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ABSTRACT. Let A Xo G be the C*-crossed product of a simple unital C*-
algebra A by a finite group G. In this paper we show that the canonical
conditional expectation from A X, G to A has the minimal index if A Xo G
is simple. It is also proved that if a is an outer action, then the canonical
one is the unique conditional expectation of index-finite type from A X, G to
A, while there are infinitely many conditional expectations when a nontrivial
subgroup of G acts innerly on A.

1. INTRODUCTION

In [13], as a generalization of the index for subfactors by Jones ([H]) and Kosaki
([]), Watatani introduced the notion of index for a pair of C*-algebras A C B
with common unit when there exists a faithful conditional expectation £ : B —
A of index-finite type. It is shown that the index value Index(FE) is a positive
central element in B and the possible range is in the familiar set {4 cos®>t/n : n =
3,4,5,---}U[4,00) in the case where Index(F) is a scalar.

Hiai proved in [3] Theorem 1] that for a pair of factors N C M if there is a
conditional expectation E from M onto N with Index (E) < oo, then there exists a
unique one Ey € (M, N) (= the set of all faithful normal conditional expectations
from M onto N) such that

Index(Fy) < Index(E), E € ¢(M,N)
and if the relative commutant N’ N M is non-trivial, then
{Index(E) : E € ¢(M,N) } = [Index(Ey), 00).

The existence and the characterization, analogous to those in [3], for the con-
ditional expectation on a C*-algebra having the minimal index were shown in [13]
Theorem 2.12.3]. Kajiwara and Watatani ([7]) also defined minimality for Hilbert
C*-bimodules and proved that tensor products of minimal bimodules are also min-
imal.

In this paper we consider the C*-crossed product A x, G of a simple unital
C*-algebra A by an action « of a finite group G and show in section 3 that the
canonical conditional expectation £ : A xo G — A defined by E(}_, agug) = a is
the minimal one when the crossed product A x, G is simple, particularly when «
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is an outer action. In section 4 it is proved that the action « is outer if and only if

there exists a unique conditional expectation of index-finite type from A X, G onto
A.

2. PRELIMINARIES

We refer to [13] for definitions and some basic facts on index theory of C*-
algebras. Let A be a C*-subalgebra of a unital C*-algebra B. We say that a map
E : B — Ais a conditional expectation if it is a positive faithful linear map of norm
one satisfying

E(aba’) = aE(b)a’, a,a’ € A, b€ B.

A finite family {(u1,v1),..., (un,v,)} in B x B is called a quasi-basis for E if
> wiB(vib) =Y E(bu;)v; = b for be B.

A conditional expectation E is said to be of index-finite type if there exists a quasi-
basis for E. In this case the index of E is defined by

Index(E) = Z U V;.

Since it is always possible to find a quasi-basis of the form {(u1,u}),..., (un,u})}
whenever FE is of index-finite type, the index of E is a positive element. Note that
the index value Index(E) does not depend on the choice of a quasi-basis and it is
always contained in the center Z(B) of B. Hence the index is just a scalar whenever
B has the trivial center, particularly when B is simple.

We denote the relative commutant A’ N B of A in B by Cg(A) and the set of all
conditional expectations E : B — A of index-finite type by ¢(B, A) as in [13].

Theorem 2.1 ([13, Theorem 2.12.3]). Let 1 € A C B, where A and B have trivial
centers. Suppose eo(B, A) # (0. Then the following hold.
(1) There exists a unique conditional expectation Ey such that

Index(Ep) < Index(E), E € €(B,A).

(2) E = Ey if and only if E|lc,a) is a trace and ) wizu; = c- E(x) for
x € Cg(A), where {(u;,u})} is a quasi-basis of E and c is the index of E.
(3) If Cp(A) # C, then {Index(E): E € ¢y(B,A)} = [Index(Ep), 00).

The second and third assertions together imply that there exists a unique con-
ditional expectation of index-finite type from B onto A if and only if the relative
commutant Cp(A) is trivial. Index(Ep) is called the minimal index for a pair A C B
and denoted by [B : A]yp. The following multiplicativity of the minimal index was
shown in [6].

Theorem 2.2 ([6, Theorem 3]). Let 1c € A C B C C be unital C*-algebras with
trivial centers. If E: B — A and F : C — B are conditional expectations of index
finite type, then E o F is minimal if and only if E and F are minimal. Moreover,

[C:Alp=][C:Blo-[B: Ao.
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3. MINIMAL INDEX

Let « be an action of a finite group G on a unital C*-algebra A by automorphisms
and A X, G its C*-crossed product, that is, the universal C*-algebra generated by
A and the unitaries {u, : g € G} with a(a) = ugauy for g € G and a € A. Then
there exists a canonical conditional expectation F : A X, G — A defined by

E(Z agllg) = e,
9

for ag € A and g € G, where e denotes the identity of the group G.

Lemma 3.1. Under the situation as above, the canonical conditional expectation
E is of index-finite type with a quasi-basis {(ug,uy) : g € G} and Index(E) =
> _geg Ugly = |G|, the order of G.

Recall that [M,(C) : Clp = n? (|13, Example 2.12.5]). In the following we show
that the same value of minimal index is obtained for the pair (M, (A4), A), where
M,,(A) is the matrix algebra with entries in a simple C*-algebra A. To begin with,
we prove that eg(M,(A), A) # (), where A is regarded as a unital C*-subalgebra of
M, (A) via the map a — {d; ja}i;.

Lemma 3.2. Let A be a simple unital C*-algebra. The canonical conditional ex-
pectation E : M,(A) — A given by E({a;;}) = 1/n) ", ai; is of index-finite type
and Index(E) = n?.

Proof. Let {e;;} be the standard matrix units of M,(C). Let v;; = nej;, i,j =
1,...,n. Then {(e;j,v;;)} forms a quasi-basis for E. In fact, for each z = {;;} €
M, (A), write x = ), , Txiex. Then

eijE(vijx) = eijE(vij Zxklekl) = eijE(anilejl) = €45 ((El‘j . 1),
k,l 1
so that ), s e;;E(vijz) = x. Similarly one can show that }_, ; E(ze;j)v;; = z, and

Index(E) = 3, ; €05 = n? follows easily. O

Lemma 3.3 ([3, Lemma 2.12.2]). For E,F € ey(B,A), Elc,a) = Floga) im-
plies E = F.

Proposition 3.4. Let A be a simple unital C*-algebra. Then the map E : M, (A)
— A defined by E({ai;})=1/nY", a; is the one with minimal index in eo(M, (A), A).

Proof. For n > 2, the relative commutant Cyy, (4)(A4) = M, (C) is nontrivial, so
that there are infinitely many conditional expectations. Let 7 be the normalized
canonical faithful trace from M, (C) onto C, which is the restriction of E to the
relative commutant Cyy, (4)(A). If F' is the minimal conditional expectation from
M, (A) to A, then p = F|c,, , (4) must be a normalized trace on Cy, (4)(A4) by
Theorem 2.1(2). Since there exists a unique normalized trace on Chy, (a)(4) (=
M, (C)), we see that 7 = p, i.e., E|CM.,L(A)(A) = F|CJ\4,,L(A)(A)7 and this proves the
assertion by Lemma 3.3. O

Let F: B — A be a conditional expectation. Then & = B can be viewed as a
right pre-Hilbert A-module with an A-valued inner product (z,y) := E(z*y), x,y €
B, and its completion £ with respect to the norm induced by the inner product
is a right Hilbert A-module. If E is of index-finite type, then & is complete ([7]
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Lemma 1.11]). It is well known that the set £4(€) of all adjointable A-module
homomorphisms 7" : £ — & becomes a C*-algebra in the usual operator norm ||T'|| =
sup{||T¢|| : ||€]l = 1}. Each element b € B acts on & = B by left multiplication
A(b), which extends to £ so that the map A : B — L4(€) is injective. For z € &,
define e4(z) := E(x) € B = &. Then ey extends to & since [lea] < 1 and it
turns out to be a projection in L£4(€). The C*-subalgebra C*(B,ea) of La(E)
generated by {A(z)eaA(y) : z,y € B} is called the C*-basic construction. If E is
of index-finite type, then C*(B,e4) is exactly the whole algebra £4(€). Since A is
injective, we simply write = for A(x), = € B.

Let G be a finite group and a be an action of G on a simple unital C*-algebra
A for which the crossed product B = A x,, G is simple. It is known in [I3] p. 106]
that if {ug}4eq is the family of unitaries implementing {4} e, then the element
p = (pgn) € My (A), n = |G|, pgn = E(ujus), is a projection. Furthermore the map

7 : C*(B,es) — p(Mn(A))p

m(zeay) — (E(uge)E(yun))gn € Mn(A)

is an isomorphism. Note that 7 is surjective since
Pgh = E(u;uh) = E(ug—lh) = 6g,h . ].,

and so p = dec egg = 1, the identity matrix, where {eg} is the usual matrix unit
for M,,(C). Now let Eg : C*(B,ea) — B be the dual conditional expectation of
the canonical map F : B = A x, G — A defined by

Ep(zeay) = |G| 'ay, z,y € B;

then it turns out to be of index-finite type with Index(Ep)=Index(E) ([13} Propo-
sition 2.3.4]). From [I3], Proposition 1.7.1] we also see that

Index(F o Eg) = Index(E)Index(Ep) = n?,

where F'o Eg : C*(B,es) — A is the composition of E and Eg. Note that for
T = Zkgc TpUk, Y = Zzec yiu € B,

(Eo Ep)(zeay) = E(n 'xy) = nilE(Z o (yr)uk) = Z Tgorg(Yg—1).
k,l geG

On the other hand, m(zeay) = (E(u;z)E(yun))gn = (ag-1(Tg)yn—1)gn € Mn(A).
Define a map F : M,(A) — A by

F((agn)gn) =n"" Y aglagy) € A,
geG

where we regard A as a unital C*-subalgebra of M,,(A) by the map

Yiar Z ag-1(a)egy.

geG

Then it is easy to see that F' is a conditional expectation from M,(A) onto A.
Moreover the above calculation shows that F om = E o Ep, and hence F is of
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index-finite type and Index(F)= n?. In fact, {(v/negn, vneng)}gn forms a quasi-
basis for F' since, for = (agn)gn € Mn(A),

Vnegn F(vneng(ar)i)) = negnF(eng Z akiekr)
= neghF(Z aglehl)
7

= egnp(an(agn)) = agnegn,

80 3, n Vnegh F(\/nengz) =37, agnegn = x. The following lemma slightly gener-
alizes Proposition 3.4.

Lemma 3.5. Let « be an action of a finite group G on a simple unital C*-algebra
A. Then the conditional expectation F : M,,(A) — A defined above has the minimal
index, where each element a € A is identified with a diagonal matriz (cg-1(a))gg,
so that A is a C*-subalgebra of M, (A) with the common unit.

Proof. Let (agn)gn € Cp,(a)(A). Then we have

(agh)gh(O‘g*1 (a))gg = (O‘g*1 (a))gg(agn)gn, a € A.

A simple calculation shows that a4, € Z(A) = C-1 for each g € G and the relative
commutant Cpr, (4)(A) contains the diagonal scalar matrices 3 o Agegg, Ag € C,
s0 Cir, (4)(A) is non-trivial and there exist infinitely many conditional expectations
from M, (A) onto A. But the restriction F|c,, , (4) coincides with the normalized
trace by definition. Furthermore, for the quasi-basis {(v/negn, v/neng)}q.n of F and
for each z = (zp1)r,1 € Car,,(4)(A),

Z(\/ﬁegh)z(\/ﬁehg) = Z NZhh€gg = Z n(z Zhh)€gg;
g:h g h

g,h

which is identified with an element ), nzpy, € A (2h, € C). On the other hand,
1
=n2. = =n?F(z) = Index(F)F(z).
Eh nzph =n Eh zhn = n°F(z) = Index(F)F(z)

Therefore by Theorem 2.1(2), F is the minimal conditional expectation. O

Recall that if A is simple unital and « is an outer action of a finite group, then
the crossed product A x,, G is always simple ([8]), while the converse is not true in
general; Connes shows in [I] that, for each number p and each p-th root of unity ~,
there is an automorphism « of the UHF-algebra @) M, such that the period of « is
pk, k is the order of -y, and o? is inner, for which the crossed product @ My, X o Zpk
is simple.

Theorem 3.6. Let A be a simple unital C*-algebra and o be an action of a finite
group G on A for which the crossed product A x, G is simple. Then the canonical
conditional expectation E : A xo G — A defined by E(3 agug) = ae is minimal.

Proof. We have seen that the composition F o Ep is a conditional expectation of
index-finite type from C*(B,e4) onto A, and EFoEpg = Fom, where B = Ax,G,r :
C*(B,es) — M,(A) is an isomorphism and F is the expectation discussed in the
above lemma. Since F has the minimal index, by Theorem 2.2, E and Ep must be
the minimal ones, respectively. O
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4. OUTER ACTIONS AND UNIQUENESS OF CONDITIONAL EXPECTATIONS

As noted in the paragraph following Theorem 2.1, if €y(B, A) # 0 there exists a
unique conditional expectation from B onto A if and only if the relative commutant
Cp(A4) is trivial. In fact, if E, F € eo(B, A) and {(u;,v;) : ¢ =1,...,n} is a quasi-
basis for E, then there exists a unique invertible element h € Cp(A) with E(h) =1
such that F(z) = E(zh) for each € B. Furthermore, in this case {(u;, h~'v;)} is
a quasi-basis for F' (= E},) (see [13]).

Remark 4.1. If o is an inner automorphism for each g € G, then it is known ([2]
IIC]) that the map

aug — avg O Ng: Axqo G- AR C*(G), ac A, g€ G,

is an isomorphism, where {\;} are the unitaries generating C*(G) and {v,} are
unitaries in A with o, (a) = vgavy, a € A. Thus the relative commutant Cax,c(A)
is isomorphic to Z(A4)®C*(G), so nontrivial if |G| > 1. Therefore there are infinitely
many conditional expectations from the crossed product A x, G onto A in case «
is an inner action.

If G has a nontrivial subgroup H={h € G : «qy, is an inner automorphism of A},
then the restriction map Fg : A xo G — A X, H given by EH(dec agllg) =
> hem @nun is a conditional expectation by [10, Proposition 3.1]. Furthermore Ep
is of index-finite type by [10, Theorem 3.4] since G is a finite group. As discussed
in the preceding paragraph there are infinitely many conditional expectations from
AxoH(=2 A®C*(H)) onto A and their compositions with F give infinitely many
conditional expectations of index-finite type from A x, G onto A.

Now, we consider outer actions of finite groups. The condition that the crossed
product A x G is simple is necessary for outerness of the action « in general. In the
following we prove an equivalent condition for outerness of a. If H is a subgroup
of G, then we simply denote the action « restricted to H by « again.

Proposition 4.2. Let o be an action of a finite group G on a simple unital C*-
algebra A. Then « is an outer action if and only if for each cyclic subgroup H of
G the crossed product A X, H is simple.

Proof. The simplicity of the crossed product for each subgroup when « is outer
follows from [8]. For the converse suppose «y, is an inner automorphism for some
h € G\{e}. Then A x, H= A® C*(H) by Remark 4.1, where H is the cyclic

subgroup of G generated by h and so cannot be simple because A @ C*(H) =
A®C(H) =@ A (|H|-times). O

Let a be an action of a finite abelian group G ona simple unital C*-algebra A.
Recall that the dual action & of the dual group G of G on the C*-crossed product
A X4 G is defined by

dg(z agllg) = Zag<a, Nug, ag €A, g€ G, o€ G,
g g
where (0, g) is the evaluation of o at g. If « is an outer action, then the crossed
product A X, G is simple and furthermore by Takai duality we see that the double
crossed product (A xo G) x5 G = M, (A), n = |G|, is also simple. So the dual
action & of G gives the simple crossed product B X4 é, where B = A X, G. From
[12, Theorem 8.10.10, 8.10.12] it follows that for a cyclic group Z, of prime order
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an action [ of Z, on a simple unital C*-algebra B is outer if and only if the crossed
product B x g Z, is simple. More generally, this is true for a finite abelian group G
whose order is the product of distinct primes ([I1, Theorem 5]) though this is not
true in general as discussed before Theorem 3.6. Therefore if « is an outer action
of Z, on a simple unital C*-algebra A, then its dual 8 = & of Z, (= Z,) should
act outerly on the crossed product B = A X, Z, since B is simple and its crossed
product B xg Zp is isomorphic to the simple C*-algebra M, (A). More generally, it
follows from the proof of Theorem 4.4 below that the dual action of an outer action
by a finite abelian group is always outer.

Lemma 4.3 ([12, Proposition 8.10.13]). Let 8 be an action of a finite abelian group
on a simple unital C*-algebra B. Then (3, # id is an outer automorphism if and
only if Cp(B?) =C - 1.

If o is an outer action of a finite group G on a simple unital C*-algebra A, then
the conditional expectation

1
Fai A= A% Fala) = 173 a(a)
g

is of index-finite type by [I3, Proposition 2.8.6] since A X, G is simple. Moreover,
by the above lemma if G is abelian, there is no conditional expectation of index-
finite type from A onto A® other than E, since C4(A%*) = C- 1. On the contrary if
G = K x H is a finite abelian group, K acts outerly and H acts trivially on A, then
Ca(A®) = Ca(A%Ix) = C-1. Thus there exists a unique conditional expectation of
index-finite type from A onto A®, the canonical one, even though the action « is
not outer.

While outerness of the action is strictly stronger than the uniqueness of condi-
tional expectation from A onto A* as we have seen above, in the following we prove
that the outerness of the action « is equivalent to the uniqueness of the conditional
expectation of index-finite type from A x, G onto A.

Theorem 4.4. Let « be an action of a finite group G on a simple unital C*-algebra
A, and E : A xo G — A be the canonical conditional expectation. Then « is an
outer action if and only if €9(A x, G, A) = {E}.

Proof. If « is not outer, then there are infinitely many conditional expectations by
Remark 4.1.

For the converse suppose that « is an outer action. We first assume that the
group G is abelian. It is enough to show that the relative commutant Cax_ g (4)
is trivial. Let B:= A x,G. If z = dec zgug € Cp(A), then, for any a € A, we

have
xra = Z TgUga = Z zgog(a)ug = Z arglg = aT.

Thus for each g € G, z4a4(a) = axy, a € A. Then z4a = axy, a € A%, and hence
xg € Ca(A%). Note that the relative commutant Ca(A®) is trivial by Lemma
4.3. Hence v, € C-1, g € G. The outerness of o also implies that, for each
g # e, there exists an element a € A with a # a4(a), and then from the identity
zg0g4(a) = axy, x4 € C- 1, it follows that z, = 0. Therefore Cg(A4) =C - 1.

For an arbitrary finite group G let F' be a conditional expectation in €y(A X
G, A). To show F = E it is enough to prove that their restrictions to each subal-
gebra A x,, H coincide, where H is a cyclic subgroup of G. Note that a|y is outer.
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Then Cax, m(A) = C-1 and the restrictions F|ax m, E|lax,m are of index-finite
type by [I3, Proposition 2.10.2]. But €y(A xo H,A) = {E|ax.u} by the above
argument in the case of an abelian group, so that Flax g = Flax. - O

Remarks 4.5. (a) The theorem can be shown directly using the following fact: Let
a be an action of a finite group G on a simple unital C*-algebra A. Then the
following three conditions are equivalent: (1) « is outer. (2) For g # e, oy is free in
the sense of Kallman ([5]), that is, ab = a4(b)a for all b € A implies @ = 0. (3) The
relative commutant Cax_g(A) is trivial. The proof is similar to the case where A
is a factor.

(b) If G is abelian in Theorem 4.4, then it is easy to see that the fixed point
algebra B® for the dual action @& is A. Thus if « is an outer action, then Cp(B%) =
C - 1. Since each automorphism &, (o # é, the identity of G‘) acts nontrivially on
B by the definition of dual action, it follows from Lemma 4.3 that & is also outer.
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