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ABSTRACT. Tiles of a hierarchical tiling system are coloured with given colours.
The resulting system implements colour symmetries and prescribed frequen-
cies and is itself a hierarchical system whose prototile types admit an elegant
description. The frequencies of occurrence of colours is interpreted using the
unique trace on the C*-algebra of the given tiling system and the trace on the
C*-algebra of the coloured tiling system.

1. INTRODUCTION AND PRELIMINARIES

In [EP] we obtained results demonstrating how one may colour the tiles of a
hierarchical tiling (dynamical) system so that the resulting system is repetitive
(i.e., has local isomorphism property) and has prescribed colour symmetries and
also prescribed frequencies of colour occurrence. In this article, we show that the
colouring obtained in [EP] is itself described by a hierarchical (coloured) tiling
system. Then we describe the unique trace of the associated C*-algebras and
exhibit the colour frequencies using the trace. The precise statement of the result
is found in Theorem 2.11. It says that projections in the C*-algebra of the initial
tiling system can be split into an orthogonal sum of projections in the C*-algebra
of the coloured tiling system respecting colour symmetries and such that when the
trace is evaluated on both sides of the above splitting one finds decomposition in
the desired frequency ratio. Furthermore, this can be done while preserving the
partial order structure among self-adjoint elements.

A lot of simplification arises in the understanding of hierarchical tiling systems,
their tiling space and the associated C*-algebra (following [Col II.3]), by the intro-
duction of what we call in this article ‘the relative position indexing set’.

1.1. We may as well begin by recalling the standard features of a hierarchical
tiling system: All the tilings considered are in some Euclidean space R?.

1.1.1.  We have (Tp, So), (T1,51), (T2, 52), ..., (T3, S;:),... where T; is a tiling of
R? by tiles congruent to one of the prototiles from the set S;. We do not require
that two tiles which are congruent to the same prototile are translates of each other,
nor is it necessary that two tiles which are translates of each other must have the
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same prototile type. One more remark in the same vein: Possibly due to some
symmetries one may ‘visualize’ more than one congruence of a tile to the same
prototile, but only one congurence is legitimate.

1.1.2. Every prototile in S;y; is subdivided into several subtiles each congruent
to a prototile in S;.

1.1.3. Any T;41-tile d;41 is the union of the T;-tiles contained in ;41 and this
subdivision depends only on the prototile type of d;11. In fact if §; 11 is congruent
to an S;y1-prototile 7, the subdivision of d;11 is congruent to the subdivision of 7
given by (1.1.2).

1.1.4. All prototile sets S; have the same cardinality n and the elements of each of
these sets are enumerated by integers 1,2, ... ,n. The i-th Sy-prototile is obtained
from the i-th Sy_i-prototile by multiplication by a positive real number £ greater
than one (independent of ¢ and ¢). (Note: Our results also apply to more general
inflation automorphisms, e.g. self-affine that have been considered in the literature.
See [So] and the references therein.)

1.1.5.  ‘Multiplicity matriz’: There is an n X n matrix A with nonnegative integral
entries a; ; such that the subdivision of the j-th Se-prototile given by (1.1.2) consists
of a1,; copies congruent to the first Sy_i-prototile, as ; copies congruent to the
second S¢_i-prototile, etc., and a, ; copies congruent to the n-th Sy_;-prototile.
Notice that the matriz A is independent of £. As we already noted, two tiles may
be translates of each other without being congruent to the same prototile. With
this in mind, to avoid possible ambiguity, one should really say that a; ; subtiles
in the subdivision of the j-th Sy-prototile are ‘marked’ congruent to the first Sy_1-
prototile, as ; subtiles are ‘marked’ congruent to the second S;_i-prototile, etc.
(One can iterate on the subdivision and eventually every Se-prototile is subdivided
into smaller subtiles each congruent to a prototile in Sy. We assume that for large
enough ¢ every Sy-prototile type occurs in the subdivision of each Sy-prototile.)

1.1.6. We strengthen the hypotheses about the subdivion in (1.1.5) by making
the following assumption about the relative position of the subdivided tiles inside
the ambient tile: The inflation automorphism (multiplication by &) carries the i-th
Se-prototile with its subdivision into the subdivison of the i-th Sy 1-prototile.

It is the combination of hypotheses (1.1.3) and (1.1.6) which qualifies the tiling
structure to be called ‘hierarchical’.

1.2.  Let us choose once and for all a finite set A of cardinality Z? =1 equipped
with two maps 71, m2 : A — {1,2,... ,n} such that

HAe A m(N) =i, m(X) = j} = ai.

In view of hypothesis (1.1.5) above we can fix once and for all a bijection between
the last-mentioned subset of A and the set of subtiles congruent to the i-th Sg-
prototile in the subdivision of the j-th Si-prototile. Putting together all these
bijections (Vi,j) an element A € A points to a unique Si-prototile 7 (7 is the j-th
prototile where j = m3(\)) and in addition a unique subtile ¢ in the subdivision
of 7 given by (1.1.2). If ¢ = m1(A), then this subtile § is congruent to the i-th
So-prototile. We say that X\ is the relative position of § inside 7. This is a bijective
correspondence between A and the set of all subtiles in the subdivision (1.1.2) of
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FIGURE 1.

FIGURE 2.

the various Si-prototiles. This set A will be called the ‘relative position indexing
set’.

Example. The Penrose tiling has two prototile types 1 and 2 (¢f. Figure 1). The
Ti-prototile of type 1 decomposes as the union of two Ty-tiles of type 1 and one of
type 2. The Ti-prototile of type 2 decomposes into the union of a Ty-prototile of
type 1 and one of type 2.

Then it is easy to see that the multiplicity matrix A is given by

The cardinality of the relative position index set A is 5. The picture shows the
relative positions.
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Let A = {\1, 2,3, 1, A5} as shown in Figure 2. Then the two projections
71, m2 from A into {1,2} are defined as follows:

(A1) =m () = 771(/\4) =1,
m1(Az) = m(As) =

) ()\1) = ()\2) 71'2()\3) ].
ma(Ag) = m2(As) =

O

Any Ty-tile § is contained in a unique Ti-tile 7. In view of (1.1.3) the subdivi-
sion of 7 into subtiles depends only on the Si-prototile type of 7. Hence by the
above paragraph preceding the Example, to the relative position of § in 7 there
corresponds a unique relative position index A € A. More generally, any T;-tile ¢’
is contained in a unique T;1;-tile 7. But by (1.1.3) and (1.1.6) via the (iterated)
inflation automorphism & this inclusion is congruent to the image of the inclusion
of a subtile § in the subdivision (1.1.2) of a unique Si-prototile 7. Hence again, to
the relative position of 4’ in 7/ there corresponds a unique relative position index
AeA.

1.3. Tiling space. A T;-tile §; is contained in a unique T;y1-tile d;41. Thus the
choice of a Tp-tile dp gives rise to an infinite sequence dg,d1,.... If §j,0%,... is
such a sequence for another choice of dp, then in general §; = ¢} for sufficiently
large ¢. We then say that the sequence T; is admissible. This need not happen in
exceptional cases. Let X be the space of all infinite sequences

X = {Z = ()\1,)\2,... ,)\i,...) | PYRS A,']TQ()\i) = 7T1(>\i+1)}.

With the product topology, X is a compact space. The quotient of X by the
equivalence relation

Yz = (/\1,)\2,... ,)\i,...)

is equivalent to

2= (NG, N )

if \; = X} for all sufficiently large i ”

is what one calls the ‘tiling space’ of the given hierarchical tiling system. The
quotient topology is not good. By [Co| one studies such ‘non-commutative spaces’
by associating a C*-algebra to them. As already noted in [Cd], for tiling spaces
such as the ones encountered in this article this C*-algebra turns out to be the
C*-inductive limit of a nested sequence of finite dimensional algebras A which we
will make explicit shortly. But a rough indication of it is as follows: For each Si-
prototile 7 consider the matrix algebra which has rows and columns parametrized by
the subtiles of 7 for its (k-fold) subdivision into tiles congruent to the Sp-prototiles
(¢f. (1.1.5)). The product of these algebras over all the Sg-prototiles is the algebra
Aj.. The inclusion of Ay, in A4 is given by the subdivision of Si41-prototiles into
copies of tiles in Sj.
Next follows the more explicit description.

1.3.1. The C*-algebra of the tiling system. Let X} be the set of finite sequences
X ={w = (A, 22, ) | N € Ayma(A) = m(Ni+1)}- (Later on it will be
helpful to view X} as the set of relative position indices for the inclusion of T;-tiles
inside a T;4p-tile.)
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Let Ay, be the algebra of (complex-valued) scalar matrices (Guw 1w )w,wex, satis-
fying aw,w = 0 if ma(Ag) # m2(A,) where Ay and A}, are the k-th components of w
and w’. For w,w’ € X} denote by w,w’ € Xj_1 the truncation. The inclusion of
Aj_1 into Ay, is defined as follows: Let = (ayv/ )v.vrex,_, be an element of Ag_1.

Let w = (A1, A1, M), w’ = (M, ..o, N_1, AL) € Xi. We define the image of
x to be the matrix (Gw . )w wex, where
o — 0 if A # A,
’ Qajy 2y’ if )\k = )\;C

The C*-inductive limit A = limg. Ay, for the above-defined inclusions A — Ag41 is
the C*-algebra of the space of tilings.

It must be pointed out that in the construction of the tiling space and the
associated C*-algebra the choice of a specific sequence of tilings T;,¢ = 0,1,2, ...,
does not play a crucial role; another sequence T with the same prototiles and
subdivision data would yield the same tiling space and the same C*-algebra since
the prototile and subdivision data determines the relative position indexing set and
the maps my, mo.

From now on, we will talk of a ‘hierarchical tiling system’ by simply specifying the
set of prototile types (inclusive of the inflation rule), the relative position indexring
set A and the maps 71 and mo.

1.4. The following operation produces a new tiling system from the given (73, .5;),
1=20,1,2,..., but evidently does not change the associated C*-algebra. For any
positive integer k, we consider the sequence of tilings (73,5;),i = 0,k,2k,...,
ik, .... The multiplicity matrix A is replaced by AF; the relative position index set
A is replaced by Xj.

Yet another way of producing a new tiling system from a given one is to fix
a relative position index A\g and then to declare all tiles in relative position Ag
as belonging to a new prototile type. This increases by one the cardinality of
the prototile set. If A’ denotes the new relative position indexing set and m{, m5:
AN — {1,2,... ,n+ 1} denote the analogues of m; and 7o, then there are maps

d: A — A,
o:{1,2,...,n+1} — {1,2,... /n},

which are compatible with 7], 75 and 7, m5. Here, ¢(n+ 1) = m1(Xo) and ¢(i) = ¢
otherwise. Furthermore, ® is a bijection from 7r’271{1, 2,...,n}onto A and ® is also
a bijection from 75" (n 4 1) onto (71 (Ao)). If X, denotes the analogue of X
the map @ induces maps from X, to Xj. This gives rise to embeddings of Ay, into
Aj, and A into A’. Recall that Ay (resp. Aj}) is a product of full matrix algebras
indexed by {1,2,...,n} (resp. {1,2,...,n+ 1}). Under the above imbedding a
minimal idempotent of A in the matrix algebra indexed by m1(Ag) is split into a
sum of two minimal idempotents in A} belonging to the matrix algebras indexed
by m1(Ao) and n + 1.

The above construction introduces a new prototile type. But the new prototile
type occurs less often: We just mention without proof a fact relating these frequen-
cies. Let p be the maximal eigenvalue of the multiplicity matrix A and suppose
the prototile types 1,2, ... ,n occur in the original tiling in the ratio x1,x2,... , %,
and that the prototile types 1,2,... ,n,n + 1 occur in the new tiling in the ratio
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xh,ah,... oy, 2, . Then zj = x;, if 7 is different from both 71(Ag) and n + 1,
/ _ —1 / _ /
whereas ¥, 1 = (7 Try(n,) and Lo o) = Lmi(ho) ~ Tng1

2. THE TRACE SPLITTING

The construction of new hierarchical tiling systems starting from a given one
which we are going to describe now is more complex than those in subsection
1.4. In this construction new prototile types are again introduced, but, unlike the
previous construction we decide the prototile type of a T;-tile by looking at a single
subtile (with known prototile type) in the subdivision of the chosen tile; using this
information we decide the prototile types of the other T;_;-tiles in the subdivision.
In contrast to the earlier construction the new prototile types occur more uniformly.

Let (T3,5:),i = 0,1,2,..., be a given tiling system with other notation associ-
ated as in the last section: In particular, all S; have the same cardinality n; A is
the relative position indexing set for the subdivision of T;-tiles into T;_-tiles; the
multipliciy of prototile types for the above subdivision is given by the n x n matrix
A = (ai;); if 0 is a subtile in relative position A in the subdivision of a tile 7, then
m1(A) is the prototile type of § and m2(A) is the prototile type of 7.

2.1. Let & be a finite group. Let 1 : A — & be any function. We assume that
¥(A) generates the group &. The next proposition describes the prototile set, the
relative position indexing set and the analogues of the maps 71, for the new
hierarchical tiling system we are going to construct from & and . So far we have
been enumerating the elements of the prototile sets Sy by the integers 1,2,... n.
It is convenient to denote the latter set by S and refer to it as the prototile set,
when there is no likelihood of confusion.

2.2. Proposition. Let S be the set S x &. Let
A= {{(3,0),)\, (s,0)} € Sx Ax S| m(A\) =sm\) =590\ = 0/710} .

Then S and A are respectively the prototile set and relative position indexing set
for a hierarchical tiling system. The analogues T1,To of w1, mo are given by

$,0),\,(s',0')}) = (s, 0),
fg({(S,O’), A, (5170/)}) = (8/70/)'

The multiplicity matriz A is given by
a(s,a),(s’,a’) = #{A €A | 7T1(>‘) = 877T2(>‘) = S/a 7/10\) = 0-,710}'

Proof. Observe that if {(s,0),\, (s,0’)} € A and g € &, then {(s,go), \, (s, g0')}
€ A. In addition, if h € &,\ € A are given, then it is clear that there is a
unique choice of s,s' € S and b’ € & such that {(s,h), \, (s',h')} € A. For, from
the definition of A,s = m()\),s’ = ma()\) and b’ = h(y»(A\))~!. Similarly, if A’ €
S, \ € A, are given, then there is a unique choice of 5,8’ € S and h € & such that
{(s,h), A, (s',1/)} € A. For, from the definition of A, s = m()), s’ = m2(\) and h =
Hp(N).
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2.2.1. To explain the construction of the new tiling system required in the propo-
sition, first we describe the subdivision of the new prototiles. By definition, any
new prototile 7 € S; is of the form (7,h’) where 7 € S; and b’ € &. We regard
the subdivision of 7 in the original tiling system as a subdvision of 7 in the new
tiling system by declaring the following prototile identifications: If § is a subtile
in the subdivision of 7 in relative position A in the context of the original tiling
system, then we regard this subtile § as a subtile 6 of the subdvision of 7 and
declare it to have prototile type (m1(X), h) where h = h't(N\). With these subdi-
vision rules it follows from our remarks in the previous paragraph that the set A
serves as the ‘relative position indexing set’ for the new tiling system for which the
maps 71,72 indicated in the statement of the proposition serve as the analogues of
m1 and me. The inflation identification between (s,o) (regarded as an element of
S¢) and (s,0) (regarded as an element of Sy;;) is defined to be the same as that
between s (regarded as an element of Sy) and s (regarded as an element of Spi1).

2.2.2. Choose any infinite sequence A1, ..., \;,..., such that
Xi €A and ﬁg(xi) = ﬁl(XHl).
Writing \; = {(si, ), \i, (85, 0})}, this gives rise to a sequence (A1,..., A;,...) in

A, with ma(\;) = m1(Ait1). It can be arranged so that the latter sequence arises
from an admissible sequence T; in the original hierarchical tiling system. In other
words, we may assume that (in the context of the original tiling system)

i) we can choose T;-tiles d;,7 = 0,1,2,..., such that §; occurs in the subdivison
of §;41 in relative position A;;; and

ii) any given Tp-tile lies inside §; for sufficiently large .

2.2.3. We regard the tiles of T;,7 = 0,1,2,..., as tiles of the new tiling system
T;,i = 0,1,2,... with prototile types identified as explained below. When a Tj;-
tile 7 is regarded as a Ti-tile we denote the same by 7. We declare the prototile
type of 0; to be @1()\;). Let 7 be a Ty-tile. To define the prototile type of 7 we
choose a large enough 7 such that 7 lies inside 0;. Consider the (unique) sequence
of tiles 7 = 7¢, T¢41,. .., Tj, Tj+1, ... , 5 = 0; such that 7; is a Tj-tile occurring in
the subdivision of 7j41. Let p1; € A be the relative position of 7; in the subdivision
of 7j41. By our remarks in the beginning of the proof, there is a unique sequence
T Hyqts- - B; = A; of elements of A of the form
Ty = {(s5,hj), s, (s, h5)} satistying 7o (7;) = 71 (Fj41)-

We declare 7 (fi;) to be the prototile type of 7.

The assumption that ¢(A) generates & ensures that for sufficiently large i every
So-prototile type occurs in the i-fold subdivision of each T;-prototile. This can be
seen by imitating the proof of [EP], proposition 7 (iii) and (iv)].

This completes the proof of the proposition. O

2.3. Lemma. Let A denote the C*-algebra of the hierarchical tiling system T'; given
by Proposition 2.2. The group & acts naturally as automorphisms of the C*-algebra

A. There is a natural inclusion n: A — A. & acts as identity on n(A).

Proof. For this we recall that A is the inductive limit of certain finite dimensional
algebras Aj. The analogous Ay, is the following: Let Xj be the set of finite se-
quences

Yk = {wz (Xl,XQ, - ,Xk) | Xi S K,fg(xi) = fl(xi-i-l)}-
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Ay, is the algebra of (complex-valued) scalar matrices (0w )wwrex, Satisfying

aww = 0 if Ta(Ag) # T2 (X;) where )\, and X; are the k-th components of w and
w'. The projection X — A from A to A induces maps W — w from X5 to Xp.
Let {aw,w }wwex, € Ak. Then the natural inclusion ny : Ap — Ay is given by

nk({aw,w }) = {aww }mmleyk where

. _Jo if 7o (\e) 7 T2(Xy):
w,w e — Y _ o~
’ I To(Ag) = T2(Ag),

where \; and X;C are the k-th components of w and W’ respectively.

The group & acts on A: If ¢ € & and A = {(s,0),),(s',0')}, then g\ =
{(s,90),\,(s',gc")}. In turn this gives rise to an action on X}, coordinatewise.
For g € & and an element = of Ay represented by a matrix (aww )y wex, We
define g to be the matrix (%% w ) 7, Where

g = (agflm,gflm/)-

It is evident that & acts as identity on 1 (Ag). The inclusions 7y, are compatible
with the inclusions ¢y, : Ay — Ag4+1 and Ek c AR — ./le+1, i.e., we have ng41 - o =
Ek.nk. As A and A are C*-inductive limits of A and Ay respectively, the maps
Ny, give rise to the desired inclusion. It is also easy to check that the & action is
compatible with the inclusion of Ay into Aj,1. This completes the proof of the

lemma. O

In [EP] we considered the problem of colouring the Tp-tiles of a given hierarchical
tiling system satisfying some conditions like symmetry and frequency of occurrence
of colours, etc. We recall these notions below. We will see that Proposition 2.2 can
be applied to deduce that the colouring scheme described in [EP] in fact yields a
hierarchical tiling system. The frequency data implemented in that construction is
here interpreted in terms of the unique ‘trace’ of the associated C*-algebras.

2.4. Definition. ‘Local (G, v, M)-symmetry’. Let G be a finite group acting on
a finite set M : v : G x M — M (the elements of M will be the colours). Assume
that the tiles in Ty are coloured with the elements of M. We say that the colouring
of Ty has local (G,~y, M)-symmetry (or simply that Ty has (G, v, M)-symmetry) if
given g € G and given a patch X of the tiles of Ty in any bounded region, there
exists R > 0 such that in any disc of radius R one can find a copy ¥’ of the patch
3, the only change being that the colouring of ¥ is obtained from that of ¥ on
applying the permutation v(g).

2.5. ‘Frequency data for colour occurrence’. We may wish to see colours in

certain frequencies by prescribing the desired ratios. Let C1,Ch,...,Cxn be the
distinct G-orbits in M. Suppose that one wants to see the colours in Cy,... ,Cyn
in the frequency ratios ai,...,an (positive integers). Later in the sequel we use

the notation {a,} e for this frequency data, naturally with the assumption that
a, = a, if p and g’ belong to the same orbit. Let S’ be a set which is a disjoint
union of a; copies of C, as copies of Cs, ..., ay copies of C. The group G acts
on S’. Let & = Aut(S’). For any function ¢ : A — & whose image generates &,
Proposition 2.2 gives a hierarchical tiling system with prototiles indexed by S x &
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and having relative position indexing set
K= {5000 (50N} [ A e MmN = s,m(N) = &' and () = oo}

By Lemma 2.3, the group & = Aut(S’) and in particular the group G act as auto-
morphisms of the C*-algebra of the tiling system.

2.6.  Let us colour a To-tile § having relative position index {(s,c),\, (s',0")} by
o(x) where z € S’ is fixed. In other words, we colour an So-prototile (s,o) by
o(x) and then colour T-tiles according to the prototile type. Since S’ is a disjoint
union of copies of G-orbits in M, clearly this is a colouring by elements of M.
This colouring has local (G,~, M)-symmetry. To see this, let 3 be any patch of
tiles in Ty. We can assume that this patch is contained in some Tj—tile, say, K
of prototile type, say, (s,0). For sufficiently large i, any Tﬂ_i—tile T has Tj—tiles
of all prototypes, in particular of prototile type (s,g) for any g € Aut(S’). Local
(G, 7, M)-symmetry is an easy consequence of this.

To give a meaning to the frequency of occurrence of colours in the tiling in terms
of the associated C*-algebra we gather below some definitions and known facts
about projections in C*-algebras and traces.

A projection in a C*-algebra A is a self-adjoint element p = p* such that p = p?.
Two projections p1, ps are said to be equivalent (in symbols p; ~ p3) if there exists
y € A such that p; = yy*,p2 = y*y. An element z is positive if z = yy* for some
y € A. The order relation in self-adjoint elements of A is defined by z < y if y — x
is positive. A trace in A is a continuous (complex) scalar-valued linear map f such
that

i) f(zy) = f(yx),Vo,y € A,

ii) f(z) >0, if z is positive.

For the C*-algebra A=limy(Ax) associated to a hierarchical tiling system, a
non-zero trace exists and is unique (up to normalization). The uniqueness is a
consequence of the assumption that every Tp-prototile type occurs in the iterated
subdivision of any T;-tile for sufficiently large 7.

We describe below this unique trace.

2.7. The trace on the C*-algebra of tiling spaces. We recall the set X} of
finite sequences of elements of A:

X ={w= (A1, A2, .., \) [ A € A,ma(N) = mi(Nip1) |

Ay, is the algebra of (complex-valued) scalar matrices (Quw,w)w,wex, Satisfying
Ay = 0, if mo(Ag) # m2(A),) where A, and X} are the k-th components of w and
w’. For w,w" € X}, denote by w,w’ € Xp_1 the truncation. We recall the inclusion
¢r—1 of Ap_1 into Ay, which is defined as follows: Let © = (ayv)vvrex,_, be an
element of Ap_1. Let w = (A1,... , Ap—1, Ap), 0 = (M],... , N1, A,) € Xi. The
image ¢r_1(z) of x is the matrix (ay,.) where

0 if A # N,
a 5=
o Qay 2y’ if >\k = )\;ﬁ

2.7.1. Let £ denote the Perron-Frobenius eigenvalue [Gal of the multiplicity ma-
trix A and denote the corresponding eigenvector by 4 = (us)scs. (Here, S =
{1,2,...,n} and u, are positive real numbers such that > u, = 1.) To de-
fine a trace, first we define linear maps Try : A, — C (k = 1,2,...). With
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notation as above, for a (complex) scalar-valued matrix x € Ag_1 of the form
= (av,v/)v,v’eXk_l we set

Trg—1( E Usry(Ap_1)0v,v
E UEXk 1

where Ag_1 is the (k — 1)-th component of v. Viewing Ax_; as a product of
matrix algebras, Tri_1 is a linear combination of the natural traces in these matrix
algebras.

2.8. Proposition. Let ¢_1 denote the inclusion of Ax_1 into Ay and let I be the
identity element of any Ag. Then:

i) The above-defined traces satisfy the compatibility condition Tri(dr—1(x)) =
Tri—1(x) and give rise to a trace Tr: A — C.

it) For any k, Try(I) = 1.

PT‘OOf. 1) Let x = (xv,v’)v,v’EXk_l S Ak71~ Put ¢k71(x) =Y = (yw,w’)w,w/EXk~
Compute Try, of the right side. It equals

Trk: gk Z uTrQ(kk)y’LUw
we X

(*) é.k Z Uy (Ag) T o

weXy

1
= é_—k Z Z Uy (Ag) Lo,

vEXK_1 wE Xk, w=v
But for a fixed v € X;_1 whose last coordinate is A\p_1, we have
{we X :w=v}={(v,\), A€ A:m(N) =7m2(Ae—1)}

Therefore

Z Uy (Ag) Lo,w = Z Uy (N) Lo,

wE Xy, w=v AeA T (N)=m2(Ag—1)

E : Ara(Ap—1),j U5 | Lo
J€{l,...,n}
= fuﬂ'Q(Akfl)x'D,v'

Substituting in (%), we obtain

(¢k 1 Z §’Uz7r2 Ae—1)Tv,v
’UEXk 1
:gk—_l D U ) Tun
veEXp 1

= Trk,1 ((E)
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ii) By i), Trg(I) = Trp—1(I) = --- = Try(I). So it is sufficient to prove that
Tri(I) = 1. We have

1
IO (I o
i€{l,...,n} \j€{l,...,n}
1
= = guz
=1.
This completes the proof of the proposition. O

Let Tr: A — C _denote the similarly constructed trace on the C*-algebra A of
the tiling system {jl}’ given by Proposition 2.2. The explicit description of the
multiplicity matrix A allows us to relate the Perron-Frobenius eigenvectors [Gal of
A and A.

2.9. Lemma. Let 6 = (0s)ses be an eigenvector for the multiplicity matriz A
corresponding to an eigenvalue 3. Define a vector § = (5(3,0))56570@5 by 5(370) =
ﬁ@s. Then 6 is an eigenvector for A for which the corresponding eigenvalue

equals (3. In particular, zfg is the Perron-Frobenius eigenvector for A, then 0 is the
Perron-Frobenius eigenvector for A.

Proof. From the hypotheses of the lemma, ZS’ES as,s0s = B0,. We have

_ 1
> Us.o)(00 000 = gy D o) (o

s'€S,0'€S s'€S,0'€S

But for a fixed s’ € 5,
Z Us,0), (s 07) = Z H#IN e A | (A =s,m(\) =5 and P(\) = 0',_10}

o'e6 o'e6
= #{)\ eA | 7T1(>\) = S,’]TQ()\) = S,} = Qs g -

Since every To-prototile type occurs in the k-fold subdivision of each T'-prototile

type for sufficiently large k, the matrix Zk has all entries positive. From the Perron-
Frobenius theory [Ga] one knows that the Perron-Frobenius eigenvector is the only
eigenvector with all entries positive.

The lemma follows. O

2.10. Corollary. For x € A one has Tr(z) = Tr(n(z)) where n : A — A is the
natural inclusion.

Proof. This is a consequence of the explicit description of the traces in subsection
2.7. O
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Define projections II* € A;, (u € M) as follows: Recall from subsection 2.6 that
So-tiles are coloured by elements of M. Recall further that Tp-tiles are coloured by
regarding such a tile ¢ as a tile § of Ty and then identifying the prototile type of 6
in Sy. We set

where

0 ifw#£w,
R FRT. So-tile 71 (A1) has colour u, where @ = (A1).

With these preparations, we are ready to demonstrate the theorem which gives
an interpretation of the frequency of occurrence of the colours u (1 € M) among the
To-tiles. The G-action on A which figures in the theorem below has already been
discussed in subsection 2.5 and as mentioned there arises from the group action
explained in Lemma 2.3.

2.11. Theorem. i) The projections TI* split the identity 1 € n(A) C A. For
g € G, gIl* = 119" (Yu). The numbers {Tr(II*)} e are in the ratio {a,}, namely,
the prescribed frequency ratio of subsection 2.5.

ii) Let P, P’ be projections of A such that P < P’. Then there exist projections
Q*, Q" € A, (u€ M) such that

(a) Q" < Q" < TI",
(b) for g € G, gQ" = Q9", gQ"" = Q"9 (Vp),
(C) ’LfQ = ZII« QH and Ql = ZH le,’ then Qv Q, € A and PN.AQ; P,N.AQ/a
(d) {Tr(Q")}, (resp. {Tr(Q'")},) are in the ratio {a,},.

Proof. From the definition of IT*, the sum } | pen 11F s the element of A; given by

{0 if W £ W,
aﬁ,ﬁ/ =

1 fw=w,

which is the unit element. The equation gII* = II9* is a consequence of the def-
inition of the group action in Lemma 2.3 and the definition of II* above. As in
subsection 2.7.1, let £ denote the Perron-Frobenius eigenvalue of the multiplicity
matrix A with corresponding eigenvector @ = (us)scs such that »°_ us, = 1. For
a (complex) scalar-valued matrix x € Ay of the form = = (ay,v )vwex, Dy the
definition of Tr,

TI‘({E) = ffk Z uTrQ()\k)av,v
veEXy
where A\ is the k-th component of v.

2.11.1. From Lemma 2.9, if T = (U(s,0))ses,0ce is the vector given by (s o) =
%us, then T is the Perron-Frobenius eigenvector for A and evidently
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Thus for a (complex) scalar-valued matrix Z € Ay of the form T = (ay o0 eX,
by the definition of T'r,

Tr@) =" Y ur, 5,000
TEX
where ), is the k-th component of T.

Observe the following about the structure of algebras Ay: For s € S let .A,(f) be
the subalgebra of matrices (G, w )w,wex, for which a, . # 0 only if both 7o (Ag)
and m2(\}) equal s, where A\, and A, are the k-th components of w and w’. Then
{.A,(j)}s are matrix algebras and Ay, is the product [], g A,(cs). Similarly, Ay is also

a product of matrix algebras: For (s,0) € S x &, let Z;(:’U) be the subalgebra of
matrices (aw,w )y wex, for which agm # 0 only if 7o (Ax) and 7o (X;c) both equal

(s,0), where A\ and X; are the k-th components of w and w’. Then {-715:’0)}(5,0)

_(51‘7)

are matrix algebras and Ay, is the product [s.0)esxe Ax

C*-algebras A which are inductive limits of finite dimensional C*-algebras Ay,
are also called AF-algebras and their structure has been studied in detail. For a
comprehensive treatise see [Ef] or [Go]. The following facts are thus widely known.

Any projection P of A is equivalent to a projection @ of Ay for sufficiently
large k. Moreover, given two projections P, P’ € A such that P < P’, we can
choose projections @, Q" € Ay for large k such that Q < Q',P ~ Q and P’ ~ Q.
Given two projections @, Q" € Ay such that Q@ < Q' one can choose orthogonal
minimal projections ej,ea, ... €m,€m41s--. s Emtn such that Z:’;l e; = @ and
Z;n:ﬁn e; = Q'. Two projections in a matrix algebra are equivalent iff they have
the same rank; minimal projections have rank 1. Any minimal projection of Ay
lies in one of the factors in the product Ay =[], cg .Ag:).

2.11.2. Given any minimal projection es € .Ag:) its image 7k (es) under the inclu-
sion 7 : A, — Ay equals a sum of orthogonal minimal projections (€s,0)oce where

s, € Z;S’a). We have Tr(es) = £ Fug and Tr(es,,) = %f‘kus.

2.11.3. For w € X define the minimal projection e,, € Aj to be the matrix

(av,v/)v,v’exk given by
1 ifvo=2v =uw,
Ay, = .
0 otherwise.

Then (ey)wex, is @ maximal orthogonal family of minimal projections in Ayj. For
a subset I of X}, let ey denote the projection in Ay, given by ey = > -, €w. Given
projections @, Q' € Ay, such that Q < Q' we can choose subsets I C I’ C X}, such
that Q ~ ey and Q' ~ eys. Similarly, define minimal projections eg € A}, to be the
matrix (az,v7 )y ex, given by

1 ifv=7=w,
ag 5 = .
0 otherwise.

Then (eﬁ)meyk is a maximal orthogonal family of minimal projections in Aj. We
have gew = ey, Vg € G. For a subset I of Xy, let e denote the projection in Ay
given by ey = ) 7 éw.
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2.11.4. We will now make explicit the decomposition 2.11.2 for a minimal projec-
tion e, w € Xi. Write w = (A1, Aa,... ,Ax). Let 0 € &. By our remarks in the
beginning of the proof of Proposition 2.2, there is a unique sequence A, \a, . .. , Ak
of elements of A of the form \; = {(s;,h;), \;, (s, h})} satisfying hj = o and
7a(A;) = 71 (Xj11). This represents a unique element W, € Xj;. Then n(e,) =
> v €, We now have most of the notation needed to specify the splitting of
projections in the form stated in the theorem. We first do this for the minimal
projections e,, € Aj. It suffices to define e# to be the sum of ez, over those 0 € &
such that p is the colour (according to subsection 2.6) of the To-tile in relative
position W, in a Ty-tile of prototile type (ma(A), o). Here, Ay is the k-th compo-
nent of w. This gives rise to a splitting e,, = Eue M € where ef) are projections
in Aj. Subsection 2.6 can be used to translate this into an algebraic expression
for etr. It is immediate from the definition of group action in Lemma 2.3 that for
g € G, gel = ed*. By using subsection 2.11.1 one deduces that {Tr(ef)}, are in
the ratio {a,},-

For the projections ey = Zwe] ew for a subset I C X}, we define e? = Zwe[ ek
Then the fact that gef = e9",Vg € G and {Tr(e})}, are in the ratio {a,}, are
immediate consequences of the corresponding facts for minimal projections. If P
is a projection in A, then for large enough k, P ~ e; for some e; € Ay as above.
Further, if P, P’ € A are two projections such that P < P’ then for a suitably
large k we can choose subsets I € J C X} so that P ~ ¢; and P’ ~ e;. When
the above splittings are done for the projection e; € Aj, taking I = X; we get
a decomposition of the unit element. We obtain the same splitting when this is
carried out regarding the unit element as ey € Ay, for I = Xj. This gives rise to
the part of the statement in the theorem which asserts “Q* < Q'* < II*”. O
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