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ALMOST HERMITIAN STRUCTURES INDUCED FROM
A KÄHLER STRUCTURE WHICH HAS CONSTANT

HOLOMORPHIC SECTIONAL CURVATURE

TAKUJI SATO

(Communicated by Mohan Ramachandran)

Abstract. We obtain a non-Kähler almost Hermitian manifold of constant
holomorphic sectional curvature by changing the almost complex structure in
a Kähler manifold of constant holomorphic sectional curvature.

1. Introduction

Let M = (M,J, g) be an almost Hermitian manifold. The holomorphic sectional
curvature H = H(x) of M can be regarded as a differentiable function on the
unit tangent bundle U(M) of M . If the function H is constant along each fiber,
then M is called a space of pointwise constant holomorphic sectional curvature. In
particular, if H is constant on the whole of U(M), then M is called a space of
constant holomorphic sectional curvature.

It is well known that the complex projective space CPn and the open unit ball
D2n in Cn are equipped with the Kähler structure of constant holomorphic sectional
curvature (e.g. [4]). The 6-dimensional sphere S6 is known as the nearly Kähler
manifold of constant holomorphic sectional curvature (in fact, of constant sectional
curvature). For the examples of almost Hermitian manifolds with pointwise con-
stant holomorphic sectional curvature, we refer to A. Gray and L. Vanhecke [2],
P. Nurowski and M. Przanowski [3] and T. Sato [6], [7], [8].

However, it seems to the author that the non-Kähler examples of almost Hermit-
ian manifolds which have constant holomorphic sectional curvature are not known,
except for the one of constant sectional curvature. The purpose of the present paper
is to provide such examples. Namely, we show that there exist non-Kähler almost
Hermitian manifolds of constant holomorphic sectional curvature which are not of
constant curvature. Our examples are obtained on a coordinate neighborhood of
CPn or on D2n by changing the almost complex structure. In a similar way, we
can also obtain Einstein and ∗-Einstein Hermitian surfaces.

2. Preliminaries

Let M = (M,J, g) be an m(= 2n)-dimensional almost Hermitian manifold with
an almost Hermitian structure (J, g). We denote by N the Nijenhuis tensor of M
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defined by N(X,Y ) = [JX, JY ]− [X,Y ]− J [JX, Y ]− J [X, JY ] for X,Y ∈ X(M),
where X(M) is the Lie algebra of all smooth vector fields on M . The Nijenhuis
tensor N satisfies

N(JX, Y ) = N(X, JY ) = −JN(X,Y ), X, Y ∈ X(M).(2.1)

Further we denote by ∇, R, ρ, τ , ρ∗ and τ∗ the Riemannian connection, the Rie-
mannian curvature tensor, the Ricci tensor, the scalar curvature, the Ricci ∗-tensor
and the ∗-scalar curvature of M , respectively. The Ricci ∗-tensor ρ∗ and the ∗-scalar
curvature are defined by

ρ∗(x, y) = trace of [z 7→ R(x, Jz)Jy],

τ∗ = trace of ρ∗,

where x, y, z ∈ TpM, p ∈M .
An almost Hermitian manifold M is called a ∗-Einstein manifold if it satisfies

ρ∗ = λ∗g for some constant λ∗ on M .
Now, we define the tensor field G by

G(X,Y, Z,W ) = R(X,Y, Z,W )− R(X,Y, JZ, JW ).(2.2)

The tensor field G plays an important role in the study of almost Hermitian mani-
folds (cf. A. Gray [1], F. Tricerri–L. Vanhecke [9], T. Sato [5], etc.). For the Kähler
manifolds, it is obvious that G = 0. It is easy to see that the condition

G(X,Y, Z,W ) = G(Z,W,X, Y ), for X,Y, Z,W ∈ X(M),

is equivalent to the curvature J-invariant condition:

(2.3) R(JX, JY, JZ, JW ) = R(X,Y, Z,W ),

for X,Y, Z,W ∈ X(M). An almost Hermitian manifold M satisfying (2.3) is called
an RK-manifold.

By using the tensor G, we have obtained the following characterization of almost
Hermitian manifolds of pointwise constant holomorphic sectional curvature:

Proposition 2.1 ([5]). Let M be an RK-manifold of pointwise constant holo-
morphic sectional curvature c = c(p) (p ∈M). Then

R(x, y, z, w) =
c(p)

4
R0(x, y, z, w) + P (x, y, z, w),(2.4)

where

R0(x, y, z, w) = g(x,w)g(y, z)− g(x, z)g(y, w)

+ g(x, Jw)g(y, Jz)− g(x, Jz)g(y, Jw)− 2g(x, Jy)g(z, Jw),

P (x, y, z, w)

=
1
24
{10G(x, y, z, w) + 5G(x, z, y, w)− 5G(x,w, y, z)

+ 2G(x, Jy, z, Jw) +G(x, Jz, y, Jw)−G(x, Jw, y, Jz)}.

In an RK-manifold of constant holomorphic sectional curvature, from (2.4) we
have

ρ(x, y) + 3ρ∗(x, y) = (m+ 2)c(p)g(x, y),(2.5)

τ + 3τ∗ = m(m+ 2)c(p).(2.6)
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3. Examples of almost Hermitian manifold

with constant holomorphic sectional curvature

We first show the following

Theorem 3.1. Let (M,J0, g) be a Kähler manifold of constant holomorphic sec-
tional curvature c. If (J, g) is an almost Hermitian structure on M satisfying
JJ0 = −J0J , then (M,J, g) is an RK-manifold of constant holomorphic sectional
curvature c/4 and ρ∗ = 0.

Proof. It is well known that the curvature tensor of (M,J0, g) is given by

R(x, y, z, w) =
c

4
{g(x,w)g(y, z)− g(x, z)g(y, w) + g(x, J0w)g(y, J0z)(3.1)

− g(x, J0z)g(y, J0w)− 2g(x, J0y)g(z, J0w)},

for any x, y, z, w ∈ TpM ([4]). Since (J, g) is almost Hermitian and J is anti-
commuting with J0, it is easy to see that R(Jx, Jy, Jz, Jw) = R(x, y, z, w), hence
(M,J, g) is an RK-manifold.

By (3.1), we have

R(x,y, Jz, Jw)(3.2)

=
c

4
{g(x, Jw)g(y, Jz)− g(x, Jz)g(y, Jw) + g(x, J0Jw)g(y, J0Jz)

− g(x, J0Jz)g(y, J0Jw) + 2g(x, J0y)g(z, J0w)}

and

G(x,y, z, w) = R(x, y, z, w)−R(x, y, Jz, Jw)

(3.3)

=
c

4
{g(x,w)g(y, z)− g(x, z)g(y, w) + g(x, J0w)g(y, J0z)

− g(x, J0z)g(y, J0w) − g(x, Jw)g(y, Jz) + g(x, Jz)g(y, Jw)

− g(x, J0Jw)g(y, J0Jz) + g(x, J0Jz)g(y, J0Jw)− 4g(x, J0y)g(z, J0w)}.

From (3.3), we obtain

10G(x, y, z, w) + 5G(x, z, y, w)− 5G(x,w, y, z)(3.4)

+ 2G(x, Jy, z, Jw) +G(x, Jz, y, Jw)−G(x, Jw, y, Jz)

=
3c
2
{3g(x,w)g(y, z)− 3g(x, z)g(y, w) + 4g(x, J0w)g(y, J0z)

− 4g(x, J0z)g(y, J0w)− 8g(x, J0y)g(z, J0w)

− g(x, Jw)g(y, Jz) + g(x, Jz)g(y, Jw) + 2g(x, Jy)g(z, Jw)}.

This can be written as

P (x,y, z, w) = R(x, y, z, w)(3.5)

− c

16
{g(x,w)g(y, z)− g(x, z)g(y, w) + g(x, Jw)g(y, Jz)

− g(x, Jz)g(y, Jw)− 2g(x, Jy)g(z, Jw)}.

Therefore (M,J, g) is an RK-manifold of constant holomorphic sectional curvature
c/4 by virtue of Proposition 2.1.
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Next, we shall show that the Ricci ∗-tensor ρ∗ of (M,J, g) vanishes. Let {ei} be
an orthonormal basis of TpM . By definition and (3.1), we have

ρ∗(y, z) =
m∑
i=1

R(ei, y, Jz, Jei)(3.6)

=
c

4

m∑
i=1

{g(ei, Jei)g(y, Jz)− g(ei, Jz)g(y, Jei)

+ g(ei, J0Jei)g(y, J0Jz)− g(ei, J0Jz)g(y, J0Jei)

− 2g(ei, J0y)g(Jz, J0Jei)}

=
c

4

m∑
i=1

{g(ei, Jz)g(Jy, ei) + g(ei, J0Jz)g(J0Jy, ei)

+ 2g(ei, J0y)g(z, J0ei)}

=
c

4
{g(Jy, Jz) + g(J0Jy, J0Jz)− 2g(J0y, J0z)} = 0.

�
Now, we shall provide an example of an almost Hermitian manifold which has

constant holomorphic sectional curvature. Let M = R2n with the coordinate system
(x1, x2, · · · , x2n). We define a natural complex structure J0 by

J0

( ∂

∂x2i−1

)
=

∂

∂x2i
, J0

( ∂

∂x2i

)
= − ∂

∂x2i−1
,(3.7)

and a Riemannian metric g = (gij) by

gij =
4
cA2

(Aδij − xixj − xīxj̄),(3.8)

where c > 0, A = 1 +
∑2n

i=1 x
2
i and we denote x2i−1 = x2i, x2i = −x2i−1. The

metric of (3.8) is nothing but the real representation of the Fubini-Study metric on
a coordinate neighborhood of CPn. Therefore (R2n, J0, g) is a Kähler manifold of
constant holomorphic sectional curvature c (cf. [4]).

Let {e1, e2 = J0e1, · · · , e2n−1, e2n = J0e2n−1} be a unitary frame on M with
respect to (J0, g). If we adopt the notation e2i−1 = e2i, e2i = −e2i−1, then it can
be written as J0ei = eī. We define a new almost complex structure J by

Jei =
2n∑
k=1

J k
i ek,(3.9)

where the coefficients J k
i satisfy

2n∑
k=1

J k
i J

j
k = −δji ,(3.10)

2n∑
k=1

J k
i J

k
j = δij ,(3.11)

J k̄
i = J k

ī .(3.12)
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From (3.10) and (3.11), (J, g) is almost Hermitian and (3.12) implies that J anti-
commutes with J0. Indeed,

J0Jei = J0(
2n∑
k=1

J k
i ek) =

2n∑
k=1

J k
i J0ek =

2n∑
k=1

J k
i ek̄

= −
2n∑
k=1

J k̄
i ek = −

2n∑
k=1

J k
ī ek = −Jeī

= −JJ0ei.

For example, the matrices (J k
i ) are given by the following form: when n = 2,

(J k
i ) =

(
0 −A0

A0 0

)
,

where A0 =
(
a b
b −a

)
and a2 + b2 = 1, and when n = 3,

(J k
i ) =

 0 −A1 −A2

A1 0 −A3

A2 A3 0

 ,

where Ai =
(
ai bi
bi −ai

)
and a2

i + b2i = 1
2 (i = 1, 2, 3).

Thus we can conclude that (M,J, g) is an almost Hermitian manifold of constant
holomorphic sectional curvature c/4 (> 0) by virtue of Theorem 3.1.

Moreover, we have

ρ =
n+ 1

2
cg, τ = n(n+ 1)c (= m(m+ 2)

c

4
),

ρ∗ = 0, τ∗ = 0.

Since τ 6= τ∗, we see that (M,J, g) is non-Kähler.
Next, let D2n = {(x1, x2, · · · , x2n−1, x2n) ∈ R2n |

∑2n
i=1 x

2
i < 1} be the unit

ball in R2n, and let J0 be the natural complex structure. We define a Riemannian
metric g = (gij) on D2n by

gij = − 4
cA2

(Aδij + xixj + xīxj̄),(3.13)

where c < 0 and A = 1 −
∑2n

i=1 x
2
i . Then it is well known that (D2n, J0, g) is a

Kähler manifold of constant holomorphic sectional curvature c (cf. [4]). In the same
way as above, if we define a new almost complex structure J by (3.9) ∼ (3.12),
then (D2n, J, g) is a non-Kähler RK-manifold of constant holomorphic sectional
curvature c/4 (< 0) and ρ∗ vanishes. Consequently, we have the following

Theorem 3.2. (1) For any positive number c, R2n admits a non-Kähler almost
Hermitian structure (J, g) of constant holomorphic sectional curvature c/4, which
is Einstein and Ricci ∗-flat, but not constant curvature.

(2) For any negative number c, the open unit ball D2n in R2n admits a non-
Kähler almost Hermitian structure (J, g) of constant holomorphic sectional curva-
ture c/4, which is Einstein and Ricci ∗-flat, but not constant curvature.
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4. Examples of Einstein and ∗-Einstein Hermitian surfaces

In this section, we shall give an example of an Einstein and ∗-Einstein Hermitian
surface which is not Kählerian.

Let (R4, J0, g), (D4, J0, g) be the Kähler surfaces of constant holomorphic sec-
tional curvature in §3. We denote by M4 the manifold R4 or D4. We obtain a
unitary frame {ei} on (M4, J0, g) as follows:

e1 =
√
±cA

2
√
B

∂

∂x1
,(4.1)

e2 =
√
±cA

2
√
B

∂

∂x2
,

e3 =
√
±cA

2
√
B

{
±(x1x3 + x1̄x3̄)

∂

∂x1
± (x2x3 + x2̄x3̄)

∂

∂x2
+B

∂

∂x3

}
,

e4 =
√
±cA

2
√
B

{
±(x1x4 + x1̄x4̄)

∂

∂x1
± (x2x4 + x2̄x4̄)

∂

∂x2
+B

∂

∂x4

}
,

where A = 1 ±
∑4
i=1 x

2
i , B = 1±

∑4
i=3 x

2
i and the ± sign corresponds respectively

to the R4 and D4 cases.
By straightforward computations, we have

[e1, e2] = ±
√
±c√
B

(−x2e1 + x1e2),(4.2)

[e1, e3] = ±
√
±c

2
√
B

(−x4

√
Ae2 + x1e3),

[e1, e4] = ±
√
±c

2
√
B

(x3

√
Ae2 + x1e4),

[e2, e3] = ±
√
±c

2
√
B

(x4

√
Ae1 + x2e3),

[e2, e4] = ±
√
±c

2
√
B

(−x3

√
Ae1 + x2e4),

[e3, e4] = ±
√
±c√
B

(−x2e1 + x1e2 − x4

√
Ae3 + x3

√
Ae4).

Now, we define a new almost complex structure J on M4 by

Je1 = e2, Je2 = −e1, Je3 = −e4, Je4 = e3.(4.3)

Then it is obvious that (J, g) is almost Hermitian. Further we see that the Nijenhuis
tensor NJ of J vanishes. Indeed, by (4.2) and (4.3)

NJ(e1, e3) = [Je1, Je3]− [e1, e3]− J [Je1, e3]− J [e1, Je3]

= −[e2, e4]− [e1, e3]− J [e2, e3] + J [e1, e4] = 0.

It follows that NJ(ei, ej) = 0 for all i, j from (2.1).
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The curvature tensor of (M4, J, g) is given by (3.1) and g is an Einstein metric.
By considering that J0J = JJ0 and

∑4
i=1 g(ei, J0Jei) = 0, we have

ρ∗(y, z) =
4∑
i=1

R(ei, y, Jz, Jei)(4.4)

=
c

4

4∑
i=1

{g(ei, Jei)g(y, Jz)− g(ei, Jz)g(y, Jei)

+ g(ei, J0Jei)g(y, J0Jz)− g(ei, J0Jz)g(y, J0Jei)

− 2g(ei, J0y)g(Jz, J0Jei)}

=
c

4

4∑
i=1

{g(ei, Jz)g(Jy, ei)− g(ei, J0Jz)g(J0Jy, ei)

− 2g(ei, J0y)g(z, J0ei)}

=
c

4
{g(Jy, Jz)− g(J0Jy, J0Jz) + 2g(J0y, J0z)}

=
c

2
g(y, z).

Since

ρ =
3
2
cg, τ = 6c,

ρ∗ =
c

2
g, τ∗ = 2c,

(M4, J, g) is non-Kähler, Einstein and ∗-Einstein.
Summing up the above arguments, we obtain the following

Theorem 4.1. The Euclidean 4-space R4 and the open unit ball D4 admit a
non-Kähler Hermitian structure (J, g), which is Einstein and ∗-Einstein.
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