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SIMILARITY TO A CONTRACTION
AND HYPERCONTRACTIVITY
OF COMPOSITION OPERATORS
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ABSTRACT. On the Hardy spaces HP with 1 < p < oo, we consider the compo-
sition operators induced by analytic self-maps of the open unit disc D. First,
we characterize those which are similar to contractions. Then, we give some
necessary and sufficient conditions for them to be hypercontractive. Finally,
we prove that, among those ones, only the zero-symbol composition operator
sends HP into H*° with a norm less than or equal to 1.

1. INTRODUCTION

Throughout this paper, we denote by D the open unit disc in the complex plane,
by H(D) the space of holomorphic functions on D and by H(D, D) the subset of
H (D) counsisting of all self-maps of D. We also denote by N* the set of integers
larger than one : N* = {1,2,---}.

Let ¢ be in H(D,D). On appropriate subspaces of H(D), the composition
operator induced by the symbol ¢ is defined by Cy f := f o ¢. We recall that the
Hardy space HP (0 < p < o0) is the subspace of H(D) consisting of all functions
satisfying

1 27 ] %
1= sup 5= [ 7 (re)]P d)" < co.
0<r<1 4T Jo

For p > 1, this gives a norm for which H? is a Banach space. We also recall that
the space H*°, endowed with the norm || f||« := sup |f(z)], is a Banach space too.
z€D

From these definitions, we get the following proper inclusions:
H®* CHPPCHP (0<p<oo,l<f<o0).

It is well known that Cy, is continuous on H? (0 < p < o0) (see [10] and [14])
and that, for p > 1, C,, is a contraction (i.e. ||Cy|| < 1) if and only if ¢(0) = 0 (see
Theorem 2.T]).

Here, we will characterize a subclass of composition operators that contains each
C, which is similar to a contraction. In Section [3, we show that the existence of a
fixed point in D, for the symbol ¢, is a necessary and sufficient condition for C, to
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be in that class. In particular, we observe that if C, is polynomially bounded, then
it is similar to a contraction. G. Pisier has shown that this is not true for every
operator on a Hilbert space (see [I3] for details). In the case where the contraction
is isometric and the symbol is analytic on a neighborhood of D, we give a more
precise characterization.

In Section @ we study the class of all C,’s sending H? into H°P (3 > 1) with a
norm less than or equal to 1. The qualitative aspect of this problem (i.e. sending
HP into HPP) has been solved by H. Hunziker and H. Jarchow ([7]). For the
quantitative aspect (i.e. sending HP into HP? with norm < 1), we give some
necessary and sufficient conditions. C,’s satisfying the second aspect are said to
be hypercontractive or also 3-contractive. At the end of Section [, we show that,
among those ones, only the zero-symbol composition operator is a contraction from
H? into H*.

Section Rlis devoted to some results focused on the symbols ¢ and on the oper-
ators C,, sending HP into HPP (1 < 3,p < o).

2. PRELIMINARIES
It is well known (cf. [5]) that, for each f € HP, f*(e¥) := lini f(re?) exists

almost everywhere on the unit circle 9D. A function ¢ in H(D, D) is said to be
inner if |¢*| = 1 almost everywhere.

Theorem 2.1 (cf. [2], p. 123). For all ¢ € H(D,D) and p € [1,+00[, Cy is
bounded on HP and we have

1 1
1—1z)2 \* 1+ ]e(0)|\*
sup (%) < ||C<P|| < (M .
zl<1 \ 1 = [e(2)] 1—(0)]
Moreover, C,, is an isometry if and only if ¢ is inner and vanishes at 0.

Let X be a Banach space. Werecall that T : X — X is an isometry if || Tz|| = ||z]|
for all x € X. The following well-known proposition (see [1], p. 213) describes the
spectrum o (7T') of such an operator. For sake of completeness, we give an elementary
proof.

Proposition 2.2. If T : X — X is an isomelry , then either o(T) C 9D or
o(T) = D.

Proof. If T is onto, o(T) C 9D; otherwise E := o(T) N D is a closed subset of D
containing 0. Let F = D — E = o(T)°N D be the complement of E in D. If A € D,
An € F and A\, — A, then for all z € X, we have

11—\l

2

for large n, which implies that |77 — A\, 1) 71| < 6~1. And this implies (cf. [4]) that
A € o(T)¢. Therefore, F' is equally closed in D. The connectedness of D implies
that E = D, and o(T) = D. O

(T = AnD)z|| 2 || Tzl = Palllzl] = (1 = M) ll]] = ]| = of|«|

Remark. Proposition 2.2 can be seen as a consequence of the fact that do(T') is
contained in o4,(T) (Proposition 6.7 in [I]). This fact implies that, for any A\ €
0o (T), there is a sequence (zy), with ||z,| = 1 such that ||(T — Al)z,| — O.
Since T is an isometry, it is easy to see that |A| = 1, and the result follows by
connectedness of D.
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The following proposition can be proved by using the factorization theorem of
F. Riesz ([B], p. 20). It justifies the reason for which one can study hypercontrac-
tivity only on the Hilbert space H2. If it sends HP into HPP, for some 1 < 8 < o0,
C,, is said to be -bounded, and we denote its norm by ||C,|

p,Bp-

Proposition 2.3. If C, is hypercontractive on HP for some 1 < p < oo, then the
same is true for all 1 < p < co.

In the next theorem, (¢, )nen denotes the iterate sequence of the map . The
uniform convergence on every compact set of D is denoted by =5.

Theorem 2.4 (cf. [3] or [16]). If ¢ € H(D, D) has no fized point in D, then there
exists a unique point ¢ € D (called the Dengjoy- Wolff point of ) such that @, “5 (.

3. SIMILARITY TO A CONTRACTION

Let X be a Banach space. T': X — X is said to be polynomially bounded if
there exists M > 0 such that |P(T)| < M||P|/« for every polynomial P, where
[1Plloc = sup{|P(2)]; |2] < 1}.

Theorem 3.1. In the following assertions, (1), (3) and (4) are equivalent for all
1 <p < oo. In particular, for p =2, they are equivalent to (2).

(1) C, is similar to a contraction.
(2) C, is polynomially bounded.
(3) Cy, is power bounded.

(4) ¢ has a fized point in D.

Proof. (1) = (2) By hypothesis, there exists an invertible operator S on H? such
that

C, = S~1CS where C is a contraction on H2.
P(C,) = S7'P(0)S.
IPCHI < ISTHIPEOMISIT < ISTHIISIIPloo-

The last estimate follows from the famous von Neumann’s inequality.

(2)==(3) This is immediate.

(3)=(4) Assume that ¢ has no fixed point in D. By the weak form of the
Denjoy-Wolff theorem, we have |, | %5 1. Since

_1
IC21l = 1ICp,, | = (1= |en(0)*) "7,
we conclude that
lim ||CZ|| = o0.

This is in contradiction with (3).
(4)==(1) Let a € D be a fixed point of ¢. Set

a—z

Y= gaopop, where pu(z) = .
1—-az

¢a is a holomorphic automorphism of D and ¢,! = ¢,. Since v € H(D, D)

and ¥(0) = 0, by Theorem 1] C, is a contraction on H?. Now, the identity

© = g 01 o p, T implies that C, = C;aleC%, and this completes the proof. O
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E. Nordgren ([I0]) has shown that if C7} is compact for some n € N*, then ¢ has
a fixed point in D. As a consequence of this result and Theorem [B.1], we have the
following.

Corollary 3.2. If C7 is compact for some n € N*, then Cy, is similar to a con-
traction.

In order to study the similarity with an isometry on HP, we need the following
theorem (cf. [9]) which provides the spectrum of C, in a special case.

Theorem 3.3. Suppose ¢ is analytic on a neighborhood of D, not inner and with
a fized point a in D. If CF is compact on HP (1 < p < o0) for non € N*, then
there exists 0 < p < 1 such that

0(Cp) ={A e C; Al < pyU{(¢'(a)";n e N*}U{1}.

Theorem 3.4. Suppose ¢ is analytic on a neighbourhood of D. Then the following
are equivalent:

(1) Cy, is similar to an isometry.

(2) ¢ is inner and has a fized point in D.

Proof of Theorem (1)=(2) By Theorem B], ¢ has necessarily a fixed point
in D. Now, assume that ¢ is not inner. Since CJ is compact for no n € N* (an
operator which is similar to an isometry cannot be compact in infinite dimension),
by Theorem B3] o(C,) # D and o(C,) € dD. This deduction together with
Theorem 22 leads to a contradiction with (1). Consequently, ¢ is necessarily inner.

(2)=>(1) This can be proved in the same way as (4)==(1) of Theorem Bl
Note that, here, Cy is an isometry since 1 is inner and vanishes at 0 (see Theorem

2.1). 0

Question. Theorem provides the spectrum of C, with ¢ analytic on a neigh-
borhood of D. Is this condition on ¢ necessary in Theorem [3.4] ?

The next corollary follows immediately from Theorem [3:4] and a known result
saying that C, is invertible on H? if and only if ¢ is an automorphism of D (see
[11] or [2] or more recently [6]).

Corollary 3.5. A composition operator is similar to an isometric isomorphism on
H? if and only if its symbol is an elliptic automorphism of D.

4. HYPERCONTRACTIVITY

F. B. Weissler ([I5]) has characterized the hypercontractivity of convolution op-

erators by Poisson kernels P,.() := Hr;:i;:cose (0 < r < 1). Those operators are

defined on LP(OD,m) by : ([P:]f)(e?) = ng f(n)rinlein®  He has shown that
Pl r—rs = 1 (vesp., |[P-]||mp—pe = 1) if and only if r? < % (resp., 7* < )
for all p,q such that 1 < p < g < 0.

This result and the following lemma will allow us to characterize the hypercon-
tractive Cy, with |a| < 1. Note that the symbols ¢(z) = az are exactly those for
which C, : H? — H? is normal (see [11]).

Lemma 4.1. Let f € H* with f(0) = 0 and ¢ €]0,+00[. For all ¢ > 0 small
enough, we have

q
I+ eflla =1+ 71 l5* + o).
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Proof. For all z € D, one has
(L+ef(2)? = 1+e2f(2) + 225 = 1)F2(=) + o).

Here, o(?) does not depend on z since f is bounded. So, we obtain

[L+ef()l1 =11 +ef(2)27 =1 +ef(2) (1 +ef(2)E
= 1+ eqRe(f(2)) +*4(§ — DRe(f*(2)) + 21 f(2)]* + o(e?).
As Re(f) and Re(f?) are harmonic in D and since f(0) = 0, by integration on

[0, 27r] with respect to the measure %, one gets

1 27 ) 2
3 | e an = 1+ T+ ol
This leads to the desired assertion. O

Theorem 4.2. Let « € D and 1 < 3 < co. We have equivalence between (1) and
(2) and between (3) and (4).
(1) Coyz is B-bounded.
(2) |af < 1.
(3) Cq: is B-contractive.
(4) lal < p7%.
Proof. (1) = (2) Suppose that || = 1. That means ¢ is a rotation of D, and
then C,, sends H? onto itself: this is a contradiction with (1).
(2)==(1) Since ||¢||cc = || < 1, one has
Cyp(H?) Cc H>® C H?".
Thus, C,, is S-bounded.
(3)==(4) Let g be the function defined on D by ¢g(z) = 1+ ez with € > 0 small
enough. Since C,.g = 1+¢f where f(2) = az for all z € D, by Lemma Tl applied
to this f and to ¢ = 23, we get

2
o
[Coglls =1+ 2002 4 o)

On the other hand, this same lemma, applied to f = z and ¢ = 2, gives
1
lgll> =1+ 5% + o(c?).
Now, by hypothesis, we have ||Cyg|l25 < ||g]l2- Let us simplify, then take the limit
as € — 0 to obtain |a|? < % This implies (4).
(4)==(3) This is nothing else but another formulation of Weissler’s theorem

mentioned at the beginning of this section. Indeed, just observe that ||Cq,||2,28 =
PNl 72— mr2e with r = |a. O

Corollary 4.3. If ©(0) = 0 and ||¢|lec < 372, then Cy, 1is B-contractive.

Proof. Set r = ||¢|loc and ¢ = 2¢. By Schwarz’ lemma, one has |p(2)| < 7|z].
Thus, ¥ € H(D, D). On the other hand, the identities Cy, = Cry = CyCr, imply
that

1Cell15 < 11Cyllg,pllCrzllip < 1.

The last estimate comes from the fact that ¢(0) = 0 and from Theorem FZ] which
one can apply because r < B’%. O
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In the following theorem, we denote by HZ the subspace of H? consisting of all
functions vanishing at 0.

Theorem 4.4. If C, is (3-contractive, then we have the following:
(D) 1Cellpmz) < B3
@) 35 Jy " lae(@)Ple(e®)? o < Flgllj  for all g € H®. In particular,
lella < B~%.
Proof. (1) First, let us suppose that f € H*> with f(0) = 0. Since the contractivity
of C, implies that ¢(0) = 0, we get fop € H* and (f o ¢)(0) =0. Let € > 0 be
small enough. By Lemma [.1] we obtain

{ [1+efopllesg =1+ ?I\f o pl|3e? + o(e?),
11+ ef]|2 =1+ 3 fl13e* + o(e?).

Now, by hypothesis, one has
[1+efopllzs < [1+ef]2.

Thus, after simplifying and taking the limit as ¢ — 0, one concludes that 3| fog||3 <

_1
I£113. Hence, [[f o olla < B72|f]2-
Let us suppose now that f € H2. If we denote by (f,,), the partial sums of f, that
n

is, fn(2) = Z f(k)z*, we have || f,— f|l2 — 0. The inequality || fnop||2 < 87| fnll2
k=1

follows from the previous part of the proof (since f,, € H§°), and the desired result
is obtained by passing to the limit in this inequality (since C,, is bounded on H?).
(2) This follows from (1) by using the fact that zg € Hg for all g € H2. O

Remark. So far, we have not been able to discover whether the condition ||¢]|e < 1
is necessary for C, to B-contractive. However, one can show that this is true in the
case where ¢(0) = 0 and |p(u) — p(v)| < klu — v|% on (0D)? with 0 < k < 251
(see [8]).

H. Hunziker and H. Jarchow ([7]) have characterized 3-boundedness of C,’s for
all 1 < 8 < oco. The following theorem gives a version for the limit case § = oc.

Theorem 4.5. The following are equivalent:
(1) fleplloo < 1.
(2) Cu(HP) C H*® for all1 <p < 0.
(3) Cu(HP) C H*® for some 1 < p < 0.

Proof. (1) = (2) It is well known (cf. [I7]) that the point evaluation operator ¢,

defined by 6,(f) = f(z), is bounded on H? and ||0,| = (1— |z|2)_%. For all f € H?
and z € D, we have

@] < 1800l oy I fllp = (1= @) 27 | £llp < (1= [l9l1Z) 71 f -

Thus, fop € H* and |[f oplo < (1= [lel3) 77 f1l5-

(2)==(3) This is immediate. -
(3)=(1) For every ¢ € 0D, the function z — (¢ — z)fﬁ belongs to H?. So
by hypothesis, there exists ¢ > 1 such that |¢ — <p(z)|7ﬁ < c¢. In other words, there
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exists d €]0, 1[ such that

(%) | —¢(z)| >d forallze D.
Let 2 be in D such that ¢(z) # 0. By (x), applied to ¢ = @Ei;l, we obtain
1 1
1—|e2)| =le)||—— = 1| = |p(z)(—— = 1)| > 6.
()] = le( )|||SO(Z)| | = le( )(|80(Z)| )|

Thus, |p(z)| <1 —6; z being arbitrary, we conclude that ||p|jlcc <1-90<1. O

We end this paper with the following theorem which says that Cj is the only
contractive composition operator from HP (1 < p < oo) into H*.

Theorem 4.6. The following are equivalent:

(1) Cy : HP — H™ is a contraction.

(2) ¢ =0.
Proof. (1)==(2) For all z € D and f € HP? with ||f||, = 1, one has |f(p(2))| <
I1f 0 @llo < 1. Thus, |80 llzry- = (1= [o(2)]2) 7 < 1. So, we deduce that
1 —|p(2)]> =1 for all z € D, and this gives (2).

(2)==(1) Forall fe HP,C,f = fop = f(0) € H*. Consequently, ||C, f|lo =

O < 17l O

ACKNOWLEDGEMENTS

This work is part of the author’s thesis written under the supervision of Professor
H. Queffelec. We would like to thank the referee for his very careful reading and
his clever remarks.

REFERENCES

[1] J. B. Conway, A course in Functional Analysis, Second Edition. Springer-Verlag New York
(1990). MR 91e:46001
[2] C. C. Cowen and B. D. MacCluer, Composition Operators on Spaces of Analytic Func-
tions, CRC Press, Boca Raton (1995). MR [97i:47056
[3] A. Denjoy, Sur litération des fonctions analytiques, C. R. Acad. Sci. Paris Sér. A., 182
(1926) 255-257.
[4] N. Dunford and J. T. Schwartz, Linear Operators, II (1963). MR [32:6181
[5] P. L. Duren, Theory of HP Spaces, Academic Press (1970). MR 142:3552
[6] G. Hoever, Two classroom proofs concerning composition operators, Integr. Equ. Oper.
Theory, 27 (1997) 493-496. MR [98b:47041
[7] H. Hunziker and H. Jarchow, Composition operators which improve integrability, Math.
Nachr., 152 (1991) 83-99. MR [93d:47061
[8] N. Jaoua, Propriétés de similarité et de contractivité de certains opérateurs de composition
sur des classes de fonctions anlytiques, These, Université de Lille (1999).
[9] H. Kamowitz, The spectra of composition operators on HP, J. Funct. Analysis, 18 (1975)
132-150. MR 53:11417
[10] E. Nordgren, Composition operators, Canadian J. Math., 20 (1968) 442-449. MR [36:6961
[11] , Composition operators on Hilbert spaces, Lecture Notes in Math., 693 (1977), 37-63.
MR 80d:47046
[12] G. Pisier, Similarity problems and completely bounded maps, Springer Lecture Notes, 1618
(1996). MR 98d:47002
, A polynomially bounded operator on Hilbert space which is not similar to a contrac-
tion, J. Amer. Math. Soc., 10, 2 (1997) 351-369. MR 97£:47002
[14] H. J. Schwartz, Composition operators on HP, Thesis, University of Toledo (1969).

(13]



http://www.ams.org/mathscinet-getitem?mr=91e:46001
http://www.ams.org/mathscinet-getitem?mr=97i:47056
http://www.ams.org/mathscinet-getitem?mr=32:6181
http://www.ams.org/mathscinet-getitem?mr=42:3552
http://www.ams.org/mathscinet-getitem?mr=98b:47041
http://www.ams.org/mathscinet-getitem?mr=93d:47061
http://www.ams.org/mathscinet-getitem?mr=53:11417
http://www.ams.org/mathscinet-getitem?mr=36:6961
http://www.ams.org/mathscinet-getitem?mr=80d:47046
http://www.ams.org/mathscinet-getitem?mr=98d:47002
http://www.ams.org/mathscinet-getitem?mr=97f:47002

2092 NIZAR JAOUA

[15] F. B. Weissler, Logarithmic Sobolev inequalities and hypercontracive estimates on the circle,
J. Funct. Analysis, 37 (1980) 218-234. MR [81k:42007

[16] J. Wolff, Sur l’itération des fonctions analytiques, C. R. Acad. Sci. Paris Sér. A. 182 (1926)
42-43.

. u, Operator eory in Function Spaces, Marcel Dekker, New York, .
17] K. Zhu, O Th in Py ; S M 1 Dekk N York, (1990 MR
92¢:47031

DEPARTMENT OF MATHEMATICS, UNIVERSITE LILLE I, CITE SCIENTIFIQUE, F-59655 VILLENEUVE
D’AscqQ, FRANCE
E-mail address: jaoua@agat.univ-lillel.fr


http://www.ams.org/mathscinet-getitem?mr=81k:42007
http://www.ams.org/mathscinet-getitem?mr=92c:47031

	1. Introduction
	2. Preliminaries
	3. Similarity to a contraction
	4. Hypercontractivity
	Acknowledgements
	References

