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GENERALIZED LITTLE ¢-JACOBI POLYNOMIALS
AS EIGENSOLUTIONS OF HIGHER-ORDER
¢-DIFFERENCE OPERATORS

LUC VINET AND ALEXEI ZHEDANOV

(Communicated by Hal L. Smith)

ABSTRACT. We consider the polynomials py, (z; a, b; M) obtained from the little
g-Jacobi polynomials py (z;a,b) by inserting a discrete mass M at z = 0 in
the orthogonality measure. We show that for a = ¢, j = 0,1,2,..., the
polynomials pn(z;a,b; M) are eigensolutions of a linear g-difference operator
of order 2j + 4 with polynomial coefficients. This provides a g-analog of results
recently obtained for the Krall polynomials.

1. ¢g-DERIVATIVE OPERATORS AND THEIR REPRESENTATION COEFFICIENTS

Let T be the g-shift operator that acts on functions according to

(1.1) T F(x) = F(qx),

with 0 < g < 1 a real number. Obviously

(1.2) T" F(z) = F(q"r), n=0,%£1,+2,....
Introduce the g-derivative operator (see, e.g., [2])

(13) D,F(z) = (v(1-q)) " (1-1T).

It is called the g-derivative because its action on monomials is
(1.4) D™ = [n] 2" 1,

with

(1.5) [n] = (¢" =1)/(¢g—1)

the so-called g-number. Moreover lim,_.; D, = D, where D is the ordinary deriva-

tive operator with respect to x: DF(z) = F'(x).
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Consider operators of the form

2N
(1.6) L,= Zak(x) DY,
k=0

where N is a fixed positive integer and ay(z) are polynomials in x of degrees not
exceeding k:

k

(1.7) ar(r) = apa®, k=0,1,...,2N.
s=0

Let us introduce also the related operators

2N
(1.8) Lo=TNLy=> ap(qg N x) TN D
k=0

The operator L, is a linear combination of the operators 72N T2N=1 T 70 =],
while the operator £, is a linear combination of the operators TV, TN=1 ... T1=N,
TN,

For ¢ — 1 both operators L, and £, become 2N-order differential operators
with polynomial coefficients:

2N
(1.9) lim Ly = liny £, = > a;” () D",
k=0

where agco) () =limg—1 a(z).
The operator £, will prove more practical in searching for orthogonal polynomi-
als P, (z) satisfying eigenvalue equations of the kind

(1.10) L4Po(x) = My Pp(x).

It is known that for N = 1, the little g-Jacobi polynomials satisfy an equation of
the form (L.10) with N =1 [9]. We wish to determine other systems of orthogonal
polynomials satisfying equation (LI0Q) with N > 1.

To this end, we shall extend to g¢-difference operators the method proposed in
[12].

The main idea of the method is the following. Consider the action of the operator
L4 upon the monomials ™. From (L6) and (7)) we get

(1.11) Lyz" = AP)am?,
s=0
where
(1.12) A =N [p)n —1].. . [n — s + 1] 74 (q"),
and
2N —s
(1.13) To(q") =0+ Y aupiiln—sln—s—1]...[n—s—i+1]
i=1

are polynomials in z = ¢™ of degrees not exceeding 2IN —s. It is clear that, moreover,

(1.14) AP =0, s>2N.

The coefficients A5f> completely characterize the operator £,. We will call A5f> the
representation coefficients of the operator L.
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Proposition 1.1. Assume that there are coefficients Asf) expressible as in ([L12),
where ws(q"™) are arbitrary polynomials in q" of degrees not exceeding 2N — s. As-
sume also that A% =0, s > 2N (i.e. ws(¢™) = 0 for s > 2N). Then there
exists a unique operator L, of the form (L) such that AS? are its representation
coefficients.

Proof. Any polynomial 7,(g"™) of degree not exceeding 2N — s can be presented
in form (II3]) with some coefficients ;. These coefficients are determined using
Newton’s interpolation formula

(q _ 1)iqsi+i(i71)/2

(1.15) Qstii = i Dy () o i=0,1,...,2N — s,
where [i]! = [1]]2] .. . [¢] is the g-factorial. Clearly, the coefficients oy, are determined

uniquely by (ILIH) from the given polynomials 7s(¢™). Hence the operator £, is
defined uniquely.
2. BASIC RELATIONS FOR POLYNOMIALS SATISFYING EIGENVALUE EQUATIONS

In this section we consider the basic relations between the representation coeffi-

cients AS’ and the expansion coefficents of polynomials P, (x) satisfying eigenvalue
equations. Assume that

(2.1) Pu(z) =Y BYa",
s=0

where B,(ls) are expansion coefficients. In what follows we will assume that the
polynomials P, (x) are monic, i.e. that

(2.2) B =1.

Substituting (Z1]) into the eigenvalue equation (ILI0) we arrive at the following
set of algebraic relations:

n—s+1

S
(2.3) STBEAY L= B, s=012,....n
=0

These will be central in our analysis.
For s = 0, (Z3)) gives

(2.4) A = AD.
Thus from (CI2)) we find that the eigenvalues A, have the expression
(2.5) M =q V" mo(q"),

where 7my(¢™) is a polynomial in ¢" of degree not exceeding 2N.
Similarly, for s = 1, (Z3) yields

(2.6) AV =q, BY,
where Q,, = A\, — A\,,_1. From this relation we find that

1 (qn)

(2.7) Bgl) = [n] o) = mo@ 1)
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Relation (Z3]) can be rewritten in the form
(2-8) ()‘n - /\n—S) Br(LS) = Br(zs_l)AS—)s-H + Br(zs_Q)Afzs-i-Q +ot Aﬁf)-

(5)
n

From this relation we can conclude, by induction, that the coefficients B;,’ are

rational functions in ¢", namely that

(2.9) BY = [nlln—1]...[n— s + 1] 20el)

Q2,s(q")’
where Q1,5(¢™) is a polynomial of degree not exceeding 2/Ns — s, whereas the degree
of the polynomial
S
(2.10) Q25(a") =[] (4= 70(q") — 70(q" )
i=1

does not exceed 2Ns.

The problem considered up to this point of finding the expansion coefficients
B of the polynomials P, (z) when the representation coefficients AL
always has a unique solution.

are given

Proposition 2.1. Assume that the representation coefficients AS’ of the operator
L, satisfy the requirement

(2.11) AO £ Ay L,
Then there exists a unique set of monic polynomials P, (x), n=0,1,..., satisfying

equation (LI0).

Proof. We find A\, from (Z4); in view of condition (ZIII), a unique B is found
from (ZB). Assuming that all B,(ll), Br(f), e ,B,(f_l) have thus been found recur-
sively, B,(f) is then determined in an unambigous way owing to (2.11)).

The polynomials P, (x) are not orthogonal in general. The requirement that they
form an orthogonal set implies strong additional restrictions upon the coefficents
B,(ls) and Asls). Indeed, orthogonal polynomials satisfy a three-term recurrence
relation of the form [I]

(2.12) Poi1(z) + by Po(x) + up Proi(x) = 2Py (x),

with b, and u,, referred to as the recurrence parameters. From (ZI2) and (21]) we
get the set of relations

(2.13) BERY — BEHY 4w, BETY 40, BY =0, s=0,1,...,n,

where it is assumed that Bﬁfl) = Bﬁ[’“) = 0. Putting s =0 and s = 1 in (ZI3),
we find

1
b, = Br(zl) - B'ELJZI’

(2.14) u, =BP — B, —b, BY.

Taking into account that the coefficients B,(f) are rational functions in ¢" we arrive
at the following proposition.

Proposition 2.2. If the orthogonal polynomials P,(x) are eigenfunctions of the
operator (L3)), their recurrence coefficients by, u, are rational functions of the ar-
gument q".
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The problem of reconstructing the representation coefficients Asf) when the ex-
pansion coefficients BSLS) are given is more difficult. The coefficients BSLS) must of
course be rational functions in ¢", since otherwise the problem has no solutions.

Assume therefore that

(s) _ B B Gi,s(¢")
(2.15) B, [n)[n—1]...[n —s+1] 7G27s(q”)’

where the degree of the polynomial Gy s(¢™) does not exceed 2M's — s (for some
positive integer M < N) whereas the degree polynomial G5 s(¢") does not ex-
ceed 2M's. We assume that the polynomials G1 s(z) and G ¢(x) have no common
divisors. Note that in this case the polynomial G2 s(¢™) need not coincide with
expression ([ZI0) because in the expression (ZJ) polynomials @1 s(z) and Q2 s(x)
may have coinciding zeroes.

Consider relation (26]) written in the form

A Giale”)
Qp Gaq(qm)

Since both g™V AS) and ¢"N Q,, should be polynomials in ¢" of degrees not exceeding
2N, we have

(2.16)

AL =gV oy (") [n] Gralg™),
(2.17) Q= ¢V pi(g") Gaa(g),

where p1(g™) is some polynomial of degree not exceeding 2N — 2M.
The relation (Z3)), for s = 2, can then be rewritten in the form

(2.18) AP = (A, — Ay_p) B® — A" B = (Q, +Q,_,) B® — 4V, B,

n—

The representation coefficient Ag) is thus determined uniquely if AS) and 2, are
known.

Assume that the coefficients Ag), AS’), ceey Aslkfl) have been determined iterat-
ing this process. With s = k, (Z3]) can now be rewritten in the form
(2.19)

_ 1 _ 2 k—1

A%k) =(An— An*k)B'ng) - ng I)Aiz—)k+1 - B%k Z)Ag—)kw T BS)A;A )

Taking into account the fact that
)\n - Anfk - Qn + anl +---+ ankJrla

we see that Aslk) is completely determined from the coefficients ,,, Asll), e ,A;k‘”.

For the A5f> thus obtained to actually be representation coefficients of an operator
L, they necessarily need to satisfy, in addition, the conditions of Proposition [T
When this is so, the corresponding polynomials are eigenfunctions of the operator

L.
3. LITTLE ¢-JACOBI POLYNOMIALS

The monic little g-Jacobi polynomials [9] are defined as

g"" V"2 (ag; q)n g ", abg"t!
1 (bl qr |,
(abg"**; q)n aq
where (a;q), = (1 —a)(1 —aq)...(1 —aq™ ') is the g-shifted factorial and 2¢1
denotes the g-hypergeometric function (see, e.g., [2]).

(3.1) P,(z;a,b) = (-1)"
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The orthogonality relation is
(o]
(3-2) > wiPu(q¥;a,b) Pr(q"; a,b) = hnSpm,
k=0

where h,, are appropriate normalization constants, and the normalized weight func-
tion is

(g3 9)o (b @) (ag)®
(abg* q)e (@ @)k

It is assumed that 0 < ag < 1, b < ¢~ L.

g-Jacobi polynomials are

The expansion coefficients of the little

—n —1,—n.
3.4 B _p-s A aT)s
( ) n (q7a—1b—1q—2n;q)s

It is easily verified that equations (2:8)) have the following solutions:

A =\, = [n](¢" " — abg?),
AD = [n](ag — g™,
(3.5) A =0, s>2.

Hence, the little g-Jacobi polynomials satisfy a second-order g¢-difference equation,
as is well known [9].

We also need the value of the function of second kind, @, (z), at z = 0 (the point
z = 0 is an accumulation point of the orthogonality measure):

P (q*;a,b) wy,
q* '

[e )

(3.6) Qn(0;a,b) ==Y

k=0
This sum can be evaluated using the g-binomial theorem and the g-Saalschiitz
formula (see, e.g., [2]):

1y L—abqg  (q;9)n(bg; @)n
. (0; — (1)t gn(n=1)/2 .
(3.7) Qn(0;a,b) = (—1) aq 1—a (abg; q)n(abg™t';q)n

Taking into account that

, Po(0:a.b) = (_1)ngnin—1/2 (06 Dn
(3 8) (O,a, ) ( ) q (abq""'l,q)n’

we note that if a = ¢, j =1,2,3,..., then
(3.9) @n = Qu(0:¢,b) + BP(0;¢7,b)

_ (—1)ngntn-1/2 (qul;cJ)n (B—q"j (1—bg""") (bg;9); (4:9); )
(bg" it )y, (1—=¢) (¢""59); (bg™*15q);

4. TRANSFORMED ¢-JACOBI POLYNOMIALS

Let P,(x) be arbitrary orthogonal polynomials with measure localized on the
interval [a, b]. The corresponding weight function w(z) is assumed to be normalized

to 1, i.e.
b
/ w(z) de = 1.



GENERALIZED LITTLE ¢-JACOBI POLYNOMIALS 1323

Introduce the functions of second kind,
b
P,
(4.1) Qn@)zi/ Bz uwla)
a z—x

Let ¢ be a point beyond the orthogonality interval [a, b] such that @, (c) exists.
Consider the polynomials

(4.2)

Pu(a) = G(O{Pu @)} = Pale) = 3= Paca(a), =12 Ro@)= 1,
where
(4.3) P = Qnl(c) + B Pulc).

The notation G(c¢){P, ()} stands for the Geronimus transformation [3], [4] of
the polynomials P, (x) at the point z = ¢ (for details see, e.g., [I1]). The weight
function w(x) of the polynomials G(c){P,(x)} is

(4.4) w@)zﬁ( —@&x—@>,

where k is an appropriate normalization constant. The Geronimus transformation
thus inserts a concentrated mass at the point x = ¢. The value of this mass depends
on the parameter 3.

Return to the case of the little g-Jacobi polynomials with a = ¢/, 7 =1,2,3,....
Perform the Geronimus transformation (f2) with ®,, given by (B9). (In this case
c=0.)

The weight function @(z) for the polynomials G(c){P,(z)} is

w()

(4.5) i) = (Z W3z — ) — 3 6<x>> ,
k=0

where

(@0 (b @k ¢
(b2 q)00 (G 0k
The weight function (f3]) can be rewritten in the form

(4.6) Wy, =

(4.7) w(z) = k1 (w(x;j — 1)+ M é(x)),
where

- 1—¢7 11— bgit!

M——BW7 Hl—fil_iqj,

and w(z;j — 1) is the weight function corresponding to the little g-Jacobi polyno-
mials with the parameter a = ¢’ replaced with a = ¢/, i.e.

(4.8) w(asj —1) =Y wi(j - 1)d( - ¢"),
k=0

) = ('3 9)oe (ba30)rg"™

(4.9) wi(J = (0@ @)oo (g5 )k
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Thus the weight function w(z; j) for the polynomials G(0){ P, (x)} is obtained from
the weight function w(x;j — 1) through the addition of an arbitrary mass M at the
point x = 0.

In the expansion

(4.10) G(0) (Pl D)) = 32 BE an
s=0

the coefficients B are found from (1) and (33):
—n. —n_j.
4.11 B(S) —p ((] ,Q)s (q : ,q)s
- B (¢:9)s (b~1q7772m;q)s
X 1— qn-i-j—s (1 - bq")(l — qs) Y'](n)
(1—¢"H)(1 — bg7t27=2) Y;(n — 1))’

with
(4.12) Yi(n) = Bq7"(q" T 9); (66" )5 — (459)j-1(bg; q)j41-

5. CONSTRUCTION OF THE COEFFICIENTS Aﬁf)

In this section we construct the coefficients A5f> for the g-difference operator £,
that has the polynomials P, (z) as eigenfunctions.
We start from the relation

(5.1) AS) =Q, 37(11)7
where
(5'2) Q=M= A1 = A%O) - A»(,Lozl-

Choose §2,, proportional to the denominator of B,(ll):
(5.3) Qn=bg"" " (g—1)(1-b" "¢ 77
x (Bq_j(”_”(q”;q)j(bq";q)j - (bq;q)j+1(q;q)j_1> :

Then from (5.1) we get for A% the expression
(5.4) AP =(1-q" (qu“") (0" 9);(ba"59); (1 —q" ")

—(9)5-1(bg; ¢)j+2.(1 — q””_l))-
Using (B2) it is not difficult to show that

B (q—1)g "UtD=1(g"; q);11(bg"; q) j11
1—qgi-1

— (7" = 1)(1 = bg")(bg; q)j+1 (a3 ) j-1-

(5.5) AD =), =

(Note that Aéo) =0.)
Now using the explicit expressions for Bﬁ}’” and A%O’l), we find

n—2.

10)+3(b¢™5 ) -1
(4:9)2

(56) Ag) _ ﬁ(q _ 1)q(2—n)(j+1)—1 (1 — q_j)(q
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Repeating this procedure for s = 3,4, ... one can guess the expression

(5.7) Ang) = B(q— 1)q(s—n)(j+1)—1 (@775 0)s=1(4" " @)s+j+1(bg"; @) j—s+1

(¢:9)s
+&nbs,1 + Mnds,0,
where
&= (0" = 1)(q:0)j-1(bg; @)j41(1 — T,
M = (1= ¢ ") (1 =bqg" ) (bg; )j41(¢;0);-1,
and s =0,1,2,....

Proposition 5.1. The coefficients Agf) given by (B1) satisfy the basic relations

65 S BE AL, = AV B,

Proof. Using the explicit expressions for B,(f) and A, (s) we can rewrite the lhs of

(E8) in the form
(5'9) Z B(q R An s+i = TNin— sBr(LS) + §n—s+1B,(f_1) + Rn (Sl + Un 52) 5

where

s (i (sem)—1 (@) s (@I 9) s (@55 0) 41 (04" q) 41
kn = B(g—1)b sq(J+1)(s n)—1 i ,
(@=1) (@001 q), (1 — 1)
Lo @™ (1= bg")(1 —q7*)Y;(n)
(1= g (1 = bgd T2 s) Y (n — 1)

and Si, Sy are the sums

g - Zq 5; i(bg? T2 q) (77 q);

b )i(g" 3 q)i(bg" %5 q);

S, — Z q(' % Q)i (bg? 25 q)i(qg 15 q)s
—~  (¢9): ”*1 *19)i(bg" % q)i

These sums can be evaluated using the g-analog of the Saalschiitz formula [2]:

Sl — q(jJrl)s (bilqijina qilijin;q)s
O~ lg'm amg)s
Sy = gUHDG-D) (bl I )
(O=1¢* ™, ¢ s

Relation (B8) now becomes

(5.10) (s — M) B + & o1 BE ™Y 4k, (S1 4 1 S2) =0

and is seen to be identically satisfied. This proves the proposition.
From expression (B.71) it follows that

(5.11) A =0, if s>j+2.

Moreover, for s < j+2 the coefficients Agf) have the form A5f> = q_(j+1)"Q2j+2(q”; ),
where Q2;42(¢™; s) is a polynomial in ¢ of degree 2j + 2.



1326 LUC VINET AND ALEXEI ZHEDANOV

Hence we have

Proposition 5.2. The polynomials G(0){P,(z;¢’,b)} are the eigenfunctions of a
q-difference operator L, of order 2N = 2j + 2.

We know that the polynomials G(0){P,(x;¢’,b)} coincide with the polynomials
P, (z;¢771,b; M) obtained from the little g-Jacobi polynomials by adding to the
orthogonality measure a mass M at x = 0. We thus have equivalently the following

Proposition 5.3. The polynomials P, (x;¢°,b; M) obtained from the little q-Jacobi
polynomials by inserting a discrete mass at © = 0 in the orthogonality measure are
the eigenfunctions of a q-difference operator of order 2N = 2j + 4.

This proposition is a g-analogue of the corresponding proposition for the ordinary
Jacobi polynomials [7], [11].

Note that the first explicit example of the generalized little g-Jacobi polynomials
satisfying a fourth-order ¢-differential equation was found in [5].

Remark. As the referee pointed out, when a # ¢7, 5 = 0,1,2,..., then the coeffi-
cients A% (given by the expression (5.7])) do not vanish for all s. In this case one
can expect that the corresponding polynomials are eigenfunctions of a g-difference
operator of infinite order. When ¢ = 1, corresponding differential operators of
infinite order were found e.g. in [6], [7].

6. THE CASE OF LITTLE ¢-LAGUERRE POLYNOMIALS

"b)
qr

are obtained from the little g-Jacobi polynomials by setting b = 0. Hence, these
polynomials also satisfy a g-difference equation.

Consider the polynomials G(0){P,(z;¢’)} obtained from the little g-Laguerre
polynomials by the Geronimus transformation at x = 0. All formulas for these
polynomials are obtained from those for little g-Jacobi polynomials by putting
b=0.

In particular, their coefficients Agf) are easily obtained from (57).

We thus have

The monic little g-Laguerre polynomials [J]

—n

(6.1 Palaia) = (1" "2 (agia)aon (T

Proposition 6.1. The polynomials G(0){P,(x;¢’)} are the eigenfunctions of a q-
difference operator of order 2N = 2j + 2.

In this case, the polynomials G(0){P,(x;¢’)} coincide with polynomials
P,(x;¢°~%; M) obtained from the little g-Laguerre polynomials by adding to the
orthogonality measure a mass M at x = 0. Hence

Proposition 6.2. The polynomials P, (x;q¢’; M) are the eigenfunctions of a q-
difference operator of order 2N = 2j + 4.

When ¢ — 1 we get Koornwinder’s generalized Laguerre polynomials lej M) (z)
[10] whose measure differs from that of the ordinary Laguerre polynomials LY )(x)
by inserting a concentrated mass M at the endpoint x = 0 of the orthogonality
interval (0,00). These polynomials are known to satisfy a differential equation of
order 25 + 4 [6], [8].
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