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Abstract. For any hyperbolic 3-manifold M with totally geodesic boundary,
there are finitely many boundary slopes for essential immersed surfaces of a
given genus. There is a uniform bound for the number of such boundary slopes
if the genus of ∂M is bounded from above.

In this paper we consider maps of a compact orientable surface with boundary
(F, ∂F ) into a compact orientable 3-manifold with boundary (M, ∂M ). An immersion f : (F, ∂F ) → (M, ∂M ) is proper if it takes boundaries to boundaries, so that
f (F ) ∩ ∂M = f (∂F ). A closed curve in a surface is essential if it is not homotopic
to a point and a proper arc is essential if it is not homotopic (rel boundary) into
∂F . A closed curve is primitive if it is not homotopic to bn where b is a closed curve
and n > 1. A proper immersion of a surface f (F ) is essential if no essential closed
curve in F is homotopically trivial in M , and no essential proper arc in F can be
homotoped in M (rel boundary) into ∂M . Surfaces which are incompressible and
boundary incompressible are essential.
Let c be an essential primitive loop on the boundary ∂M of a compact 3-manifold
M . If there is a proper immersion of an essential surface F into M such that each
component of ∂F is homotopic to a multiple of c, we call c a boundary slope of F .
We do not require f to be an embedding or c to be simple.
We are interested in the following two questions:
Question 1. Given a compact 3-manifold M and a genus g, are there finitely many
boundary slopes for immersed essential surfaces with genus at most g?
Question 2. Under what conditions is there a bound for the number of boundary
slopes independent of the 3-manifold?
Results in these directions have been obtained for various classes of 3-manifolds:
(1) If ∂M is a torus and the surfaces are embedded, Hatcher [9] showed that
there are only finitely many boundary slopes, without any genus restriction.
(2) When the surfaces are embedded punctured spheres or tori, explicit bounds
are known on the number of boundary slopes. These bounds are based on highly
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developed combinatorial methods in knot theory and the theory of representations
of knot groups. See the survey papers [7], [11] and [16].
(3) When ∂M is a torus and the surfaces are immersed, a positive answer to
Question 1 has been obtained recently in [8]. When M is hyperbolic, minimal
surface theory is used to derive these bounds. For fixed genus g, these bounds are
quadratic functions of g, independent of M . See also recent work of Agol [2].
(4) If M is an irreducible, acylindrical, atoroidal 3-manifold with incompressible
boundary and the surfaces are embedded, Scharlemann and Wu [15] gave a positive
answer to Question 1 using combinatorial arguments. Recall that a 3-manifold is
atoroidal and acylindrical if every properly embedded torus and annulus is boundary
parallel.
(5) Suppose ∂M is a torus and the surfaces are immersed. Baker has given examples to show that the bounded genus assumption cannot be dropped [3]. Oertel,
using branched surface theory, has found manifolds in which every slope is realized
by the boundary of an immersed essential surface [14].
In this note we give a positive answer to Question 1, which extends (3) to the case
where ∂M can contain high genus components and generalizes (4) from embedded
to immersed surfaces.
Theorem 1. Suppose M is an acylindrical, atoroidal 3-manifold with incompressible boundary. Then for any g, there are only finitely many boundary slopes for
essential surfaces of genus g.
Next we consider the question of obtaining bounds for the number of possible
slopes which are independent of the particular manifold we are studying. We define
the genus of ∂M to be the sum of the genus of each component of ∂M . Only the
genus of ∂M is relevant to obtaining a bound on the number of boundary slopes.
Theorem 2. There is a function n(g, g∂ ) such that there are at most n(g, g∂ )
boundary slopes for essential surfaces of genus at most g in an acylindrical, atoroidal
3-manifold with incompressible boundary whose boundary has genus equal to g∂ .
Proof of Theorem 1. If M has any 2-sphere boundary components, we can fill them
in with balls without changing the number of boundary slopes. Given an embedded
2-sphere, any essential surface can be replaced with one of no greater genus and
the same boundary which misses that 2-sphere, so we can without loss of generality
assume that M is irreducible. The number of boundary slopes of essential surfaces
lying on a torus boundary component of M is finite by [8], so we restrict our
attention to surfaces with boundary on a component of ∂M with genus larger
than one. By Thurston’s Geometrization Theorem for Haken manifolds, M admits
a complete hyperbolic structure of finite volume with totally geodesic boundary
[19]. The totally geodesic boundary components consist of the non-torus boundary
components of M .
Suppose F is an essential immersion having slope l. Since F is essential, results
of Schoen-Yau, Sacks-Uhlenbeck and Meeks-Yau imply that F can be homotoped
to a surface F ∗ whose boundary is the unique geodesic in ∂M homotopic to ∂F ,
and which has least area among all such surfaces [18], [12]. Choosing geodesic
orthogonal coordinates for the surface F ∗ , we have by [6, p. 374] that the metric of
F ∗ is given by
(1)

ds2 = du2 + J 2 (u, v)dv 2 , (J(u, v) > 0 and J(0, v) = 1)
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where the u-curves (those where v = constant) are geodesics perpendicular to the
boundary and the v-curves lie on the boundary when u = 0. The geodesic curvature
in F ∗ of a curve t → (u(t), v(t)) is given by [6, Formula 10.4.7.1],



∂G 0 ∂E 0
1
dφ
1
p
+ √
v −
u
(2)
∂v
2 EG ∂u
Eu0 2 + Gv 0 2 dt
where φ is the angle between the curve and the u-curves and the metric on F ∗ is
given by Edu2 + Gdv 2 .
When we consider the v-curves, we have u0 = 0, v 0 = 1, φ = π/2, E = 1 and
G = J 2 . Substituting into (2), the geodesic curvature for a v-curve {u = c} oriented
as the boundary of {0 ≤ u ≤ c} is given by kg = J1 ∂J
∂u . Orienting the curve as the
boundary of {u ≥ c} changes the sign and gives
1 ∂J
(3)
.
kg = −
J ∂u
The sectional curvature of the surface is [6, Formula 10.5.3.3]:
1 ∂2J
.
J ∂u2
A direct computation shows that kg satisfies the equation

(4)

K=−

∂kg
= K + kg2 .
∂u
Since M is of constant curvature −1, we have K = k1 k2 − 1 by Gauss’s Formula
[17, p. 179], where k1 and k2 are the principle curvatures. Since F is a minimal
surface, we have k1 k2 ≤ 0, and hence K ≤ −1. Then by (4) it follows that
(5)

(6)

∂2J
≥ J.
∂u2

Fixing v = v0 , by (6) we have
∂J
∂J
∂J
(u, v0 ) =
(u, v0 ) −
(0, v0 )
∂u
∂u
∂u
Z u
Z u 2
∂ J
(7)
(s, v0 )ds ≥
J(s, v0 )ds ≥ 0.
=
2
0 ∂u
0
(1), (3) and (7) imply that kg < 0 if u > 0.
Now consider the function h(u) = − tanh u which is the solution to the differen2
tial equation dh
du = −1 + h with the initial condition h(0) = 0. Note that h(u) < 0
when u > 0 and that the function kg − h satisfies the differential inequality
d(kg − h)
= K + kg2 + 1 − h2 ≤ kg2 − h2 = (kg − h)(kg + h).
du
We want to show that kg − h ≤ 0. Suppose on the contrary that at some u ∈ [0, U ],
kg − h is positive. Pick u0 ∈ [0, U ], so that kg − h takes its positive maximum at
d(kg −h)
is
u0 . We know u0 6= 0 since ∂F ∗ is a geodesic and kg = h = 0 at 0. Then du
d(kg −h)
≥ 0 at u0 . Since
zero if u0 ∈ (0, U ), and is non-negative if u0 = U . Hence
du
both kg and h are negative at u0 , and we assume that kg − h > 0 at u0 , we have
(kg − h)(kg + h) < 0. This contradicts (8), and so kg ≤ h(u) for u ∈ [0, U ].
For t > 0, let Nt (∂M ) be the subset of M with distance ≤ t from the boundary.
There is a b > 0 such that Nt (∂M ) is a collar of ∂M when t < b. Choose U < b
in the above and let NU (∂F ∗ ) be the neighborhood of ∂F ∗ with u coordinates at
(8)
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most U . Clearly NU (∂F ∗ ) ⊂ Nb (∂M ). Since Nb (∂M ) is a collar of ∂M and the
surface F ∗ is essential, NU (∂F ∗ ) is a collar of ∂F ∗ . Letting FU = F ∗ − NU (∂F ∗ ),
each component of ∂FU is in the same homotopy class in M as a non-zero multiple
of the boundary slope l, and #∂FU = #∂F ∗ = #∂F = n. By Gauss-Bonnet,
Z
Z
KdA +
kg ds = 2π(χ(F )) = 2π(2 − 2g − n).
FU

∂FU

Let d be the length of the geodesic in the homotopy class of the slope l. Then the
length of each component of ∂FU is larger than d. Since K ≤ −1 and kg ≤ h < 0
at U , nhd ≥ 2π(2 − 2g − n). Then we have
d≤

(9)

2π(2g + 1)
2π(2g + n − 2)
≤
.
−hn
−h

Since g is given and h = h(U ) < 0 is a fixed constant, d is bounded above. There
are only finitely many homotopy classes of closed curves in ∂M containing elements
of length less than a given constant. So for any fixed g there are only finitely many
boundary slopes for immersed essential surfaces of genus g.
Proof of Theorem 2. We first consider 3-manifolds with totally geodesic boundary
of genus at most g∂ , and will later consider the possibility of torus boundary components. By Kojima and Miyamoto [10], or by Basmajian [4], there is a lower bound
U ∗ to the width of a collar of ∂M for any hyperbolic metric on a manifold M in
which ∂M is totally geodesic. Then in the proof of Theorem 1 the boundary has a
collar of width U bounded below by U ∗ , and h = h(U ) ≤ h(U ∗ ) = − tanh U ∗ ≤ 0.
Let L∗ = 2π(2g+1)
tanh U ∗ . By (9) of Theorem 1 we have that any boundary slope for a
surface of genus at most g has length less than d ≤ L∗ .
Having now fixed L∗ , we will show that the number of homotopy classes of
primitive essential closed curves of length bounded by L∗ in the U -collar of ∂M is
uniformly bounded. Since the projection from a collar of the boundary of a hyperbolic manifold with totally geodesic boundary to the boundary is length decreasing,
it suffices to consider primitive geodesics on ∂M with length ≤ L∗ .
We will use a new constant  < L∗ arising from the Collar Lemma ([5], or [13,
Theorem 2.18]), and use it to divide the primitive closed geodesics on ∂M into two
types:
(1) Those which have length less than . These will be contained in the thin part
of ∂M .
(2) Those with length between  and L∗ . These will be disjoint from the core
geodesics in the thin part of ∂M .
We will bound the number of each type of geodesic. For x > 0 set
S(x) = sinh−1 (1/ sinh(x/2)).
Note that lim S(x) = ∞. For a given simple closed geodesic c with length lc on a
x→0

hyperbolic surface, let N (c) = {x : d(x, c) ≤ S(lc )}. The Collar Lemma states that
N (c) is an embedded annular neighborhood of c. Moreover if c1 and c2 are disjoint
simple closed geodesics, then N (c1 ) and N (c2 ) are disjoint. We pick  < L∗ so that
if l ≤ , then S(l) > L∗ /2. Then a geodesic of length less than  has a collar of
sufficient width that a curve crossing the collar must have length greater than L∗ .
In particular, any two distinct primitive closed geodesics of length ≤  are disjoint.
Let g be the genus of ∂M . Then the number of primitive closed geodesics of length
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at most  is bounded above by 3g∂ −3, the number of possible disjoint, non-parallel,
essential simple closed curves on a surface of genus g∂ .
Decompose the surface ∂M into an -thin part ∂M(0,) , which consists of points
in ∂M through which there is a non-trivial closed loop of length ≤  and an -thick
part ∂M[,∞) , the points through which every non-trivial loop has length ≥ . While
∂M[,∞) may not be connected, each component has negative Euler characteristic,
and so the number of components is bounded by |χ(∂M )|.
Let X be a component of ∂M[,∞) . We now bound the diameter of X. The area
of X is bounded above by 2π(2g∂ − 2) and its injectivity radius is bounded below
by /2. We can select a maximal family of points in X having pairwise distance
≥ /2. Then disks of radius /2 around these points cover X, and disks of radius /4
around them are disjoint and embedded. Let A(x) be the area of the hyperbolic disc
with radius x. Then the number of such points is at most N = 2π(2g∂ − 2)/A(/4).
Form a graph whose vertices are the centers of the /2-disks and whose edges join
vertices which are at most distance  apart. This is a connected graph. Between
any two points A and B in X we can find a path running from A to the center
of an /2-disk, then between centers of disks, then to B, never reaching a vertex
twice. So the diameter δ of X is at most N  + 2(/2) = (N + 1).
We can now bound the number of homotopy classes of closed geodesics meeting
X with length at most L∗ . Pick a point x in X. The lifts of this point are all at
least  from one another. Let x∗ be a lift of x. A closed geodesic in ∂M which
intersects X and has length at most L∗ gives rise to a covering translation that
moves x∗ at most 2δ + L∗ .
Let Γx be the lattice on the universal covering of ∂M given by the lift of x.
The number of homotopy classes of geodesics meeting X with length at most L∗ is
bounded by the number of vertices of Γx in the disk of radius 2δ + L∗ around x∗ ,
which is at most
A(2δ + L∗ )
(10)
.
A(/2)
The number of boundary slopes meeting the thick part of ∂M is bounded by the
quantity (10) times the maximal number of components of the thick part, which is
|χ(∂M )| = 2g∂ − 2. Adding the number of possible primitive geodesics in ∂M(0,)
bounds the number of primitive geodesics of length at most L∗ by
(11)

n1 (g, g∂ ) =

A(2δ + L∗ )
(2g∂ − 2) + 3g∂ − 3.
A(/2)

If ∂M contains k torus components and the remaining components are totally
geodesic with total genus j, then j + k = g∂ and there are at most n1 (g, j) + kN (g)
boundary slopes for proper essential surfaces of genus g, where N (g) is the uniform
bound for the number of boundary slopes of proper essential surface of genus g
on a torus boundary component given in [8], and n1 (g, j) is given by (11). We
obtain a bound on the number of boundary slopes by considering all possible ways
of partitioning g∂ as a sum j + k of non-negative integers, and defining n(g, g∂ ) as
the largest number thus obtained.
Remark 3. (1) An explicit value for  that will satisfy the requirements of Theorem 2 is  < min{L∗ , 1.75}. By Lemma 3.1 of [4], we have the lower bound
4π
U ∗ = 14 log gg∂∂ +1
−1 . Moreover A(R) = 1−tanh2 R/2 . We can combine these to obtain an
explicit value for n(g, g∂ ), but this does not appear to give sharp values.
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(2) The assumption of essentiality can be weakened to the assumption that no
essential simple closed curve in F is homotopically trivial in M, and no essential
properly embedded arc in F can be homotoped (rel its boundary) into M . These
conditions, which are not known to be equivalent to essentiality, suffice to ensure
the existence of a least area map homotopic to f .
(3) The least area property is used only to arrange for the normal curvature of
the surface to be non-positive. It is possible to use other surfaces that achieve this
property, such as Thurston’s pleated surfaces.
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