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THE DISCRETE PRÜFER TRANSFORMATION

MARTIN BOHNER AND ONDŘEJ DOŠLÝ

(Communicated by Carmen C. Chicone)

Abstract. The classical Prüfer transformation has proved to be a useful tool
in the study of Sturm-Liouville theory. In this paper we introduce the Prüfer
transformation for self-adjoint difference equations and use it to obtain oscilla-
tion criteria and other results. We then offer an extension of this approach to
the case of general symplectic systems on time scales. Time scales have been
introduced in order to unify discrete and continuous analysis, and indeed our
results cover as special cases both the Prüfer transformation for differential
and for difference equations.

1. Introduction

The Prüfer transformation (established by H. Prüfer in [19]) is a useful tool in
the qualitative theory of second order Sturm-Liouville differential equations

(r(t)x′)′ + p(t)x = 0(1.1)

where r and p are continuous with r(t) > 0. By this transformation, any nontrivial
solution x and its quasiderivative rx′ can be expressed in the form

x(t) = %(t) sinϕ(t), r(t)x′(t) = %(t) cosϕ(t),

where % and ϕ satisfy the first order system

%′ = cosϕ(t) sinϕ(t)
(

1
r(t)
− p(t)

)
%, ϕ′ = p(t) sin2 ϕ+

1
r(t)

cos2 ϕ.(1.2)

Since 1926, when the original paper of Prüfer appeared, the Prüfer transfor-
mation was extended in various directions. In 1979, Elbert [11] showed that any
nontrivial solution x of the so-called half-linear second order differential equation(

r(t)|x′|α−2x′
)′

+ p(t)|x|α−2x = 0, α > 1(1.3)

(observe that (1.1) is the special case α = 2 in (1.3)), can be expressed in the form

x(t) = %(t)S(ϕ(t)), r1−β(t)x′(t) = %(t)S′(ϕ(t)),
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where β is the conjugate number of α, i.e., 1
α + 1

β = 1, S = S(t) is the solution of
the special half-linear equation(

|S′|α−2S′
)′

+ (α− 1)|S|α−2S = 0, S(0) = 0, S′(0) = 1,

and %, ϕ solve a certain first order differential system similar to (1.2).
Another extension of the Prüfer transformation is given in the papers of Barrett

[6] and Reid [20, 21]. Here the Prüfer transformation is established for second order
self-adjoint matrix differential systems and for linear Hamiltonian systems. The key
role in this extension is played by a so-called trigonometric system. A trigonometric
system is the first order system

S′ = Q(t)C, C′ = −Q(t)S,(1.4)

where S,C,Q are n×nmatrices andQ is symmetric. The terminology trigonometric
system is justified by the fact that in the scalar case n = 1, S(t) = sin

∫ tQ(s) ds,
C(t) = cos

∫ tQ(s) ds. In the matrix case (1.4) cannot in general be solved explicitly,
but its solutions have many of the properties of classical sine and cosine functions
(see [9, 13, 14]). Consider now the linear Hamiltonian system

X ′ = A(t)X + B(t)U, U ′ = C(t)X −AT (t)U,(1.5)

where A,B, C, X, U are n × n matrices and B, C are symmetric. Reid [20] showed
that there exist a nonsingular differentiable matrix H and a symmetric matrix Q
such that any conjoined basis of (1.5) (i.e., a solution satisfying XTU − UTX ≡ 0
and rank

(
X
U

)
≡ n) can be expressed in the form

X(t) = ST (t)H(t), U(t) = CT (t)H(t),

where (S,C) is a solution of (1.4) satisfying

ST (t)S(t) + CT (t)C(t) = I, ST (t)C(t) − CT (t)S(t) = 0.

The setup of this paper is as follows. In the next section we introduce the
Prüfer transformation for self-adjoint difference equations of second order. We
derive discrete analogues for the equations (1.2) and use them to prove the so-
called reciprocity principle for Sturm-Liouville difference equations of second order.
As another application of our discrete Prüfer transformation we offer an alternative
proof of the Leighton-Wintner criterion for oscillation of Sturm-Liouville difference
equations, and the last statement of Section 2 is a new oscillation criterion for these
equations. The final section features a short introduction into the theory of time
scales which has been created by Hilger [16] in order to unify discrete and continuous
analysis. Next, we use concepts from the theory of time scales to introduce a Prüfer
transformation for such so-called dynamic equations on time scales. A time scale
is a closed subset of the reals, and if the time scale is equal to all real numbers,
then our Prüfer transformation is the usual Prüfer transformation introduced in
[19]. If the time scale is equal to all integers, then our Prüfer transformation is
the discrete Prüfer transformation introduced in Section 2 of this paper. At the
same time this last section offers extensions of the theory to the symplectic systems
case that contains as special cases linear Hamiltonian systems, self-adjoint vector
equations, and Sturm-Liouville equations of higher order.
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2. The discrete scalar case and applications

In this section we consider a Sturm-Liouville difference equation of second order

∆(rk∆xk) + pkxk+1 = 0,(2.1)

where rk and pk are real numbers with rk 6= 0 for all integers k, and where ∆ is
the usual forward difference operator defined by ∆xk = xk+1 − xk.

Let x be a nontrivial solution of (2.1). Then x2
k + (rk∆xk)2 6= 0 for all integers

k (note that otherwise x would be identically zero) and we can find real numbers
%k > 0 and ϕk with 0 ≤ ∆ϕk < 2π such that the equations

xk = %k sinϕk,(2.2)

rk∆xk = %k cosϕk(2.3)

are satisfied for all integers k. We call (2.2) and (2.3) the discrete Prüfer transfor-
mation. Our first result is a discrete analogue of the equations (1.2), and it reads
as follows.

Theorem 2.1. If x is a nontrivial solution of (2.1) and if % and ϕ are defined by
(2.2) and (2.3), then the equations

∆%k = %k

[
1
rk

cosϕk sinϕk+1 − pk sinϕk cosϕk+1 −
pk
rk

cosϕk cosϕk+1(2.4)

− (∆ sinϕk)2 + (∆ cosϕk)2

2

]
,

sin ∆ϕk =
1
rk

cosϕk cosϕk+1 + pk sinϕk sinϕk+1 +
pk
rk

cosϕk sinϕk+1(2.5)

hold true.

Proof. Use of the discrete product rule for (2.2) yields

sinϕk+1∆%k + %k∆ sinϕk = ∆[%k sinϕk] = ∆xk

=
1
rk

[rk∆xk] =
1
rk
%k cosϕk,

while doing the same for (2.3) implies

cosϕk+1∆%k + %k∆ cosϕk = ∆[%k cosϕk] = ∆[rk∆xk]

= −pkxk+1 = −pk
rk

[rk∆xk]− pkxk

= −pk
rk
%k cosϕk − pk%k sinϕk,

where we have also used that x is a solution of (2.1). Hence we obtain the two
equations

sinϕk+1∆%k + %k∆ sinϕk =
%k
rk

cosϕk,(2.6)

cosϕk+1∆%k + %k∆ cosϕk = −pk
rk
%k cosϕk − pk%k sinϕk.(2.7)

We now multiply (2.6) by sinϕk+1 and (2.7) by cosϕk+1 and add the resulting
equations to obtain (2.4). To verify (2.5), we multiply (2.6) by cosϕk+1 and (2.7)
by − sinϕk+1 and add the resulting equations. Dividing the obtained equation by
%k > 0 directly yields (2.5).
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Remark 2.2. Theorem 2.1 suggests a method to construct solutions of the self-
adjoint difference equation (2.1): Observe that the difference equation (2.5) for ϕ
is independent of %. Of course, it might be difficult to solve this equation, but once
a solution ϕ̃ of (2.5) is obtained, the linear difference equation (2.4) for % is readily
solved.

We proceed to give three applications of the discrete Prüfer transformation in-
troduced in (2.2) and (2.3). The first one is the so-called reciprocity principle that
says that a solution x of (2.1) is eventually of one sign (i.e., there exists an integer N
such that xkxk+1 > 0 for all k ≥ N) iff its quasiderivative r∆x is eventually of one
sign. The second application is a discrete version of the Leighton-Wintner criterion
(see e.g., [15, pp. 333–335]) that gives a sufficient condition for oscillatory behavior
of (2.1) and the third one is a new oscillation/nonoscillation criterion for (2.1).
Recall that equation (2.1) is called nonoscillatory if all of its solutions have only
finitely many generalized zeros. In the case when rk > 0 (which we consider here),
a solution x of (2.1) is said to have a generalized zero at m provided xmxm+1 ≤ 0.
For both applications we assume

pk and rk are positive for all integers k.(2.8)

We need an auxiliary result which we will prove first.

Lemma 2.3. Assume (2.8), let x be a solution of (2.1), and define ϕ by the Prüfer
transformation as before. If xkxk+1 > 0 for some integer k, then 0 < ∆ϕk < π.

Proof. First of all use (2.1), (2.2), and (2.3) to obtain

cosϕk+1 + pk sinϕk+1 =
rk+1∆xk+1 + pkxk+1

%k+1
=
rk∆xk
%k+1

=
%k cosϕk
%k+1

.(2.9)

This implies by (2.2) and (2.5)

sin ∆ϕk = pk sinϕk sinϕk+1 +
cosϕk
rk

[cosϕk+1 + pk sinϕk+1]

=
pkxkxk+1

%k%k+1
+
%k cos2 ϕk
rk%k+1

> 0

and hence (observe that by definition 0 ≤ ∆ϕk < 2π) we have 0 < ∆ϕk < π, which
is our desired conclusion.

Theorem 2.4 (Reciprocity Principle). Assume (2.8) and let x be a solution of
(2.1). If x is eventually of one sign, then so is r∆x.

Proof. Let x be a solution of (2.1) and define ϕ by the Prüfer transformation as
before. Let N be an integer such that xkxk+1 > 0 for all k ≥ N . Then the points
(rk∆xk, xk) are either in the upper half plane for all k ≥ N or in the lower half
plane for all k ≥ N . This and Lemma 2.3 imply

ϕk ≤ ϕN + π for all k ≥ N.

By definition ϕk ≤ ϕk+1 for all k ≥ N so that limk→∞ ϕk must exist. But then
also limk→∞ cosϕk exists and hence (observe also that cosϕk ≥ cosϕk+1 for all
k ≥ N or cosϕk ≤ cosϕk+1 for all k ≥ N) there exists an integer M such that
cosϕk cosϕk+1 > 0 for all k ≥M . This together with (2.3) proves our claim.
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Remark 2.5. The converse implication of Theorem 2.4 is true as well, and this
follows from the fact that x̃ = r∆x satisfies the so-called reciprocal equation

∆
(

1
pk

∆x̃k

)
+

1
rk+1

x̃k+1 = 0,

and one can use the same argumentation as in the proof of Theorem 2.4.

Theorem 2.6 (Leighton-Wintner Criterion). Assume (2.8) and suppose
∞∑
k=0

1
rk

=
∞∑
k=0

pk =∞.(2.10)

Then the equation (2.1) is oscillatory.

Proof. Let (2.10) be satisfied. For the sake of contradiction we assume that (2.1) is
not oscillatory. Then there exists a solution x of (2.1) that is eventually either of
positive or of negative sign. We define now % and ϕ via the Prüfer transformation
from (2.2) and (2.3). By Lemma 2.3 we have 0 < ∆ϕk < π. Hence ϕ must be
bounded above (otherwise x would change its sign infinitely many times). Therefore
limk→∞ ϕk =: ϕ∞ exists and hence both

lim
k→∞

sinϕk =: α and lim
k→∞

cosϕk =: β

exist as well. Furthermore α2 + β2 = 1 so that at least one of the numbers α and
β is not zero. First we assume α 6= 0. Then there exists an integer M ≥ N such
that sinϕk 6= 0 for all k ≥M . Let k ≥M . Then we have by (2.5)

−∆ cotϕk =
sin ∆ϕk

sinϕk sinϕk+1
= pk +

cosϕk[cosϕk+1 + pk sinϕk+1]
rk sinϕk sinϕk+1

= pk +
%2
k cos2 ϕk
rkxkxk+1

≥ pk

(apply also (2.9)) and hence

cotϕk+1 − cotϕM ≤ −
k∑

i=M

pi.

But letting k →∞ we see that the left hand side of the above inequality converges
to cotϕ∞− cotϕM ∈ R while by (2.10) the right hand side tends to −∞, a contra-
diction. Similarly, when β 6= 0, there exists an integer M > N such that cosϕk 6= 0
for all k ≥M . Let k ≥M . Then we have by (2.5)

∆ tanϕk =
sin ∆ϕk

cosϕk cosϕk+1
=

1
rk

+
pk sinϕk+1[sinϕk + 1

rk
cosϕk]

cosϕk cosϕk+1

=
1
rk

+
%2
k%

2
k+1pk sin2 ϕk+1

(rk∆xk)(rk+1∆xk+1)
≥ 1

rk

by the reciprocity principle from Theorem 2.4. Again, as before, this contradicts
(2.10). The proof of the statement is complete.

At the end of this section we present a new oscillation and nonoscillation criterion
for (2.1). This criterion could be proved using the material of this section, however
an easier proof can be given based on the considerations of the next section, so we
postpone the proof of the next statement to the end of the paper.
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Theorem 2.7. Suppose that

0 < pk < 4rk for large k.(2.11)

Equation (2.1) is nonoscillatory provided
∞∑

arccot

{
1
pk
− rkpk√

p2
k + (1 − pkrk)2 − 1 + rkpk − p2

k

2

}
<∞,(2.12)

and it is oscillatory if
∞∑

arccot

{
1
pk

+
rkpk√

p2
k + (1 − pkrk)2 + 1− rkpk + p2

k

2

}
=∞.(2.13)

3. Time scales and the systems case

In this section we present a further extension of the Prüfer transformation to
so-called symplectic dynamic systems on time scales. This extension incorporates
both the continuous and discrete Prüfer transformation.

A time scale T is any closed subset of the reals R. This concept was introduced by
Hilger [16] (an alternative terminology for time scale is measure chain). There and
in subsequent papers [2, 5, 12, 17], the calculus on time scales has been developed,
which in the case T = R reduces to the usual differential and integral calculus and
in the case T = Z to the calculus of differences and sums.

Recall first some basic concepts of the time scale calculus. We define the jump
operators and graininess by

σ(t) = inf{s > t, s ∈ T}, ρ(t) = sup{s < t, s ∈ T}, µ(t) = σ(t)− t
(supplemented by inf ∅ = supT and sup ∅ = inf T). Further, for a function f : T→
R (or generally with values in any Banach space) the generalized derivative f∆(t)
at a point t ∈ T is defined provided that for all ε > 0 there exists a neighborhood
U of t in T such that

|f(σ(t)) − f(s)− f∆(t)(σ(t) − s)| ≤ ε|σ(t)− s| holds for all s ∈ U ,

and then the formula f(σ(t)) = f(t) + µ(t)f∆(t) holds for all t ∈ T. If T = R,
then f∆ = f ′ is the usual derivative and if T = Z, then f∆ = ∆f is the usual
forward difference. A function f is said to be rd-continuous if f is continuous in
all points t with σ(t) = t and if lims→t− f(x) exists in all points t with ρ(t) = t.
Similarly, f is called rd-continuously differentiable if f∆ exists and is rd-continuous.
For f ◦σ we write fσ and we will omit the argument t of time scale functions when
no ambiguity may arise. If A and B are matrix-valued differentiable functions on
T, then (A+B)∆ = A∆ +B∆, (AB)∆ = A∆Bσ +AB∆, and (if AAσ is invertible)
(A−1)∆ = −(A−1)σA∆A−1.

A symplectic dynamic system on a time scale T is a first order linear system

z∆ = S(t)z,(3.1)

where z =
(
x
u

)
: T→ Rn, and where S is a 2n× 2n matrix satisfying (see [10])

ST (t)J + JS(t) + µ(t)ST (t)JS(t) = 0(3.2)

with J = ( 0 I
−I 0 ). This system incorporates the linear Hamiltonian differential

system (1.5) if T = R since then µ(t) = 0, i.e., (3.2) reduces to STJ + JS = 0,
and this immediately implies that S is of the form S = (A B

C −AT ) with symmetric



THE DISCRETE PRÜFER TRANSFORMATION 2721

B, C. On the other hand, if T = Z, then (3.1) is the so-called symplectic difference
system whose basic oscillatory properties were established in the recent paper [7].
A symplectic difference system is therefore a first order system of the form

zk+1 = S̄kzk, S̄k = I + Sk,(3.3)

where the matrix S̄ is symplectic, i.e., S̄TJ S̄ = J . Symplectic difference systems
cover a large variety of difference equations and systems, among them also the
Sturm-Liouville difference equation (2.1) since substituting u = r∆x and expanding
the forward differences, this equation can be written in the form(

xk+1

uk+1

)
=
(

1 1
rk

−pk 1− pk
rk

)(
xk
uk

)
,(3.4)

and directly one can verify that the matrix in this system is really symplectic.
Finally recall the concept of a trigonometric dynamic system. This is a symplec-

tic dynamic system of the form (3.1), whose matrix S, in addition to (3.2), satisfies
the condition J TSJ = S which means that the transformation z = J z̄ transforms
(3.1) into itself.

Remark 3.1. If the matrix S from system (3.1) satisfies J TSJ = S, then (3.1) is
a symplectic system if and only if the condition

S + ST + µSTS = 0.(3.5)

Now we can formulate the main result of our paper, the Prüfer type transforma-
tion for symplectic dynamic systems.

Theorem 3.2. Let Z =
(
X
U

)
be a 2n × n matrix conjoined basis of (3.1) (i.e.,

XTU = UTX and rank
(
X
U

)
= n). Then there exist an rd-continuously differentiable

nonsingular n×n matrix H and n×n matrices S,C such that
(
X
U

)
can be expressed

in the form

X(t) = ST (t)H(t), U(t) = CT (t)H(t),(3.6)

where
(
S
C

)
is a solution of the trigonometric dynamic system(

S

C

)∆

=
(
P Q
−Q P

)(
S

C

)
(3.7)

satisfying STS + CTC = I, STC − CTS = 0, with{
P = (Hσ)T−1

(
X
U

)TST (XU)H−1 −H∆,

Q = (Hσ)T−1
(
X
U

)TSTJ (XU)H−1,
(3.8)

and H solves the first order system

H∆ = (Z̃σ)T (SZ̃ − Z̃∆)H,(3.9)

where Z̃ =
(
ST

CT

)
. Moreover, we have

(Z̃σ)TJ (SZ̃ − Z̃∆) = 0.(3.10)

Proof. Let Z =
(
X
U

)
be a conjoined basis of (3.1) and let H be any rd-continuously

differentiable matrix satisfying HTH = XTX +UTU = (X + iU)∗(X + iU) (here ∗

stands for the conjugate transpose of the matrix indicated). The existence of such
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a matrix can be proved in the same way as in the continuous case T = R (see [6,
Lemma 3.1]). Denote Z = (X + iU)H−1. Then

Z∆ = (X∆ + iU∆)(Hσ)−1 − (X + iU)H−1H∆(Hσ)−1

= Z[Z−1(X + iU)∗−1(X + iU)∗(X∆ + iU∆)−H∆](Hσ)−1

= Z[H(HTH)−1(XT − iUT )(X∆ + iU∆)−H∆](Hσ)−1

= ZHT−1[XTX∆ + UTU∆ −HTH∆ + i(XTU∆ − UTX∆)](Hσ)−1

= ZHT−1

[(
X

U

)T
S
(
X

U

)
−HTH∆ + i

(
X

U

)T
JS
(
X

U

)]
(Hσ)−1

= Z(PT − iQT ),

i.e., (ZT )∆ = (P− iQ)ZT , where P , Q are given by (3.8) (observe that J T = −J ).
Now, if we denote ST = XH−1, CT = UH−1, then the last system can be written
in the form (

S

C

)∆

= S̃
(
S

C

)
, S̃ =

(
P Q
−Q P

)
(3.11)

and this immediately implies that J T S̃J = S̃. Further, the fact that Z is unitary
gives

0 = (ZZ∗)∆ = Z∆
(
Z∗ + µZ∗∆

)
+ ZZ∗∆

= Z(PT − iQT ) [Z∗ + µ(P + iQ)Z∗] + Z(P + iQ)Z∗

= Z
[
PT − iQT + µ(PT − iQT )(P + iQ) + P + iQ

]
Z∗

= Z
[
P̃ + iQ̃

]
Z∗

with

P̃ = P + PT + µ(PTP +QTQ), Q̃ = Q−QT + µ(PTQ−QTP).

Hence both P̃ and Q̃ vanish and therefore

S + ST + µSTS =
(
P̃ Q̃
−Q̃ P̃

)
= 0,

i.e., (3.1) is really (see Remark 3.1) a symplectic system. Finally, if we denote
Z̃ = ZH−1, then

SZ̃H = SZ = Z∆ = (Z̃H)∆ = Z̃σH∆ + Z̃∆H.(3.12)

Multiplying (3.12) from the left by (Z̃σ)T and using the fact that

Z̃T Z̃ = CCT + SST = HT−1(UTU +XTX)H−1 = I

we get (3.9). Using

Z̃TJ Z̃ = SCT − CST = HT−1(XTU − UTX)H−1 = 0

we obtain (3.10) by multiplying (3.12) from the left by (Z̃σ)TJ .
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Remark 3.3. (i) First we show that the Prüfer transformation given in Theorem 3.2
covers the Prüfer transformation of linear Hamiltonian differential systems men-
tioned in the first section. By Theorem 3.2, if T = R, the conjoined basis

(
X
U

)
can

be expressed in the form (3.6), where
(
S
C

)
solves the system

S′ = P(t)S +Q(t)C, C′ = −Q(t)S + P(t)C(3.13)

with P antisymmetric (PT+P = 0) andQ symmetric. The transformation S = GS̃,
C = GT−1C̃, where G′ = P(t)G, transforms (3.13) into the system

S̃′ = G−1(t)Q(t)GT−1(t)C̃, C̃′ = −GT (t)Q(t)G(t)S̃,

and since G−1 = GT if G is orthogonal at an initial value, this is really the same
trigonometric system (1.5) as considered by Barrett [6] and Reid [20, 21].

(ii) In the discrete case T = Z the trigonometric difference system (i.e., a sym-
plectic system (3.3) whose matrix satisfies J T S̃J = S̃) can be written in the form(

Sk+1

Ck+1

)
=
(
Pk Qk
−Qk Pk

)(
Sk
Ck

)
(3.14)

with the matrices P ,Q satisfying

PTQ−QTP = 0, PTP +QTQ = I.(3.15)

A system of this kind was introduced by Anderson [4] (see also [8]). In particular,
if n = 1, then by (3.15) there exists ψk such that Pk = cosψk, Qk = sinψk, and
the solution of (3.14) is of the form

Sk = sin

(
k−1∑

ψj

)
, Ck = cos

(
k−1∑

ψj

)
.

Consequently, if ϕk =
∑k−1 ψj and %k = Hk, we have just rediscovered the Prüfer

transformation established in the previous section. Moreover, using the fact that
(2.1) can be written as a symplectic difference system (3.4) and by (3.8), we have
for x 6= 0 that

cot ∆ϕ =
x2 +

(
1
r − p

)
xr∆x +

(
1− p

r

)
(r∆x)2

x2p+ p
rxr∆x + 1

r (r∆x)2
.(3.16)

(iii) Observe that the differential equation for the angle variable ϕ in the classical
Prüfer transformation is closely related to the Riccati equation corresponding to
(1.1). Indeed, in all points where the solution x of (1.1) is nonzero, the ratio w = rx′

x
solves the Riccati equation

w′ + p(t) +
w2

r(t)
= 0.

Substituting here for x and rx′ from the Prüfer transformation, i.e., w = cotϕ, we
get just the second equation in (1.2). A similar situation we have in the discrete
case. Substituting into the Riccati equation (see [1, 3, 18]) corresponding to (2.1)
we get the equation

∆(cotϕ) + pk +
cot2 ϕ

rk + cotϕ
= 0.

However, since the discrete analogue of the chain rule for differentiation is not
available, the last equation is more difficult than the second equation in (1.2) since
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we cannot generally “extract” ∆ϕ from this equation. A good candidate for a
difference equation with extracted ∆ϕ could be equation (3.16). In particular, if
(2.11) holds, then the function Q in the scalar discrete trigonometric system (3.14)
is positive as can be verified by a direct computation; hence ∆ϕ = ψ ∈ (0, π) and
(3.16) takes the form (substituting there from (2.2),(2.3))

∆ϕ = arccot
sin2 ϕ+

(
1
r − p

)
cosϕ sinϕ+

(
1− p

r

)
cos2 ϕ

p sin2 ϕ+ p
r cosϕ sinϕ+ 1

r cos2 ϕ
.(3.17)

Using this observation we can now easily prove Theorem 2.7.

Proof of Theorem 2.7. The proof of the theorem is based on the inequalities

1
p
− rp√

p2 + (1 − pr)2 − 1 + rp− p2

2

≤
µ2 +

(
1
r − p

)
µν +

(
1− p

r

)
ν2

pµ2 + p
rµν + 1

rν
2

≤ 1
p

+
rp√

p2 + (1− pr)2 + 1− rp+ p2

2

(3.18)

which under (2.11) hold for any µ, ν satisfying µ2 + ν2 = 1. To show this, consider
the rational function

F (t) =
t2 + bt+ c

αt2 + γ

with α, γ > 0 and b, c ∈ R, b 6= 0. Then

max
t∈R

F (t) =
1
α

+
b2

2
(√

D + γ − αc
) , min

t∈R
F (t) =

1
α
− b2

2
(√

D − γ + αc
)(3.19)

where D = (γ − αc)2 + b2αγ. Indeed, since limt→±∞ F (t) = 1
α , F attains its

supremum and infimum over R at its stationary points. By differentiation F ′(t) = 0
iff

t = t1,2 =
γ − αc±

√
D

bα

and substituting these values into F we get (3.19).
Now, if ν 6= 0 in (3.18), dividing the numerator and denominator of this fraction

by ν2 we get the rational function

λ2 +
(

1
r − p

)
λ+ 1− p

r

pλ2 + p
rλ+ 1

r

=
t2 − pt+ 1− p

2r −
1

4r2

pt2 + 1
r −

p
4r2

,

where λ = µ
ν , t = λ+ 1

2r , and setting

b = −p, c = 1− p

2r
− 1

4r2
, α = p, γ =

1
r
− p

4r2
,

we see that (3.18) really holds. In case ν = 0 these inequalities are trivial since
rp√

p2 + (1− pr)2 ± (1 − rp+ p2

2 )
> 0.

In the remaining part of the proof we proceed similarly as in the proof of The-
orems 2.4 and 2.6. Since 0 < ∆ϕk < π, equation (2.1) is nonoscillatory if there
exists a finite limit

ϕ∞ := lim
k→∞

ϕk =
∞∑
k=0

∆ϕk − ϕ0
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and it is oscillatory if ϕ∞ =∞. Now, according to (3.18) we have

∞∑
k=0

arccot

{
1
pk

+
rkpk√

p2
k + (1− pkrk)2 + 1− rkpk + p2

k

2

}

≤
∞∑
k=0

arccot
sin2 ϕk +

(
1
rk
− pk

)
cosϕk sinϕk +

(
1− pk

rk

)
cos2 ϕk

pk sin2 ϕk + pk
rk

cosϕk sinϕk + 1
rk

cos2 ϕk

=
∞∑
k=0

arccot

{
1
pk
− rkpk√

p2
k + (1 − pkrk)2 − 1 + rkpk − p2

k

2

}
but since by (3.17) the expression in the middle equals ϕ∞−ϕ0, this completes the
proof.
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