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EXTREMAL METRICS FOR THE FIRST EIGENVALUE
OF THE LAPLACIAN IN A CONFORMAL CLASS

AHMAD EL SOUFI AND SAÏD ILIAS

(Communicated by Jozef Dodziuk)

Abstract. Let M be a compact manifold. First, we give necessary and suf-
ficient conditions for a Riemannian metric on M to be extremal for λ1 with
respect to conformal deformations of fixed volume. In particular, these condi-
tions show that for any lattice Γ of Rn, the flat metric gΓ induced on Rn/Γ
from the standard metric of Rn is extremal (in the previous sense). In the
second part, we give, for any Γ, an upper bound of λ1 on the conformal class
of gΓ and exhibit a class of lattices Γ for which the metric gΓ maximizes λ1

on its conformal class.

1. Introduction

Let M be a compact differentiable manifold of dimension n ≥ 2 and let λ1 be
the functional which assigns to each Riemannian metric g on M the first positive
eigenvalue of the Laplacian ∆g of g. As λ1 is not invariant under dilatations, we
will restrict ourselves to Riemannian metrics having a given volume. It is known
that if n ≥ 3, then the functional λ1 is unbounded (see [3]). However, for any
metric g on M , the restriction of λ1 to the conformal class C(g) = {φg ; φ > 0
and V (φg) = V (g)} of g is bounded (see [6] and [10]). Here V (g) denotes the
Riemannian volume of g.

This paper consists of two sections. The first one deals with the (constrained)
critical points of λ1 restricted to a conformal class C(g). Such a critical metric will
be called C-extremal (here criticity is defined in a generalized sense because λ1 is
not differentiable in general). The results we obtain give both a necessary condition
and a sufficient one for a Riemannian metric g to be C-extremal:

• Necessary condition (Theorem 2.1): “There exists a finite family {f1, ..., fk}
of first eigenfunctions of ∆g such that

∑
i≤k f

2
i = 1.”

• Sufficient condition (Theorem 2.2): “There exists an L2(g)-orthonormal
basis {f1, ..., fm} of the first eigenspace of ∆g such that

∑
i≤m f

2
i = 1.”

Note that conditions of this type concerning the “unconstrained” critical metrics
were obtained by Nadirashvili [6] in dimension 2 and by the authors [7] in all
dimensions. The necessary condition means that there exists a harmonic map
f from (M, g) to a unit sphere with energy density |df |2 = λ1(g) (see [5]). A
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direct consequence of the sufficient condition is that the metric of any compact
homogeneous Riemannian space is C-extremal (Corollary 2.1).

This last assertion gives rise to many natural examples of C-extremal metrics.
In particular, for any lattice Γ of Rn, the flat metric gΓ induced on the torus
Tn

Γ = Rn/Γ from the Euclidean metric of Rn is C-extremal. A natural question is
then to know for which lattices Γ ⊂ Rn the flat metric gΓ is a global maximizer
for λ1 on C(gΓ). In the second section we exhibit a class of lattices for which this
property holds (Corollary 3.1). This class contains some well known lattices as the
square and the hexagonal ones. But, the main result of this section is Theorem
3.1 which gives, for any lattice Γ, an upper bound of λ1 on C(gΓ) in terms of an
invariant of Γ:

sup
g∈C(gΓ)

λ1(g) ≤ 4π2

n
c(Γ?)

where c(Γ?)=inf{
∑

1≤i≤n |τi|2; {τ1, ..., τn} is a basis of the dual lattice Γ? of Γ}.
Note that in [9], Ros and the authors have obtained a 2-dimensional version of

this last result. It should also be mentioned that, in the particular case where Γ is
the square lattice of R2, this result is due to Li and Yau [10]. On the other hand,
Nadirashvili [11] showed that the flat metric corresponding to the equilateral lattice
maximizes λ1 among all the metrics of the same volume on the 2-torus T2.

2. The functional λ1 restricted to a conformal class of metrics

Let (M, g) be a compact connected smooth Riemannian manifold of dimension
n ≥ 2 and volume V (g). Denote by C(g) the set of Riemannian metrics conformal
to g and having the same volume:

C(g) =
{
φg ; φ > 0 and

∫
M

φn/2νg = V (g)
}
,

where νg is the Riemannian volume element of g. We consider the functional
λ1 : C(g) → R where, ∀g′ ∈ C(g), λ1(g′) is the first positive eigenvalue of the
Laplace-Beltrami operator ∆g′ of g′. For any one parameter analytic family (gt)t
of C(g), the function t→ λ1(gt) has right and left derivatives w.r.t. t (see [7]) and
we have

d

dt
λ1(gt) |t=0+ ≤

d

dt
λ1(gt) |t=0− .

Definition 2.1. The metric g is said to be C-extremal for the λ1 functional if for
any analytic conformal deformation (gt)t ⊂ C(g) with g0 = g, we have

d

dt
λ1(gt) |t=0+ ≤ 0 ≤ d

dt
λ1(gt) |t=0− .

It is easy to check that this last condition is equivalent to

λ1(gt) ≤ λ1(g) + o(t), as t→ 0.

In the sequel we will denote by E1(g) the eigenspace associated to λ1(g).

Theorem 2.1. Let (M, g) be a compact Riemannian manifold of dimension n ≥
2. If the metric g is C-extremal for λ1, then there exists a finite family of first
eigenfunctions {f1, ..., fk} ⊂ E1(g) satisfying

∑
i≤k f

2
i = 1.
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Remark. An equivalent formulation of Theorem 2.1 is: If g is C-extremal, then
there exists a harmonic map f from (M, g) to a unit sphere Sd satisfying |df |2 =
λ1(g). Indeed, a map f = (f1, ..., fd+1) : (M, g) → Sd is harmonic if and only if
∆gfi = |df |2fi for all i ≤ d+ 1 (see [5]).

Reciprocally, we have the following theorem:

Theorem 2.2. Let (M, g) be a compact Riemannian manifold of dimension n. If
there exists an L2(g)-orthonormal basis {f1, ..., fk} of E1(g) such that

∑
i≤k f

2
i is

constant, then g is a C-extremal metric for λ1.

An immediate consequence of this theorem is the following:

Corollary 2.1. If (M, g) is a compact Riemannian homogeneous space, then g is
C-extremal for λ1.

Proof of Corollary 2.1. Let f1, ..., fk be an L2(g)-orthonormal basis of E1(g). An
elementary argument shows that the function

∑
i≤k f

2
i is invariant under the isom-

etry group of (M, g). Thus it is constant and we can apply Theorem 2.2. �

Proof of Theorem 2.1. Let gt = φtg ∈ C(g) be an analytic deformation of g and
set α = d

dtφt |t=0. One can easily deduce from Berger’s work [2] (see also [1] and
[7]) that there exists an L2(g)-orthonormal basis {u1, ..., uk} of E1(g) such that

(1)
d

dt
λ1(gt) |t=0+ = −max

i≤k

∫
M

αq(ui)νg

and

(2)
d

dt
λ1(gt) |t=0− = −min

i≤k

∫
M

αq(ui)νg

where q(u) = |du|2 + n
4 ∆g(u2).

First step. There exists a finite family {f1, ..., fk} ⊂ E1(g) such that
∑
i≤k q(fi)

= 1.

Proof. This assertion is equivalent to the fact that the constant function 1 belongs
to the convex hull K of the set {q(f) ; f ∈ E1(g)} ⊂ C∞(M). Let us then assume
that 1 /∈ K. SinceK is a convex cone andK∪{1} is contained in a finite dimensional
subspace of C∞(M) (endowed with the L2(g)-inner product), there exists, by the
classical separation results (see for instance [12]), a function β such that

∫
M βνg >

0 and, for any f ∈ K,
∫
M βfνg < 0. Now, we let β0 = β − 1

V (g)

∫
M βνg and

consider the deformation gt = φtg ∈ C(g), where φt = ( V (g)
V (etβ0g)

)2/netβ0 . Since
d
dtV

(
etβ0g

)
|t=0 = n

2

∫
M β0νg = 0, we get d

dtφt |t=0 = β0. On the other hand, for
any u ∈ E1(g), u 6= 0, we have∫

M

β0q(u)νg =
∫
M

βq(u)νg −
1

V (g)

(∫
M

βνg

)(∫
M

q(u)νg

)
=

∫
M

βq(u)νg −
1

V (g)

(∫
M

βνg

)(∫
M

|du|2νg
)
< 0.

Therefore, applying (1) and (2) we get d
dtλ1(gt) |t=0− ≥ d

dtλ1(gt) |t=0+ > 0 which
contradicts the C-extremality of g.
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Second step.
∑
i≤k f

2
i = 1/λ1(g).

Proof. Let f : M → Rk be the map given by f = (f1, ..., fk). As
∑

i≤k q(fi) = 1
we obtain

n

4
∆g|f |2 =

n

4
∆g

∑
i≤k

f2
i

 =
∑
i≤k

(
q(fi)− |dfi|2

)
= 1− |df |2.

Now, for any i ≤ k, we have

|dfi|2 = −1
2

∆gf
2
i + fi∆gfi = −1

2
∆gf

2
i + λ1(g)f2

i .

Hence, the previous equation becomes
n− 2

4
∆g|f |2 = 1− λ1(g)|f |2,

and then
n− 2

4
∆g

(
|f |2 − 1

λ1(g)

)
= −λ1(g)

(
|f |2 − 1

λ1(g)

)
.

It follows from the positivity of ∆g that |f |2 − 1
λ1(g) = 0.

In conclusion, the family
{√

λ1(g)f1, ...,
√
λ1(g)fk

}
satisfies the statement of

Theorem 2.1.

Proof of Theorem 2.2. Let {f1, ..., fk} be an L2(g)-orthonormal basis of E1(g) such
that

∑
i≤k f

2
i = 1. For any L2(g)-orthonormal basis {u1, ..., uk} of E1(g) and any

function β ∈ C∞(M) we have∑
i≤k

∫
M

βq(ui)νg =
∑
i≤k

∫
M

βq(fi)νg.

Indeed, this sum is nothing but the L2(g)-trace of the quadratic form Q defined on
E1(g) by Q(u) =

∫
M
βq(u)νg . Now, as

∑
i≤k f

2
i = 1, we have

∑
i≤k
|dfi|2 = −1

2
∆g

∑
i≤k

f2
i

+
∑
i≤k

λ1(g)f2
i = λ1(g)

and then ∑
i≤k

q(fi) =
∑
i≤k
|dfi|2 +

n

4
∆g

∑
i≤k

f2
i

 = λ1(g).

Therefore, ∑
i≤k

∫
M

βq(ui)νg = λ1(g)
∫
M

βνg.

Now let gt = φtg ∈ C(g) be a conformal deformation of g and let α = d
dtφt |t=0.

As V (gt) is constant w.r.t. t, it follows that
∫
M ανg = 0. Thus, for any L2(g)-

orthonormal basis {u1, ..., uk} of E1(g), we have∑
i≤k

∫
M

αq(ui)νg = 0,

and, therefore, mini≤k
∫
M αq(ui)νg ≤ 0 and maxi≤k

∫
M αq(ui)νg ≥ 0. Applying (1)

and (2), we obtain the C-extremality of g. �
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3. A conformal upper bound for λ1 on tori

Let Γ be a lattice of Rn and denote by gΓ the flat metric induced on the torus
Tn

Γ = Rn/Γ from the Euclidean metric of Rn. The purpose of this section is to
give an explicit upper bound of λ1 on C(gΓ). Recall that the spectrum of the
Laplacian of gΓ is given by: Sp(gΓ) = {4π2|τ |2 ; τ ∈ Γ?}, where Γ? = {τ ∈
Rn ; ∀x ∈ Γ, 〈x, τ〉 ∈ Z} is the dual lattice of Γ. The first eigenvalue of gΓ is then
λ1(gΓ) = 4π2|τ0|2, where τ0 is an element of minimal length in Γ?\{0}. We denote
by c(Γ?) the infimum of

∑
i≤n |τi|2, where {τ1, ..., τn} runs over all the basis of Γ?.

Theorem 3.1. If (M, g) is a Riemannian manifold conformally equivalent to
(Tn

Γ, gΓ) with V (g) = V (gΓ), then

λ1(g) ≤ 4π2

n
c(Γ?).

Equality holds if and only if there exists a basis {τ1, ..., τn} of Γ? satisfying |τ1|2 =
... = |τn|2 = c(Γ?)/n, and if (M, g) is isometric to (Tn

Γ, gΓ).

It follows from corollary 2.1 that for any lattice Γ, the flat metric gΓ is an
extremal metric for the functional λ1 restricted to C(gΓ). The following corollary
shows that for certain lattices Γ, the flat metric gΓ corresponds in fact to the
absolute maximum of λ1 on C(gΓ).

Corollary 3.1. Assume that Γ? is generated by a basis {τ1, ..., τn} such that |τ1|2 =
... = |τn|2 = c(Γ?)/n. Then, for any metric g ∈ C(gΓ),

λ1(g) ≤ λ1(gΓ),

equality holding if and only if g = gΓ.

Remarks. (1) Any lattice Γ of R2 is, up to isometry, of the form Γ = Z(c, 0)+Z(a, b)
with c > 0, b > 0, 0 ≤ a ≤ c

2 and a2+b2 ≥ c2. Its dual is Γ? = Z
(

1
c ,−

a
bc

)
⊕Z

(
0, 1

b

)
.

In this case, the hypothesis in Corollary 3.1 simply means that a2 + b2 = c2. This
2-dimensional case was studied in [9].

(2) In higher dimensions, there exist many lattices known for their special prop-
erties in number theory or sphere packings and which satisfy the hypothesis of the
corollary (see [4] for details and examples). Among them we may mention:

• The square lattice Zn.
• The Hexagonal lattice An = Zn+1 ∩ E , where E = {(x1, ..., xn+1) ∈
Rn+1, x1 + ... + xn+1 = 0}. Its dual A?n is the lattice of E generated
by the n vectors τj = 1

n+1

∑
k≤n+1 ek − ej, {ej}j≤n+1 being the standard

basis of Rn+1. All the τj are of minimal length n
n+1 and c(A?n) = n2

n+1 (note
that A2 is, up to homothety, just the equilateral lattice of R2).
• The lattice Γn with n = d2 for some integer d ≥ 2, generated by the vectors
aj = ej−en for j ≤ n−1 and an = den. Its dual Γ?n is generated by τj = ej
for j ≤ n − 1 and τn = 1

d

∑
k≤n ek. All these τj are of minimal length 1

and c(Γ?n) = n = d2.

Before starting the proof of Theorem 3.1, let us recall that the n-energy En(ψ)
of a map ψ from an n-dimensional compact Riemannian manifold (M, g) into SN
is En(ψ) =

∫
M
|dψ|nνg, where |dψ| is the Hilbert-Schmidt norm of dψ associated

to the metrics g and can. It is important to note that En(ψ) is invariant under
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conformal changes of the metric g. Furthermore, for conformal immersions, the
n-energy is proportional to the volume En(ψ) = nn/2V (ψ?can). In the sequel the
group of conformal diffeomorphisms of SN will be denoted by G(N).

An important ingredient in the proof of Theorem 3.1 is the following result that
we established in [6] (see also [8]):

Theorem 3.2 ([6]). If ψ : (M, g)→ SN is conformal and minimal, then

sup
γ∈G(N)

En(γ ◦ ψ) = En(ψ).

Moreover, if the equality En(γ ◦ ψ) = En(ψ) holds for a non-isometric γ ∈ G(N),
then ψ(M) is a totally geodesic sphere of SN .

Note that in dimension 2, the first part of this theorem corresponds to a well-
known result of Li and Yau [10] concerning the conformal area of minimal surfaces
of spheres.

Proof of Theorem 3.1. Let {τ1, ..., τn} be a basis of Γ? such that
∑

i |τi|2 = c(Γ?)
and let φ : Tn

Γ → S2n−1 be the map induced from

φ(x) =
1√
n

(f1(x), g1(x), ..., fn(x), gn(x))

where fj(x) + igj(x) = exp 2iπ〈x, τj〉. The functions fj and gj are in fact eigen-
functions of the Laplacian of gΓ associated to the eigenvalue 4π2|τj |2.

First step. |dφ|2 =
(

4π2

n c(Γ?)
)

and then En(φ) =
(

4π2

n c(Γ?)
)n

2
V (gΓ).

Proof. As for every j ≤ n, f2
j + g2

j = 1, we have

0 =
1
2

∆
(
f2
j + g2

j

)
= fj∆fj + gj∆gj −

(
|dfj |2 + |dgj |2

)
= 4π2|τj |2

(
f2
j + g2

j

)
−
(
|dfj |2 + |dgj |2

)
= 4π2|τj |2 −

(
|dfj |2 + |dgj |2

)
.

Summing up, we obtain

|dφ|2 =
1
n

∑
1≤j≤n

(
|dfj |2 + |dgj |2

)
=

4π2

n

∑
1≤j≤n

|τj |2 =
4π2

n
c(Γ?).

This proves the claim.
Although the map φ is in general neither minimal nor conformal, it will maximize

the n-energy on its G(2n− 1)-orbit:

Second step. For every non-isometric γ ∈ G(2n − 1), we have En(γ ◦ φ) < En(φ).

Proof. The standard embedding φcl of the Clifford torus (Tn
cl = Rn/Zn, gcl =

gZn) is given by φcl(x) = 1√
n

(exp 2iπx1, ..., exp 2iπxn). This embedding is minimal
and homothetic. Hence, by Theorem 3.2, for any non-isometric γ ∈ G(2n − 1),
En(γ ◦ φcl) < En(φcl). The assertion of this step will then follow from the fact
that, for any γ ∈ G(2n− 1),

En(γ ◦ φ)/En(φ) = En(γ ◦ φcl)/En(φcl).
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Indeed, for any γ ∈ G(2n− 1),

En(γ ◦ φ) =
∫

TnΓ

|dγ|n ◦ φ|dφ|nνgΓ =
(

4π2

n
c(Γ?)

)n
2
∫

TnΓ

|dγ|n ◦ φνgΓ

=
En(φ)
V (gΓ)

∫
TnΓ

|dγ|n ◦ φνgΓ .

Likewise, as V (gcl) = 1, En(γ ◦ φcl) = En(φcl)
∫
Tncl
|dγ|n ◦ φclνgcl .

Let {a1, ..., an} be the basis of Γ defined by 〈aj , τk〉 = δjk (i.e. {aj}j≤n is the
dual basis of {τj}j≤n). The linear automorphism of Rn which sends the canonical
basis {ej}j≤n of Rn to the basis {aj}j≤n induces a diffeomorphism ρ between Tn

cl

and Tn
Γ. This ρ satisfies φ ◦ ρ = φcl so that we have (by the change of variables

rule)∫
TnΓ

|dγ|n ◦ φνgΓ = | det ρ|
∫

Tncl

|dγ|n ◦ φclνgcl = V (gΓ)
∫

Tncl

|dγ|n ◦ φclνgcl .

It follows that En(γ ◦ φ)/En(φ) = En(γ ◦ φcl)/En(φcl).

Third step. For any g ∈ C(gΓ), we have

λ1(g) ≤
(

1
V (g)

En(φ)
)2/n

=
4π2

n
c(Γ?).

Proof. Let g ∈ C(gΓ). By a standard argument (see [10]) there exists γ ∈ G(2n−1)
such that for any j ≤ 2n,

∫
TnΓ

(γ ◦ φ)jνg = 0. Using the min-max principle we get,
for any j ≤ 2n,

λ1(g)
∫

TnΓ

(γ ◦ φ)2
jνg ≤

∫
TnΓ

|d(γ ◦ φ)j |2νg.

Summing up and applying Hölder inequality and the previous steps we obtain

λ1(g)V (g) ≤
∑
i

∫
TnΓ

|d(γ ◦ φ)j |2νg ≤
(∫

TnΓ

|d(γ ◦ φ)|nνg

)2/n

V (g)1−2/n

= En(γ ◦ φ)2/nV (g)1−2/n ≤ En(φ)2/nV (g)1−2/n

=
4π2

n
c(Γ?)V (gΓ)2/nV (g)1−2/n =

4π2

n
c(Γ?)V (g).

This proves the desired inequality.

Fourth step (equality case). Let g ∈ C(gΓ). The equality λ1(g) = 4π2

n c(Γ?) holds if
and only if |τ1| = ... = |τn|2 = c(Γ?)/n and g = gΓ.

Proof. Suppose that |τ1| = ... = |τn|2 = c(Γ?)/n. Then it is easy to see that

λ1(gΓ) = inf{4π2|τ |2 , τ ∈ Γ? and τ 6= 0} =
4π2

n
c(Γ?).

Now, assume that the equality λ1(g) = 4π2

n c(Γ?) holds for a metric g = (exp 2α)gΓ ∈
C(gΓ). This implies that equality holds in the inequalities of the proof of the Third



1618 AHMAD EL SOUFI AND SAÏD ILIAS

step. In particular, En(γ ◦ φ) = En(φ) and then (Second step) γ is an isometry of
S2n−1 which can be chosen as the identity map. Moreover, for any j ≤ 2n, we have

λ1(g) =
∫

TnΓ

|dφj |2νg/
∫

TnΓ

φ2
jνg.

Then, for any j ≤ 2n,

∆gfj = λ1(g)fj and ∆ggj = λ1(g)gj .

Now, for any j ≤ 2n,

λ1(g)fj = ∆gfj = (e−2α) [∆gΓfj − (n− 2)〈∇α,∇fj〉]
and

λ1(g)gj = ∆ggj = (e−2α) [∆gΓgj − (n− 2)〈∇α,∇gj〉] .
Multiplying the first equality by fj and the second one by gj , we obtain after
summing:

λ1(g) = (e−2α)4π2|τj |2.
It follows that α is constant and, since V (g) = V (gΓ), g is equal to gΓ. Moreover,
|τ1|2 = ... = |τn|2 = c(Γ?)/n. �

References

[1] Bando, S., Urakawa, H.: Generic properties of the eigenvalue of Laplacian for compact Rie-
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