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BIFURCATION SETS OF DEFINABLE FUNCTIONS
IN O-MINIMAL STRUCTURES

JESÚS ESCRIBANO

(Communicated by Carl G. Jockusch, Jr.)

Abstract. In this work we answer a question stated by Loi and Zaharia
concerning trivialization of definable functions off the bifurcation set: we prove
that definable functions are trivial off the bifurcation set, and the trivialization
can be chosen definable.

1. Introduction

Let U ⊂ Rn be an open subset and g : U → R a Cp function. We are interested in
the following problem: when is g a trivial fibration (in a neighbourhood of a point)?
If t0 ∈ R is a regular value of g and there exists an open neighbourhood V ⊂ R of
t0 such that the restriction g : g−1(V )→ V is a Cp trivial fibration, we will call t0
a Cp typical value. Otherwise t0 is called a Cp atypical value of g, and the set of
Cp atypical values of g is called the Cp bifurcation set of g. We are interested in
identifying the bifurcation sets. We study this problem in an o-minimal context,
that is, for definable functions on an o-minimal expansion of a real closed field.

Let us recall the situation for arbitrary Cp functions on R, not necessarily defin-
able. Let U ⊂ Rn be an open set and fix a C1 function ρ : U → R such that

for each r ∈ R, the “ball” Bρr = {u ∈ U : ρ(u) ≤ r} is compact.(1)

We denote by Sρr = {x ∈ U : ρ(x) = r} the corresponding “sphere”. For a C1

function g : U → R, we define

M(g; ρ) = {x ∈ U : ∃λ ∈ R, gradg(x) = λ gradρ(x)}.

For a sequence {yk} ⊂M(g; ρ) we consider the conditions

lim
k→∞

ρ(yk) =∞ and lim
k→∞

g(yk) = c,(2)

and define

Sg;ρ = {c ∈ R : there exists a sequence {yk} ⊂M(g; ρ) that verifies (2)}.
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Let Σg be the set of critical values of g. Then we have the following theorem ([10,
1.3]):

Theorem 1.1. Let U ⊂ Rn be an open subset and let g, ρ : U → R be Cp+1

functions for some p ∈ N ∪ {∞}, where ρ is as above. Let us assume that Σρ is
bounded. Then for any open interval J ⊂ g(U)\(Σg ∪ Sg;ρ), the restriction

g : g−1(J)→ J

is a Cp trivial fibration.

We recall that a Cp function g : U → J , where U ⊂ Rn and J ⊂ R are open, is
Cp trivial if there exists a Cp diffeomorphismγ = (γ0, g) : U → g−1(a) × J , with
a ∈ J ; in other words, we have the following commutative diagram:

U -γ
g−1(a)× J

@
@
@@R

�
�
��	

J

g π

where π is the projection (x, t) 7→ t.
We turn now to the definable case. Let S be an o-minimal structure expanding

the real closed field R ([7]). We consider DpS functions (that is, definable and Cp

functions) defined over R (see [2] and [4] for results on differentiability on real closed
fields); we simply write Dp if S is clear from the context. We prove a definable
version of Theorem 1.1, asked for by Loi and Zaharia in [10].

Theorem 1.2. Let U ⊂ Rn be an open definable subset and let g, ρ : U → R be
Dp functions for some p > 0, where ρ verifies condition (1). Then for any open
interval J ⊂ g(U)\(Σg ∪ Sg;ρ), the restriction

g : g−1(J)→ J

is Dp trivial.

Of course, Dp trivial means as above, plus all data definable.
We wish to thank Professors Michel Coste and Jesús M. Ruiz for their help and

support during the preparation of this paper.

2. Basic results

A classical tool used to study triviality problems is integration of vector fields
([11]). However, we cannot use this tool in the o-minimal context. Following the
ideas from [5], we substitute integration of vector fields by the definable spectrum
and the construction of definable models.

The construction of the definable spectrum is done in [3], following the better
known one for the semialgebraic case ([2]). We can embed Rm in a compactification
R̃m whose points α are ultrafilters of definable sets. Given a definable subset
A ⊂ Rm, we can consider the set Ã = {α ∈ R̃m : α 3 A} ⊂ R̃m.

Take α ∈ R̃m. Two definable functions f : A → R, g : B → R, for A,B ∈ α,
are equivalent if there exists a definable subset C ∈ α, C ⊂ A ∩ B, such that
f|C = g|C . The set k(α) of equivalence classes for this equivalence relation is a real
closed field ([4, Th. 5.8]). We denote by f(α) the equivalence class of f : A → R.
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If f = (f1, . . . , fn) : A→ Rn is a definable mapping, A ∈ α, we denote by f(α) the
point (f1(α), . . . , fn(α)) ∈ k(α)n.

A definable family of definable subsets of Rn, parametrized by Rm, is a definable
subset X ⊂ Rm × Rn. The fiber of X at a point t ∈ Rm is the definable subset
Xt = {x ∈ Rn : (t, x) ∈ X} ⊂ Rm. The fiber of X at α ∈ R̃m is the set Xα of those
f(α) ∈ k(α)n such that there exists A ∈ α on which f is defined and (t, f(t)) ∈ X
for all t ∈ A. Let Sn(α) be the collection of all fibers Xα, for X a definable subset
of Rm×Rn. Then (Sn(α))n∈N is an o-minimal structure expanding the real closed
field k(α) ([4, Th. 5.8]).

Given a definable function f : U ⊂ Rn → Rm, we can see f as a definable family
of definable subsets {Ut}t∈Rm , where Ut = f−1(t). For such a definable family, we
can define the fiber of the family at a point of R̃m. The philosophy behind the use
of definable spectrum is the following: given a definable family of definable sets,
parametrized by Rm, and given a point α ∈ R̃m, the fiber of the family at α verifies
a given property (expressed by first-order formulas) if and only if there exists a
definable subset S ⊂ Rm, S ∈ α, such that all the fibers at points t ∈ S verify the
same property. Furthermore, from the study of the properties of the generic fibers,
we can obtain not just fiberwise properties, but global ones. An example of this is
the following:

Proposition 2.1. Let B ⊂ Rm and X ⊂ B × Rn be definable subsets. Let α ∈ B̃
be such that Xα is a Dp submanifold of k(α)n. Then there exists a Dp submanifold
M ⊂ Rm, M ⊂ B, such that M ∈ α, X∩(M ×Rn) is a Dp submanifold of M ×Rn
and the projection π : X ∩ (M ×Rn)→M is a submersion.

Proof. See [8, Prop. 5.1.6]. Compare with [5, Prop. 2.2].

The construction of definable models means the following. Let (R′,S′) and (R,S)
be two o-minimal structures expanding real closed fields such that R′ ⊂ R. We will
say that (R,S) is an elementary extension of (R′,S′), (R′,S′) ≺ (R,S), if, for each
n, there exists an extension mapping S′n → Sn : A′ 7→ A′R such that:

1. A′R ∩R′
n = A′ for each A′ ∈ S′n,

2. A′ 7→ A′R commutes with boolean operations,
3. (A′ ×B′)R = A′R ×B′R for each A′ ∈ S′n, B′ ∈ S′m,
4. if π′ : R′n+1 → R′

n and π : Rn+1 → Rn are the projections on the first n
coordinates, and A′ ∈ S′n+1, then π(A′R) = π′(A′)R,

5. if A′ is semialgebraic, A′R is the usual extension of semialgebraic sets ([2]),
6. for each B ∈ Sm, there exists n ∈ N, A′ ∈ S′m+n and a ∈ Rn such that
B = {x ∈ Rm : (x, a) ∈ A′R}.

We remark that, if A′ ∈ S′n is empty, its projection to R′0 = R0 (singleton) is
empty, and hence, by (4), A′R is also empty.

In [5] the authors construct “Nash models” of Nash manifolds over smaller real
closed ground fields. In our o-minimal context, we have the next result (see [8, Th.
5.3.2]; compare with [5, Th. 3.1]).

Theorem 2.2. Let (R′,S′) ≺ (R,S) be an elementary extension. Let X ⊂ Rn

be a DpS submanifold. Then there exists a DpS′ submanifold Y such that YR is DpS
diffeomorphic to X.



2422 JESÚS ESCRIBANO

There exists a strong relation between construction of definable models and
definable triviality of definable families, as we can see in the following

Theorem 2.3 ([8, Th. 5.1.10]; compare with [5, Th. 2.4]). Take k ∈ N fixed. The
following properties are equivalent:

(i) Let (R,S) be an o-minimal structure expanding the real closed field R, p, n ∈
N. Let B ⊂ Rp and X ⊂ B×Rn be definable subsets such that for each b ∈ B,
Xb is a Dr manifold of dimension k. Then there exists a finite stratification
B =

⋃
i∈IMi of B in Dr manifolds such that each X ∩ (Mi × Rn) is a Dr

manifold and there is a Dr trivialization

hi : X ∩ (Mi ×Rn)→ Fi ×Mi

for some Dr manifold Fi.
(ii) For any elementary extension (R′,S′) ≺ (R,S), each DrS manifold V ⊂ Rn of

dimension k is DrS diffeomorphic to the extension to (R,S) of a DrS′ manifold
V ′ ⊂ R′m.

The above result, plus the Approximation Theorem for o-minimal structures
([9]), allows us to prove the following triviality result:

Theorem 2.4 ([9, Th. 2.1]). Let p : M → Rl be a surjective proper Dr submer-
sion. Then p is Dr trivial.

3. Proof of Theorem 1.2

In [10, Th. 1.5] the authors prove that the sets Σg and Sg;ρ are finite. Let J be
an open interval as above. For each t ∈ J , Ut = g−1(t) is a Dp manifold. Hence, for
each α ∈ J̃ , Uα is a Dp manifold. By Theorem 2.2, there exists a Dp manifold F
and a Dp diffeomorphismγ : Fk(α) → Uα. The Dp manifold Fk(α) is the generic fiber
of the trivial family J ×F at the point α. Thus, the definable families {Ut}t∈J and
J ×F are Dp diffeomorphic at the generic point α, and, by the standard use of the
definable spectrum (see for instance [8, Th. 5.1.10]), both families are diffeomorphic
on some definable subset, that is, there exists a definable subset Iα ⊂ R, Iα ∈ α,
and a Dp diffeomorphismh : F × Iα → g−1(Iα). By o-minimality, we can assume
that the sets Iα are singletons or open intervals. Hence, by the compactness of the
definable spectrum, we obtain that g is Dp trivial outside a finite number of values
{a1, . . . , ak}.

Consider a value a = ai. As a /∈ Sg,ρ, we can find ε > 0 and K > 0 big enough
such that

(g, ρ) : g−1(a− ε, a+ ε) ∩ ρ−1(K,+∞) −→ (a− ε, a+ ε)× (K,+∞)

is a proper definable submersion. Hence it is Dp trivial (2.4), that is, there exist a
definable Dp diffeomorphism

Θ = (∆, g, ρ) : g−1(a− ε, a+ ε) ∩ ρ−1(K,+∞)

−→ (g−1(a) ∩ ρ−1(K + 1))× (a− ε, a+ ε)× (K,+∞).

From Θ we obtain a Dp diffeomorphism

Θ0 = (∆, ρ)|g−1(a) : g−1(a) ∩ ρ−1(K,+∞) −→ (g−1(a) ∩ ρ−1(K + 1))× (K,+∞)
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and hence we can consider the Dp diffeomorphism

µ = (µ0, g) : g−1(a− ε, a+ ε) ∩ ρ−1(K,+∞)

−→ (g−1(a) ∩ ρ−1(K,+∞))× (a− ε, a+ ε),

x 7−→ (Θ−1
0 (∆(x), ρ(x)), g(x)).

We can assume that µ0|g−1(a) = Id.
On the other hand, let us consider the definable manifold with boundary

g−1(a− ε, a+ ε) ∩ ρ−1(−∞,K + 2]

and the definable function

g : g−1(a− ε, a+ ε) ∩ ρ−1(−∞,K + 2] −→ (a− ε, a+ ε),

which is a proper submersion and it is also a submersion restricted to the boundary
(we again use that a /∈ Sg,ρ; see [1] for basic results on definable manifolds with
boundary). Then, by the o-minimal version of [6, Th. 3] (the proof is straight-
forward), the above restriction is also Dp trivial, that is, there exists a definable
diffeomorphism

h =(h0, g) : g−1(a− ε, a+ ε) ∩ ρ−1(−∞,K + 2]

−→ (g−1(a) ∩ ρ−1(−∞,K + 2])× (a− ε, a+ ε).

We can assume that h0|g−1(a) = Id and ρ ◦ h0 = ρ in an open definable neighbour-
hood of ρ−1(K + 2). In fact, we can assume that ρ ◦ h0 = ρ on ρ−1(K,K + 2).
This can be achieved by shrinking the neighborhood of a and multiplying ρ by a
constant.

We want to glue these two trivializations in order to obtain a definable trivial-
ization over (a− ε, a+ ε). Consider the Dp diffeomorphism

µ ◦ h−1 : (g−1(a) ∩ ρ−1(K,K + 2))× (a− ε, a+ ε)

−→ (g−1(a) ∩ ρ−1(K,K + 2))× (a− ε, a+ ε),

(x, t) 7−→ (τ(x, t), t) .

Let φ : R→ R be a Dp function, 0 ≤ φ ≤ 1, such that φ ≡ 0 on (−∞,K+ 1
2 ] and

φ ≡ 1 on [K+ 3
2 ,+∞). We then define τ∗(x, t) = τ(x, φ(ρ(x))t+(1−φ(ρ(x)))a) for

x ∈ g−1(a)∩ρ−1(K,K + 2) and t ∈ (a− ε, a+ ε). Take x ∈ g−1(a)∩ρ−1(K,K+ 2)
and define γ0(x) = τ∗h(x). If φ = 1, γ0(x) = τ(h0(x), g(x)) = µ0(x). If φ = 0,
γ0(x) = τ(h0(x), a). By definition, (τ(h0(x), a), a) = µ◦h−1(h0(x), a) = µ(h0(x)) =
(µ0h0(x), a) = (h0(x), a), hence τ(h0(x), a) = h0(x).

We can then extend γ0 to g−1(a− ε, a+ ε) by

γ0(x) =

 µ0(x) if ρ(x) ∈ [K + 2,+∞),
γ0(x) if ρ(x) ∈ [K,K + 2],
h0(x) if ρ(x) ∈ (−∞,K].

Then γ = (γ0, g) is a Dp trivialization of g over (a− ε, a+ ε).
In this way, we can cover J by a finite number of open intervals such that g is

Dp trivial over each of them. To finish the proof, we must glue these trivializations.
But, in the o-minimal category, we have an approximation theorem of Dp functions
by Dp+1 functions ([9]), so that we can repeat the argument in [5, Th. 2.4] to
obtain a global trivialization.
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