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ON THE LIPSCHITZ CLASSIFICATION
OF NORMED SPACES, UNIT BALLS, AND SPHERES
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ABSTRACT. For every normed space Z, we note its closed unit ball and unit
sphere by Bz and Sz, respectively. Let X and Y be normed spaces such that
Sx is Lipschitz homeomorphic to Sxgr, and Sy is Lipschitz homeomorphic
to Sygr-

We prove that the following are equivalent:

1. X is Lipschitz homeomorphic to Y.

2. Bx is Lipschitz homeomorphic to By .

3. Sx is Lipschitz homeomorphic to Sy .

This result holds also in the uniform category, except (2 or 3) = 1 which
is known to be false.

1. INTRODUCTION

Let f: (M,d) — (My,do) be a function between metric spaces. If there exists
k > 0 such that do(f(x), f(y)) < kd(z,y) for every x,y € M, then f is called a k-
Lipschitz function, or just a Lipschitz function. We call f a k-biLipschitz function
if f is a bijection such that f and f~—' are k-Lipschitz functions, and in this case
we write M ~ Mj.

For every normed space Z, denote its closed unit ball and unit sphere by By
and Sz, respectively, and let the norm on the space Z @ R be the sup norm.

Let X and Y be infinite-dimensional Banach spaces of the same density character.
It is well known that X, Y, Bx, By, Sx, and Sy are mutually homeomorphic (see
[, [6]). Those are nontrivial results which make the topological classification of
spaces, balls, and spheres — trivial.

In this paper we prove that the Lipschitz classification of normed spaces X such
that Sx ~ Sxgr is identical to the Lipschitz classification of their closed unit balls
and identical to the Lipschitz classification of their spheres.

Let X and Y be normed spaces. Assume that there is a biLipschitz function
f + Sx — Sy. Then the homogeneous extension of f to X (i.e., the function
f:X =Y which is defined by f = [#]| f(y57) ) shows that Bx ~ By and X ~ Y.
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In this paper we prove the converse. Namely, we prove:
(1) Bx ~ By = Sxgr ~ Syor and (2) X~Y = Sxgr~ Syer-
The proof of (1) relies on the following theorem which was proved in [5].

Theorem 1.1. Let X be a normed space. Then Bx ~ Sxgr if and only if Bx is
Lipschitz homogeneous (i.e., for every x,y € Bx there exists a biLipschitz function
h: Bx — Bx such that h(z) =y).

Thus, we have:

Theorem 1.2. Let X and Y be normed spaces such that Sx ~ Sxqr and Sy ~
SYGBR- Then, SXNSy<:>BXNBy<:>XNY,

The only infinite-dimensional Banach spaces X for which it is known that Sx
Sxer are “exotic” spaces which were constructed by Gowers and Maurey [2].
However, the classical infinite-dimensional Banach spaces X, and in particular the
Hilbert spaces, are such that Sx ~ Sxgr.

Open Problem. Let X and Y be normed spaces such that Sxgr ~ Syer. Does
it follow that Sx ~ Sy ?

The Uniform Category. Let 2 < p < ¢ < co. Lindenstrauss [3] proved that
L, is not uniformly homeomorphic to L, while the Mazur map [] shows that
By, is uniformly homeomorphic to Br_, and Sz, is uniformly homeomorphic to
Sp,. Therefore, the fact that the unit balls or the spheres of two normed spaces
are uniformly homeomorphic does not imply that the spaces are also uniformly
homeomorphic.

Minor changes in the proofs show that all the remaining implications in theorem
hold in the uniform category as well, i.e., when Lipschitz functions are replaced
by uniformly continuous functions.

2. FIRST IMPLICATION

Theorem 2.1. Let X andY be normed spaces. If Bx ~ By, then Sxgr ~ Sygr-

Proof Let f: Bx — By | be a biLipschitz function. Define the b1L1psch1tz function
f i Bxor — Bygr by f(z,t) = (f(x),t). If f[Sx] = Sy, then f[Sxar] = Syer
and hence Sxgr ~ Syer. Otherwise, there is xy € Sx such that || f(zo)]] < 1, or
there is yp € Sy such that || f 71(y0)H < 1. Without lost of generality, assume that
the first case holds.

We prove that for every x € Bx there is a biLipschitz function h, : Bx — Bx
such that h,(0x) = z. It follows that Bx is Lipschitz homogeneous, and hence
By is also Lipschitz homogeneous since Bx ~ By. Therefore, by Theorem [[]
Sxer ~ Bx ~ By ~ Sygr-

Let x € Bx. If ||z]] < 1, then hy(z) = z+ (1 — ||2]])z does the job (since
1—z| < W <1+ ||z||). Assume that |z|| = 1. Let x; € Bx be such
that |lz(||, || f(x1)|| <1, and let hy, : Bx — Bx and hy(gy), hf(z,) : By — By be
as above.

Since the sphere of every normed space is Lipschitz homogeneous (see [3]), there is
a biLipschitz function g : Sx — Sx such that g(z¢) = z. Let g be the homogeneous
extension of g. Then the following function is as required :

he=go f! Ohf(xO)Oh 1) OthI1 g

def
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Remark 2.2. The proof of the uniform version is similar and relies on the fact that
Theorem [[LT] holds also in the uniform category.

3. SECOND IMPLICATION

Theorem 3.1. Let X and Y be normed spaces. If X ~Y, then Sxgr ~ Syor-

Proof. Let g : X — Y be a k-biLipschitz function. Without lost of generality,
assume that & > 2 and ¢g(0x) = Oy.

First, we need some definitions. For every normed space Z and every integer
n >0, define:

Kz = {(zt)eZaR| |zl <t<1},
EY = {(2,t) €0Kz |27t <y <2 n},

Clearly, 8KZ ~ SZ@R and 8KZ \ {(Oz, 0)} = Uzo:o Eg .
Define the homeomorphism hz : 0Kz \ {(0z,0)} — Z by: if (z,t) € E%, then

hz(z,t) = (k” 4 %(knﬂ _ k")) ;
Then, for every n > 1 and every (z1,%1), (22,%2) € E% :
(1) k' < lhz(z1, )], 1hz (22, t2) || < K™,
(2) 1hz(21,t1) — hz (22, t2)|| < 3(2k)" 1 [|(21,t1) — (22, t2)]
(3) 3llhz(z1,t1) — hz(22,t2)[| = (2k)" [|(21,t1) — (22, L2) -

Clearly, (1) holds. To see (2) and (3), let « dof lhz(z1,t1) — hz(22,t2)| and assume,
without lost of generality, that t; > 5.

Then,
tQ t2
a < |lhz(z,t1) — hz(t—zl,b) + hZ(t_ZlatQ) — hz(22,1t2)
1 1
Ertt — gn 271 — ¢y 1 t1
— +1
= Wﬂl —to| + (k” + W(kn - kn)) . A1 522
t
< (2Kt <|t1 —to| +||21 — t—lz:Q ) (since ty,tp > 27 (nH1D)
2
n+1 tl
< (2k) [t1 — ta] + [|21 — 22| + ||22 — P
2

< 3(2k)" T ||(21,t1) — (22, t2)]] 5
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3a > hzlzh) = halea )l +2 | bz ()| = bz ta)]]
hz(za,t
> et t) = Uz, 222 g, = izt
Tz (z2. o)1
n 27—t n+1 n 1 t1 kntl — gn
= <k +m(k} —k )>E 2’1—52’2 W“l—tgl
t
> (2k)" ( 21 — t—122 + 20t — t2|) (since t1,to < 277)
2
t t
= (Qk)n ( Z1 — —122 —+ H—IZQ — 22|l + |t1 —t2|>
12 ta

> (28)" [|(21,t1) — (22, t2)| -
Now, define the following homeomorphism :
f=hytogohx : 0Kx \{(0x,0)} — 0Ky \ {(0v,0)}.

We shall show that f is Lipschitz, and in the same way f~! is Lipschitz. Therefore,
Sxer ~ 0Kx ~ 0Ky ~ Sygr.

Clearly, it is sufficient to show that there is [ > 1 such that for every n > 0, f ER
is [-Lipschitz. It is not difficult to check that f| gy is Lipschitz. So, let n > 1 and
let (:L’o,to), ($3,t3) S E;l( .

Let yo def (gohx)(zo,to) and ys def (gohx)(xs,ts3). Without lost of generality,
assume that [|yo|| < ||lys||. Since g(0x) = Oy and g is k-biLipschitz, we get by (1)
that k"~ < |lyo|| < |lysl| < k"*2. Therefore, there are y1,y2 € [yo,ys] such that
for every 0 < i < 2, either k"1 < ||ly;|| < [Jyi1| < k" or yi = yig1-

Then,

9k)—(n+1)
oo t0) — (e t)ll = P (o, ) — (s, )] (by (2)
k)~ (n+1) ) .
> % llyo — ysl| (g is k-biLip.)
ok)—(n+1) 2
= %Z|‘yi_yi+1”
=0
ok)~(n+1) 2 (gpynti-1 B
> B S By ) — 5w oy 3))
=0
(2k) 2 ), o 1
> o 2 Iy @) =yt ()|
=0
2k)7% -
> OO g o) — 1 )|
1
= 36k3 ||f(l‘0,lf0) - f(l‘g,t3)” .
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Remark 3.2. The proof of the uniform version is similar, except that & is not given
and we have to define £k > 2 such that for every n > 1 and every z € X, if
k< o] < k" then k"7 < lg(x)]| < k72
Since g and ¢! are uniformly continuous, there is § > 0 such that for every
1,22 € X and every y1,y2 € Y :
if lar — a2l ly1 —yell <6 then |lg(z1) —g(z2)ll, [lg7 (y1) — 9 (w2)]| <1
We show that k 4 2

Let n > 1 and let x € X be such that k" < |jz|| < k"L, Let m dof [”%”} and

5 + 2 is as required.

def def
for every 0 < i < 2m let 2; = Qﬁfgf‘, also let 29,41 = @. Then, ||z; — 41| < &

for every 0 < i < 2m. Therefore,

2=l 2k"
5

lg(x |<Z||g glzivn)| <2m+1< +1S T Ik

Similarly, if ||g(a:)|| < k"1 then
n—1

)| < Hg +1§%%—+1<kW

lzll = [lg™" (g
Since ||z|| > k™, it must be that |g(z)|| > k”fl.
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