ), rsn+m = ±1.(1)

Now we eliminate possibilities. From (1), we have r+εs = km, for some k ∈ Z−{0}
and ε = ±1. Substituting this into the latter part of (1), we have

rsnk + r + εs = ±k, i.e., k = − r + εs

rsn∓ 1
< 0.(2)

Now |r + εs| − |rsn∓ 1| = r + εs− rsn± 1 = r(1− sn) + εs± 1 ≤ −r+ s+ 1 ≤ 0.
Actually the equalities in the above hold, because k ∈ Z − {0}. Therefore k =
±1, sn = 2, ε = 1 and r = s + 1. Since k < 0, s > 1 and n > 0, we have
k = −1, s = 2, n = 1, r = 3 and hence m = (r + εs)/k = −5 and p′ = |m| = 5.
Now that ns2 = 4 ≡ −1 (mod 5), we have L(p, 1) ∼= L(5,−1) ∼= L(−5, 1). Therefore
(r, s,m, n, p) = (3, 2,−5, 1,−5).

Case 2. r > −s > 1. Taking mirror images, we can use the formulae and obtain
(r, s,m, n, p) = (3,−2, 5, 1, 5).

Remark 2.4. In [19] it is shown that there is a ‘non-standard’ way of banding the
(5, 2)-torus knot yielding the trivial knot. The fact that L(±5, 1) is obtained from
the trefoil is also observed from this. (Apply the Montesinos trick to Figure 4 of
[19].)
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3. Banding and minimal genus Seifert surfaces

In this section we prove Theorems 1.4 and 1.6. First we prove Theorem 1.6.

Proof of Theorem 1.6. (Proof of (⇐)) Let S′ be a Seifert surface for Lb obtained
by cutting S along the core of the band. Then χ(S′) = χ(S) + 1 ≤ χ(Lb). Since S
is of minimal genus, χ(S) = χ(L). Therefore χ(L) + 1 ≤ χ(Lb).

(Proof of (⇒)) L together with the band b locally appears as in Figure 3.1. Let k
be an unknotted circle going once around b spanning a disc that transversely meets
L in two points of opposite orientation and meets b in the core of b. Let S be a
Seifert surface for L which has the minimal genus among those missing k. Then
we may assume S ⊃ b. Let M = E(S3, L ∪ k). Then the manifold obtained from
M by filling in a solid torus along ∂N(k) with slope 1

0 (resp. 0) is E(S3, L), (resp.
E(S2 × S1, L)). Note that we may assume that S3 − (L ∪ D) is irreducible, by
omitting, without loss of generality, split components of L. Then by [6, Corollary
2.4] either (1) or (2) below holds. As argued in [15, proof of Claim 2, p. 530], (2)
is equivalent to (3) below, where S′ is a Seifert surface for Lb obtained by cutting
S along the core of b as in Figure 3.1.

(1) S is a minimal genus Seifert surface for L in k(1
0 ) = S3.

(2) S is a minimal genus Seifert surface for L in k(0
1 ) = S2 × S1.

(3) S′ is a minimal genus Seifert surface for Lb in S3.
Case 1. (1) holds. In this case S ⊃ b and hence the theorem holds.
Case 2. (3) holds. In this case S′ is of minimal genus and hence χ(S) =

χ(S′)− 1 = χ(Lb)− 1 ≥ χ(L). Therefore χ(S) = χ(L), i.e., (1) holds.

��
��
��
��

��
��

��
��

Figure 3.1.

To prove Theorem 1.4 by Theorem 1.6, we need the following result of K. Mura-
sugi [14, Lemma 7.1].

Lemma 3.1. |σ(L)− σ(Lb)| ≤ 1.

Proof of Theorem 1.4. Let L be a (2, 2p)-torus link, S a minimal genus Seifert
surface for L and b a band. Suppose Lb is trivial. Then there are two cases
according to orientations of L. In each case minimal genus Seifert surfaces for L
are unique up to isotopy (see for example [10]). Suppose S is the cabling annulus.
Then from Theorem 1.6, it follows that b is standard. Now we assume that S is
not the cabling annulus, and hence |p| ≥ 2. We see |σ(L)| = 2|p| − 1 ≥ 3. On the
other hand, σ(Lb) = 0, which contradicts Lemma 3.1.

From Lemma 3.1, we obtain Corollary 3.2 below, which restricts 3-manifolds
obtained by integral Dehn surgeries on strongly invertible knots. More specifically,
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Corollary 3.2 restricts the signature of the link B(K; mn ) of the surgered manifold
K(mn ), where |n| = 1 and B(K; mn ) is a 2-component non-split link. We note that
Corollary 3.2 applies to broader cases than that of lens spaces. For a 2-component
link L, let σ′(L) denote the smallest absolute value of the signatures calculated
from all possible orientations of L.

Corollary 3.2. Let K be a nontrivial strongly invertible knot and B(K; mn ) the
branch set of the double branched covering K(mn ) of S3. If |n| = 1 and B(K; mn ) is
a 2-component non-split link, then σ′(B(K; mn )) ≤ 1.

Proof. Since |n| = 1, the trivial knot is a banding of the link B(K; mn ). By Lemma
3.1, the corollary follows.
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