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ABSTRACT. Given a positive real valued function k(x) on the disc, we will
immerse the disc into three dimensional Minkowski space in such a way that
Gauss curvature at the image point of  is —k(z). Our approach lies on the
construction of Gauss map of surfaces.

1. INTRODUCTION

The classical Minkowski problem is an embedding problem of differential geom-
etry. This problem is the following: Given a positive function K (u) defined on the
unit sphere, does there exist a closed convex surface in R? having K (u) as its Gauss
curvature at the point on the surface where the inner normal is «? In [11], Lewy
has shown the existence of such a surface, under the condition that the function
K (u) is analytic. Later, by using a similar procedure, Nirenberg [13] published a
paper in which he solved the Minkowski problem under the assumption that the
function K (u) possesses partial derivatives on the sphere up to second order. In
[3], the author considers an analogous problem by using an approach, suggested in
[8]: Given a positive real valued function k(z) on the disc, we immerse the disc in
R3 in such a way that Gauss curvature at the image point of  is k(z). In this pa-
per, we continue exploiting this method to immerse the disc into three dimensional
Minkowski space. Namely we propose and use a method for constructing immer-
sions of surfaces in the Minkowski space R?*! by prescribing the Gauss curvature
to be a negative function of the variable x in the surface. Notice that in [3] we had
an analogous construction for surfaces in the Euclidean space but with a positive
Gauss curvature.

Let B = {x € R?, | x| < 1} be a disc in R?. Let R%! be three dimensional
Minkowski space with the standard metric ¢ = (dz1)? + (dz2)? — (dz3)?. Let
H? = {z € R3, g(x,z) = —1} be the unit hyperboloid of two sheets and let
H? = {z € H?, 23 > 0} be the upper sheet contained in the half-space {z3 > 0}.

Let l: 0B — Hi be a prescribed C?? mapping with v > 0. We consider the
space H} (B, Hi) of functions u in H'(B,R3) satisfying that u € Hi a.e. and u =1
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on OB. We define on H} (B, H? ) the following energy functional E:

- (3 )

i,7=1

where a;;(x) satisty the following conditions:

(2) Ja >0, such that a;;(z)¢'¢? > al € |2, Ve BYEeR?:
(3) a;j(z) € CLV(B,R), V1<i,j<2;
(4) ai; = aj;, V1<4,5<2.

Here, it is easy to check that the critical points of E satisfy in the sense of
distributions the following Euler equation:

29 ou
— | aii(z 4+ Au=0, in B,
(5) g:% 89@( ]( )8 j)
u=1I, on 0B,

where \ = — 22: ai;(z)g (g—;(@, %(@).

ij=1
Notice that A < 0. We deduce from (5) the following equality:

2
8u
(6) 2 oz \ " z_:a” oz, | =

where & x 1 = (&am3 — E3m2, &3 — E1m3, Eamn — E1me) for all €, n € R?! is vectorial
product in R?!. Assume that u is an immersion. Thus, we obtain a new immersion
G from B to R%! satisfying

ou
(7) 3252 ;alj u X a—xj 8:61 Z:GQJ U X a—x]

Our aim here is to prove that G has the prescribed Gauss curvature. More precisely,
we will show the following theorem.

Theorem. Under the above assumptions, the metric induced by g on G(B) is Rie-
mannian. Moreover, G(B) has the Gauss curvature equal to —det(a;;)~1 at each
point G(x). O

This paper is organized as follows. We first prove that there exists a solution of
(5) in the C*7 norm. Then, we show that the solution u is unique. By the same
strategy as in [9], we deduce that u is a diffeomorphism. Hence, using the above
approach, we will establish our result.

2. EXISTENCE AND REGULARITY

Let us first give the existence and regularity results.

Proposition 1. Under the above hypothesis, there exists a minimumue H}' (B, H_%_)
of E which satisfies (5). Furthermore, one has the estimate:

(8) [ullgen < Crlllull g + 12l c2n)s

where Cy is a constant depending only on o, v and ||ai;|| o~ - O



IMMERSED SURFACES OF PRESCRIBED GAUSS CURVATURE 2095

Remark. Notice that the metric induced by g on Hi is Riemannian. So it is natural
for us to look for the minimum of FE.

Proof. We will make use of the stereographic projection:

P: H2 . B,
9) T y
(x7y’ Z) [ — 1 + Z, 1 + Z .

With these stereographic coordinates, we can write the the functional E as follows:

) (o0 e

zgl

where v € H}(B,R?) with h = Pol and (,) denotes the standard Euclidian inner
product. Assume that |h| < r with some r < 1. Let f : RT — R be a decreasing
continuous map satisfying

1

(1 —22)2°
1

(1 —7r2)2’

Consider the second energy functional Fy

v v
2/ Z a” |’U| <a—xl,a—xj>d$,

4,7=1

fo<z<r;

(11) f(z) =

if z>r.

where v € H}(B,R?). Obviously,
Eq(v) < E(v).

By coerciveness and lower semi-continuity of Ey (see [3] and [T5]), it is clear that
there exists w € Hj (B, R?) minimizing E;. We define @ by

w; (), if |w;(x)] <75
(12) w;(z) = T, if w;(x) > r;
-7, if w;(z) < —r,

for i = 1,2. Obviously, w € H}(B,R?) and E1(w) < Ej(w). Thus, | w;(z) [< 7 ae.
for i = 1,2. Replacing w by (w1cosl — wasind, wysinf + wacosh) for any 0 € R, we
deduce that | w(z) |< r a.e. So w is also a minimizer of E. Thanks to a result due
to Jost and Meier [10], Lemma 1 (see also [3], Lemma 1), we conclude that there
exists ¢ > 2 such that

(13) [wllwia(prey < Callwll g s rz) + [Pllor),

where the constants Cy and ¢ depend only on « and ||a;;| .. Now we consider
u = P7'ow and return to equation (5). From LP-estimates and using Sobolev
embedding theorem, we have

lull 1,22, < Cllullyyeg < Clllullgn + 1Ulc2), g <4

w2

Iterating the above procedure and using Schauder estimates, we complete the proof

(ct. [A]). O
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3. UNIQUENESS

In this part, our main result is the following:
Proposition 2. The solution for equation (5) in C*(B,H%) is unique. O

Remark. This result and the proof we propose generalize an analogous result for
harmonic maps due independently to [6] and [I].

Denote V the Levi-Civita connection on H for the metric g. Let u; € C*(B,H?)
be a map with the same boundary condition as u. For any € B, let 7,(s) denote
the unique geodesic arc in Hﬁ_ parametrized with constant speed (depending on
x) for s € [0,1], and connecting w(x) with uq(z). The uniqueness of ~,(s) follows
from Hi having nonpositive curvature and simply connected. Define a C? map
F : B x[0,1] — H2 by F(z,s) = 7,(s) and let uy € C?(B,H?%) be given by
us(x) = F(x,s). Then, F is a deformation of u. We will write the first and second
variations of the energy E (see [2]).

Lemma 1. Under the above hypothesis, we have the following formulas:

dE(us) Oug 2 Ou
(14) s ——/Bg gav{?'(z 01187)

and

~—

d2E(u,) (OF OF OF OF
FBu) __ /Z%

052 D5 0wy’ Da; D5
4,j=1
(15) )
+/ Za g(V 8ugV 8%)
ij o y V. o ;
B/ 52 “ 22; s’ Pw; Os
where R is the curvature of Hi O

Proof. First, we suppose that F' is C*°. By definition,
8ug Oug
= a; dx.
/ Z i 5‘% Oz, 92,
Differentiating under the integral sign and using the symmetry of the Riemannian

connection, we obtain
/ Z o Ous Oug .
i 66 &ftz Ox;

Ous Oug de
Bn ds " Ox;

I
\
107
E

Oug
aija—xj) dz,

i,j=1

|
|
—
[@5)
|
<
Yo
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since 8_ = 0 on 0B. Therefore, we obtain (14). Taking the derivative of (14), we

have
&2 E(uy) Ous 2 8ug
= T vave X e
4,j=1
e W@@g
ai; It 88 "0z Oz Os
1,7=1
Ou 2 Ous
—/Bg s ,VagiV%(Mz_:l aija—%) dx
BB SPU R
i : Y7 0s " Oz’ Oz Os
Oug Oug
/Za”g( . Vagjés)dx'
i,7=1
Thus, we establish (15). By density, we finish the proof. O

Proof of Proposition 2. Suppose that u; € CZQ(B , Hi) is another solution for equa-
tion (5). Putting s =0 and s = 1 in (14), we obtain

ds s=0,1 — Y.
On the other hand, we have

d*E(uy)

bl Sl VRSN

ds?
oF oF
since —R(a—, o 8_) is a positive quadratic form, that is, F(us) is convex. Thus,
s s )

E(us) = E(up). Thanks to formula (15), we infer that d,d—f = 0. This contradiction
completes the proof. [l

4. THE DIFFEOMORPHISM PROPERTY

Let I : 0B — H2 N {z3 = a1, oy > 1} be a C? diffeomorphism with deg(l, dB)
= 1. We will prove the following result.

Proposition 3. Under the above assumptions, the unique minimizer u of E is a
diffeomorphism and rank(Vu(x)) =2 for all x € B. O

The proof here is the same as in [3]. To prove this fact, we will consider the

following energy functional:
Ou Ou
03 + taij ()| g ((%z — 4)d:r,.

(16) Syt
Let It = inf ey (5 m2) Ey(v). Denote v’ € H}(B,H?%) the unique minimum of E;

zgl

in H} (B, Hi) given by Propositions 1 and 2, then u’ satisfies:
2

0] Aut
(17) Z O ({(1 —t)0ij + ta; (x)} %) +Mu' =0, in B,
ij=1 """ j

ut =1, on 0B,
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2 out out .
where \; = — Z {(1 — )85 + tai; (m)}g (—(a:), —(a:)) u' is in C*(B,H3) by
=1 8xi 8xj

Proposition 1. Define a mapping F:
F : [07 1] _)CQ(BaH%r)v

t — ut.
We need also several technical lemmas.

Lemma 2. With the above notations, we have rank(Vu'(z)) = 2, for any t € [0,1]
and x € 0B. (|

The proof is the same as that of Lemma 5 in [3].
Lemma 3. F, is continuous. (|

Proof. First we notice that I; is continuous. Indeed, for some fixed v € H} (B, Hi)

2
1
0<h<g(4+ > lasllco | Vol <C, VO<E<1.

i,j=1
On the other hand, we have that for any 0 < ¢, ¢’ <1
1 2
I — Iy| < mu_ﬂ 44+ > laijllco | max{I;, I}

4,J=1

Then the claim yields. Now let ¢ be fixed. Assume that {t,}, .\ is a sequence con-
verging to ¢. It follows from Proposition 1 that {u’"}, _ is compact in C*(B,H?).
Modulo a subsequence, we can assume that u’" — u in C?(B, Hi) foru €
C?(B,H%) N H}!(B,H2). Clearly,

Ei(u) = L.

Now by Proposition 2, we terminate the proof. O

Proof of Proposition 3. We define a set
Ty = {t €[0,1], u" is a diffeomorphism}.

Step 0 : T7 is not empty.

In view of Theorem 5.1.1 in [9] (see also [3], Lemma 7), we have 0 € T3.
Step 1 : T; is open.

Let t; € Ty. Applying Lemmas 2 and 3, we get

371 >0, st.Vte€ ]ty —7,t1 +7[N]0,1] = rank(Vu'(z)) =2, Vxe B.

Now the claim follows from a result in [I4] (see also [3], Lemma 6).

Step 2 : T is also closed.

Let {t, }nen be a sequence converging to t. Assume that u'" are diffeomorphisms,
VvV n € N. We suppose that

Jz0 € B, s.t. det(V(P ou')(xp)) = 0.
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Denote v = P o u! and choose 6 € R such that
((Vu1) cos 0 4+ (Vug) sinf)(zg) = 0.

Define w, = wq cosf + ws sin @ for all continous functions w : B — R2. Thanks to
the results of Hartman and Wintner [[7], Theorems 1 and 2 (see also [3], Lemma 9),
there exists some n; > 1 and a € C* such that

D.ve(2) =alz —20)" +o(| 2z — 20 |™)

where zg = (20)1 + i(20)2. Therefore, there exists o > 0 and some n sufficiently
large such that

deg(0,(P o ut”)*|83(201m), 0) = deg(0.v«|oB(29,r0),0) =11 > 1.

However, by property of degree, this contradicts that u!» is a diffeomorphism.
Hence, Proposition 3 is proved. |

5. PROOF OF THE THEOREM

Now, with the above results and preceding method, we can prove our main result.
Note first that g(%, u(z)) = 0 for i = 1,2. That is, u(z) is the normal vector on

G(B) at point G(z) for all z € B. On the other hand, we have

gl X ta ux ) = (W22, )2 + ()22 — 2%, wdud, + () ()
+H(uh)?(u3,)? = 2utug el — (uh)?(uf,)? — (u?)*(ug, )
+2u?u? u'ul
= (u)?((u3,)? + (uz,)?) + (*)?((3,)* = (ug,)?)
Huh)?(ud,)? = (u3,)?) = 2(u®)?(u3,)? + 2uu ulug,
since g(u,uy,) = 0 (here subscripts denote partial diﬁerentiation with respect to
coordinates) With help of the equalities u® = /1 + (u!)2 + (u2)? and (uil)2 =
(wtul, +uPu? )?
L+ (uh)? + (u?)?

we deduce

g(u X ugy u X Ug,) = g(Ug,, g, )
Replacing z; by 2 and x; + x2, implies
g(U X Ugy, U X Ugy) = G(Upys Uzy)  and g(U X Uy, U X Ugy) = g(Uay, Usy).
Therefore, we conclude that G is an immersion and that the metric induced on
G(B) is Riemannian.

Now we will calculate the curvature of G(B). Denote D (resp. V) the Levi-Civita
connection on R%! (resp. G(B)) and R the curvature. Obviously, we have

VxY =DxY + g(DXy, u)u,
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where X and Y are vector fields on G(B). So, this implies

9G 9G 0G G
8x1 ’ 8x2’ a$27 8x1

=9 V%V%%—V%V%g—g,g—z
= (P Vo D Vet e
o B (ran Y o 82 (00 )
(i ) (Y )

= (_a11a22 + a%2)g(u X uxlvuxQ)Qa

since g(u X ug,, usz,;) = 0 for i = 1,2. On the other hand,

(G:CUG:El) (G:CmGﬁCQ)_ (G$17G$2)

E AU X Ug,, E A2kt X Uz, )G E arju X Ug,, E 1R X Uy,
2
—9( E arju X Ug;, E Aokt X Uy, )
=1 k=1
2 2 2 2 2 2
2
g(E AUz, E aakuxk)g(g a1z, E amuxk)—g(E arjy,, E A2k Uz,
=1 k=1 =1 k=1 j=1 k=1

det(a’ij)2 (u11 ) uml)g(uwzv umz) - g(uﬂﬁ ) u12)2)

(g
—det(aij)2g(uz, X Uy, Uy X Usgy)
g

= det(a;;)?g(u X gy, ug,)?.
Hence, K (G(z)) = —det(a;;(x))~ . O
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