PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 130, Number 4, Pages 1087–1093
S 0002-9939(01)06195-0
Article electronically published on October 12, 2001

EXACTNESS OF ONE RELATOR GROUPS
ERIK GUENTNER
(Communicated by Joseph A. Ball)
Abstract. A discrete group Γ is C ∗ -exact if the reduced crossed product
with Γ converts a short exact sequence of Γ-C ∗ -algebras into a short exact
sequence of C ∗ -algebras. A one relator group is a discrete group Γ admitting
a presentation Γ = h X | R i where X is a countable set and R is a single word
over X. In this short paper we prove that all one relator discrete groups are
C ∗ -exact. Using the Bass-Serre theory we also prove that a countable discrete
group Γ acting without inversion on a tree is C ∗ -exact if the vertex stabilizers
of the action are C ∗ -exact.

1. Introduction
A countable discrete group Γ is C ∗ -exact if taking the reduced crossed product
with Γ converts a short exact sequence of Γ-C ∗ -algebras into a short exact sequence
of C ∗ -algebras. Classes of discrete groups known to be C ∗ -exact include amenable
groups [Lan73], word hyperbolic groups [Ada94, Ger98], and, by an argument of
Connes, discrete subgroups of connected Lie groups [KW99]. The conjecture that
all countable discrete groups are C ∗ -exact has been disproven by recent work of
Gromov, Guentner-Kaminker and Ozawa [Gro99, GK99, Oza00] which shows that
there exists a countable (even geometrically finite) discrete group that is not C ∗ exact. It is therefore natural to consider the question of which classes of discrete
groups are C ∗ -exact.
When searching for C ∗ -exact groups it is natural to consider groups for which
the strong Novikov conjecture has been verified. Indeed, the starting point of the
work of Guentner-Kaminker mentioned above was the observation that the classes
of groups for which the strong Novikov conjecture has been verified coincides in
large measure with the class of groups that are known to be C ∗ -exact. Considering
the classes of groups mentioned above, the strong Novikov conjecture is known
for amenable groups [HK97, HK00], word hyperbolic groups [CM90] and discrete
subgroups of connected Lie groups [Kas88]. In fact, it is a consequence of the
work of Guentner-Kaminker and Ozawa that all C ∗ -exact groups satisfy the strong
Novikov conjecture.
A one relator group is a discrete group Γ admitting a presentation h X | R i,
where X is a countable set and R is a single word over X. The class of one relator
groups is a class for which the Baum-Connes conjecture, and in particular the strong
Received by the editors October 9, 2000.
1991 Mathematics Subject Classification. Primary 47L85; Secondary 20E06, 22D15.
Key words and phrases. Group C ∗ -algebra, C ∗ -exactness.
The author was supported with funds from the NSF.
c 2001 American Mathematical Society

1087

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use

1088

ERIK GUENTNER

Novikov conjecture, have been verified [BBV99], but which are not yet known to be
exact. It is the purpose of this brief note to address this gap in the literature. Our
first and main result is that countably generated one relator groups are C ∗ -exact.
We also prove that a countable discrete group Γ acting without inversion on a tree
is C ∗ -exact if and only if the vertex stabilizers of the action are C ∗ -exact.
2. Results
A countable discrete group Γ is C ∗ -exact if for every short exact sequence
0→J →A→B→0
of Γ-C ∗ -algebras the sequence
0 →J oΓ →AoΓ →BoΓ →0
obtained by taking the reduced crossed product with Γ is exact. A C ∗ -algebra D
is exact if for every short exact sequence of C ∗ -algebras as above the sequence
0→J ⊗D →A⊗D →B⊗D →0
obtained by taking the minimal tensor product with D is exact. By a result of
Kircheberg-Wassermann, Γ is C ∗ -exact if and only if its reduced C ∗ -algebra Cr∗ (Γ)
is exact [KW95, Theorem 5.2].
Let X be a countable set of symbols. A word over X is an expression xn1 1 . . . xnk k
where, for all 1 ≤ i ≤ k, xi ∈ X and ni is a nonzero integer. The word is reduced
if xi 6= xi+1
P , for all 1 ≤ i < k, and cyclically reduced if, in addition, x1 6= xk . Its
length is
|ni |.
A one relator group is a countable discrete group Γ that admits a presentation
Γ=hX |Ri
where X is a countable set and R is a single word in the elements of X. We will
call R the relator. Of course, Γ is the quotient of the free group generated by X by
the smallest normal subgroup containing the relator R. We may always replace R
by a cyclic permutation without changing Γ.
Theorem 2.1. Every one relator group is exact.
Induction on the length of the relator R is a fundamental technique for proving
results about one relator groups and we will use it to prove the theorem. Following McCool-Schupp [MS73] we give a synopsis of this technique in the following
proposition.
Proposition 2.2. Let C be a class of countable discrete groups containing
(A1) the cyclic groups Z and Z/nZ, 1 ≤ n < ∞,
and closed under the formation of
(A2)
(A3)
(A4)
(A5)

subgroups,
direct limits,
amalgamated free products, and
semi-direct products.

Then C contains every one relator group.
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A few remarks are in order. By direct limit in (A3) we mean the limit Γ of a
directed system of the form
Γ1 → Γ 2 → Γ 3 → . . .

S
where all of the maps Γn → Γn+1 are injective. Thus, Γ = Γn is the union of
a nested sequence of subgroups. From (A1) and (A4) it follows immediately that
C contains the finitely generated free groups Fn , 1 ≤ n < ∞. From either (A2)
or (A3) it then follows that C contains F∞ , the free group on countably many
generators (recall that F∞ ⊂ F2 ). We will use these observations below.
Finally, (A4) and (A5) may be replaced by the weaker assumptions
(A40 ) if Γ1 , Γ2 ∈ C and A is a free subgroup of each, then Γ1 ∗A Γ2 ∈ C,
and
(A50 ) if Z acts on Γ ∈ C, then the semi-direct product Γ o Z ∈ C,
respectively. (By a free subgroup we mean a subgroup isomorphic to a finitely or
countably generated free group.) These observations will be clear from the proof
of the proposition outlined below and may become important when considering
stronger approximation properties for one relator groups such as weak amenability
(cf. [SS97]).
Assuming the proposition for the moment, the proof of the theorem is immediate.
Proof of Theorem 2.1. It suffices to note that the class of exact groups satisfies
conditions (A1)–(A5) of the proposition. Of these, (A1) is immediate.
Properties (A2) and (A3) are also simple. If Γ1 is a subgroup of Γ, then Cr∗ (Γ1 ) ⊂
∗
Cr (Γ). Hence if Γ is exact, then so is Γ1 (see also [KW99, Theorem 4.1]). Also, if
Γ is the direct limit of the directed system Γ1 → Γ2 → . . . , then Cr∗ (Γ) is the direct
limit in the sense of C ∗ -algebras of the Cr∗ (Γn ). Hence, if each Cr∗ (Γn ) is exact,
then so is Cr∗ (Γ).
Properties (A4) and (A5) are more difficult, but well-known (see [Dyk99, Corollary 3.3] for (A4) and [KW99, Theorem 5.1] for (A5)).
To prove the proposition we require the following simple lemma. We refer to
Serre or Baumslag for the definition and basic properties of HNN extensions [Ser80,
Bau93].
Lemma 2.3. Let C 0 be a class of countable discrete groups satisfying the conditions
(A3)–(A5) of Proposition 2.2. Then C 0 is closed under the formation of HNN
extensions. More precisely, if A is a subgroup of Γ ∈ C 0 and θ : A → Γ is an
injective homomorphism, then HN N (Γ, A, θ) ∈ C 0 .
Proof. As described by Serre [Ser80, p. 8] the given HNN extension is the semidirect product of
lim (· · · ∗A Γ ∗A Γ ∗A Γ ∗A · · · )
by Z for the “shift” action.
We remark that (A5) may be replaced by the weaker (A50 ) without any change
to the lemma or its proof. Further, if (A4) is replaced by the weaker (A40 ), then the
lemma remains true provided we include the assumption that A is a free subgroup
of Γ.
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Proof of Proposition 2.2. The proof is by induction on the length of the relator R.
If the length of R is zero or one, then Γ is a free group and Γ ∈ C.
Suppose that the length of R is strictly greater than one. If R contains only one
element from the set X, then R = xn for some x ∈ X and n ≥ 2. It follows that Γ
is the free product of Z/nZ with a free group and, by (A1), (A4) and the remarks
following the statement of the proposition, that Γ ∈ C. We therefore assume that
R contains at least two elements from X. We introduce the notation σx (R) for the
sum of the exponents on the occurrences of the symbol x ∈ X in R and consider
two cases.
Case 1. There exists an x ∈ X appearing in R such that σx (R) = 0.
As described by McCool-Schupp [MS73, Theorem 1] Γ is an HNN extension
Γ = HN N (Γ0 , A, θ) where
(i) Γ0 = h X 0 | R0 i is a one relator group,
(ii) the length of R0 over X 0 is strictly smaller than that of R over X, and
(iii) A is a countably generated free group.
Thus, by the induction hypothesis Γ0 ∈ C and by the lemma Γ ∈ C.
Following McCool-Schupp we describe a presentation of Γ from which the above
properties may be deduced. Denote the elements of X by t, b0 , c0 , . . . where t and
b0 appear in R and σt (R) = 0. Replacing R by a cyclic permutation if necessary
we assume that the first letter of R is b±n
0 .
Define, for i ∈ Z,
bi = ti b0 t−i ,

ci = ti c0 t−i ,

...,

and observe that the notation is consistent when i = 0. The relator R can be rewritten as a word R0 over the set { bi , ci , . . . : i ∈ Z } of length strictly shorter than
the length of R over X according to the following algorithm: replace each symbol
xn0 (x = b, c, d, . . . ) appearing in R by xni where i is the sum of the exponents on
the occurrences of t appearing to its left (the effect is the removal of all occurrences
of t from R). Noting that b0 appears in R0 define
X 0 = { bj : α ≤ j ≤ β } ∪ { ci , di , . . . : i ∈ Z }
where α and β are the minimum and maximum subscripts on b that occur in R0 ,
respectively. Define Γ0 by the presentation Γ0 = h X 0 | R0 i. Define A to be the
subgroup of Γ0 generated by the elements of X 0 except bβ , and note that these
elements freely generate A. Define θ : A → Γ0 by
θ(bj ) = bj+1 ,
θ(xi ) = xi+1 ,

α ≤ j < β,
i ∈ Z, x = c, d, . . . .

By considering presentations, we see that Γ ∼
= HN N (Γ0 , A, θ).
Case 2. For all x ∈ X appearing in R, σx (R) 6= 0.
In this case, as described by McCool-Schupp [MS73] there exists a discrete group
Γ00 such that
(iv) Γ is a subgroup of Γ00 ,
(v) Γ00 is as in Case 1.
Precisely, (v) means that Γ00 is, via the construction of Case 1, an HNN extension
Γ00 = HN N (Γ0 , A, θ) satisfying (i)–(iii). Hence, Γ00 ∈ C and, by (A2), Γ ∈ C.
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Again following McCool-Schupp we describe a presentation for Γ00 from which
these statements may be deduced. Denote the elements of X by a0 , b0 , c0 , . . . ,
where a0 and b0 occur in R. Replacing R by a cyclic permutation if necessary we
may assume that R is cyclically reduced with first letter a0 . Define
X 00 = { t, s, c0 , d0 , . . . }.
Let α = σa0 (R) and β = σb0 (R). Let R00 be the cyclic reduction of the word
over X 00 obtained from R by replacing occurrences of a0 and b0 by st−β and tα ,
respectively. Define
Γ00 = h X 00 | R00 i.
It follows easily that s appears in R00 and that σt (R00 ) = −βσa0 (R)+ασb0 (R) = 0.
Simple examples show, however, that the length of R00 with respect to X 00 may indeed be greater than the length of R with respect to X. Nevertheless, the construction employed in Case 1 exhibits Γ00 as an HNN extension Γ00 = HN N (Γ0 , A, θ),
where
Γ0 = h X 0 | R0 i,
X 0 ⊂ { si , ci , di , . . . : i ∈ Z }, the length of R0 with respect to X 0 is strictly less
than the length of R with respect to X, and A is a free subgroup of Γ0 .
We close with a final result concerning C ∗ -exactness of countable discrete groups
acting on trees. For notation and conventions concerning groups acting on trees,
and for fundamentals of the Bass-Serre theory describing the structure of such
groups we refer to Serre or Baumslag [Ser80, Bau93].
Theorem 2.4. Let Γ be a countable discrete group acting on a tree without inversion. Then Γ is C ∗ -exact if and only if the vertex stabilizers of the action are
C ∗ -exact .
Proof. With the following proposition the proof is the same as that of Theorem 2.1.
Proposition 2.5. Let C be a class of countable discrete groups satisfying (A1) to
(A5) of Proposition 2.2. Let Γ be a countable discrete group acting without inversion
on a tree X. Then Γ ∈ C if and only if for all vertices x ∈ X the stabilizer Γx ∈ C.
Proof. According to (A2) if Γ ∈ C, then Γx ∈ C for all vertices x ∈ X. The proof of
the converse proceeds (compare [CCJ+98, Sec. 5.2, Theorem 10]) using the BasseSerre theory for groups acting without inversion on trees according to which Γ is
the fundamental group of a graph of groups G over Y = X/Γ satisfying
∼ the stabilizer in Γ of ve, a vertex of X maping to the vertex v of Y ,
Gv =
Ge ∼
= the stabilizer in Γ of ee, an edge of X mapping to the edge e of Y .
By assumption the groups Gv , and hence also their subgroups the Ge , are in C. Note
further that this is the only property we use subsequently; we are not concerned
with the precise choices needed to ensure that the fundamental group of G is Γ. In
fact, we prove that if G is a graph of groups from C, then the fundamental group
Γ of G is also in C. This we do by considering two cases.
Case 1. Y is finite. In this case Γ is constructed from the Gv and Ge by a finite
sequence of amalgams and HNN extensions (see [Bau93, VII.5]). Hence, if the Gv
and Ge are in C, so is Γ by (A4) and Lemma 2.3.
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Case 2. Y is general. Observe that Γ is the direct limit of the fundamental
groups of the finite subgraphs of Y (this is best seen using the “normal form” for
elements of Γ [Bau93, VII.6]). By (A3) and the previous case, Γ is in C.
We obtain the following corollaries [GK99, GK00, Oza00]:
Corollary 2.6. Let Γ be a finitely generated one relator group. Then Γ is uniformly
embeddable in a Hilbert space and further acts amenably on a compact space.
Corollary 2.7. Let Γ act on a tree without inversion. If every vertex stabilizer
acts amenably on a compact space, then so does Γ.
Added note. After this paper was submitted I learned that in his work on Property
A Tu has independently obtained results similar to Theorem 2.4 [Tu00].

References
S. Adams, Boundary amenability for hyperbolic groups and an application to smooth
dynamics of simple groups, Topology 33 (1994), 765–783. MR 96g:58104
[ADR98] C. Anantharaman-Delaroche and J. Renault, Amenable groupoids, Monographies de
L’Enseignement Math. 36, Geneva, 2000. CMP 2001:05
[Bau93]
G. Baumslag, Topics in combinatorial group theory, ETH Lectures in Mathematics,
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