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LINEAR MAPS PRESERVING IDEALS OF C∗-ALGEBRAS
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(Communicated by Joseph A. Ball)

Abstract. We show that every unital linear bijection which preserves the
maximal left ideals from a semi-simple Banach algebra onto a C∗-algebra of
real rank zero is a Jordan isomorphism. Furthermore, every unital self-adjoint
linear bijection on a countably decomposable factor von Neumann algebra is
maximal left ideal preserving if and only if it is a *-automorphism.

1. Introduction

Roughly speaking, linear preserver problems concern the characterization of lin-
ear maps between operator algebras that leave certain properties of elements invari-
ant. Over the past decades much work has been done on linear preserver problems
on matrix algebras. Recently, interest in similar questions on operator algebras
over infinite dimensional spaces has also been growing. Particularly, the problem
of characterizing linear maps which preserve the ideals was also considered (see [5],
[7], [9]–[11], [13]).

Recall that a map Φ from a C∗-algebra A into another preserves the maximal
left ideals if Φ(J ) is a maximal left ideal whenever J is; Φ preserves the maximal
left ideals in both directions if Φ(J ) is a maximal left ideal if and only if J is; Φ
is self-adjoint if Φ(A∗) = Φ(A)∗ for every A ∈ A.

The following two results were obtained in [10]:

Theorem A ([10, Theorem 2.3]). Let A be a finite simple von Neumann algebra
acting on a separable Hilbert space H. If Φ : A → A is a unital self-adjoint linear
bijection that preserves the maximal left ideals in both directions, then there exists
a unitary operator U : H → H such that Φ(A) = UAU∗ for every A ∈ A.

Theorem B ([10, Theorem 2.5]). Let A be a unital abelian C∗-algebra and let
Φ : A → A be a linear bijection that maps the maximal ideals to maximal ideals.
Then there is an invertible element V ∈ A such that Φ(AB) = V Φ(A)Φ(B) for all
A , B ∈ A.

In this paper, we mainly discuss the linear maps on C∗-algebras that preserve
the maximal left ideals or maximal ideals in one direction or both directions, and
generalize the results in [10] stated above by a different approach. We show that
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every unital linear bijection which preserves the maximal left ideals from a semi-
simple Banach algebra onto a C∗-algebra of real rank zero is a Jordan isomorphism.
Furthermore, every unital self-adjoint linear bijection on a countably decomposable
factor von Neumann algebra is maximal left ideal preserving if and only if it is a
*-automorphism.

2. Main results and proofs

Let A and let B be unital Banach algebras and T ∈ A. We denote by σ(T ),
σl(T ), ∂σ(T ) and r(T ) the spectrum, the left spectrum, the boundary of spectrum
and the spectral radius of T , respectively; ησ(T ) stands for the polynomial convex
hull of σ(T ). A linear map Φ : A → B is left spectrum compressing (resp., spectrum
compressing) if σl(Φ(A)) ⊆ σl(A) (resp., σ(Φ(A)) ⊆ σ(A)) for every A ∈ A; Φ is
a Jordan homomorphism if the equation Φ(A2) = Φ(A)2 holds for all A ∈ A; Φ is
idempotent preserving if Φ maps idempotents into idempotents. The proof of the
first lemma can be found in [2].

Lemma 1. Let A be a unital complex semi-simple Banach algebra. Then an ele-
ment P ∈ A is an idempotent if and only if σ(P ) ⊆ {0, 1} and there are positive
numbers r and c such that σ(T ) ⊆ σ(P ) + c‖P − T ‖ whenever ‖P − T ‖ < r, where
the set σ(P ) + c‖P − T ‖ denotes the union of the circular disks centered at points
of σ(P ) with radius c‖P − T ‖.

The following lemma was proved in [4]. For the sake of completeness, we state
it and sketch its proof here.

Lemma 2. Let A and B be two semi-simple complex Banach algebras and let
Φ : A → B be a linear surjection. If Φ is left spectrum compressing (resp., spectrum
compressing), then Φ preserves idempotent elements.

Proof. Assume that Φ is left spectrum compressing; then Φ is spectral radius non-
increasing. By the assumption that B is semi-simple and Φ is surjective, we obtain,
by applying [1, Theorem 5.5.2], that Φ is continuous. Hence ker Φ is a closed lin-
ear subspace of A. Let π : A → A/ ker Φ be the quotient map. Thus Φ induces a
continuous, bijective linear map Φ̂ : A/ ker Φ→ B determined by Φ̂◦π = Φ. Conse-
quently, there are two positive constants α and β such that α‖π(T )‖ ≤ ‖Φ̂(π(T ))‖ =
‖Φ(T )‖ ≤ β‖π(T )‖ for all T , where ‖π(T )‖ = inf{‖T − A‖ | A ∈ ker Φ}. Let P
in A be any idempotent. Then σl(P ) ⊆ σ(P ) ⊆ {0, 1}. Obviously we may assume
Φ(P ) 6= 0. Then ∂σ(Φ(P )) ⊆ σl(Φ(P )) ⊆ {0, 1}, so σ(Φ(P )) ⊆ ησ(Φ(P )) ⊆ {0, 1}.
By Lemma 1, there are r, c > 0 such that σ(T + A) ⊆ {0, 1} + c‖P − T − A‖
whenever ‖P − T − A‖ < r. Suppose T is given so that ‖π(P − T )‖ < r. For any
sufficiently small ε > 0, there is an element A in ker Φ such that ‖P − T − A‖ <
‖π(P − T )‖+ ε < r. Thus we have, when ‖π(P − T )‖ < r,

σl(Φ(T )) ⊆ σl(T +A) ⊆ {0, 1}+ c‖π(P − T )‖+ cε.

Letting ε→ 0, we get

σl(Φ(T )) ⊆ {0, 1}+ c‖π(P − T )‖ ⊆ {0, 1}+
c

α
‖Φ(P )− Φ(T )‖.

It follows that
σ(Φ(T )) ⊆ {0, 1}+

c

α
‖Φ(P )− Φ(T )‖
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for ‖π(P − T )‖ < r. Again, since Φ̂ is an open surjection, there is an r1 > 0 such
that σ(B) ⊆ {0, 1} + c

α‖Φ(P ) − B‖, whenever ‖Φ(P ) − B‖ < r1. Therefore, by
Lemma 1 again, we have Φ(P )2 = Φ(P ), whence Φ preserves idempotents.

The argument above is still valid if Φ is spectrum compressing. The proof is
completed. �

Now, applying Lemma 2, we characterize the linear maps preserving the maximal
left ideals from semi-simple complex Banach algebras onto C∗-algebras of real rank
zero. Note that every C∗-algebra is semi-simple. To see this, assume that Z is in
the radical of a C∗-algebra; then so is ZZ∗. Hence ZZ∗ is a self-adjoint element
with spectrum {0}, consequently ZZ∗ = 0 and therefore Z = 0. Recall that a C∗-
algebra A is of real rank zero if the set of all real linear combinations of orthogonal
self-adjoint idempotents is dense in the set of all self-adjoint elements of A ([3]).
It is clear that every von Neumann algebra is a C∗-algebra of real rank zero. The
following theorem is one of the main results in this note.

Theorem 3. Let A be a unital semi-simple complex Banach algebra and B a unital
C∗-algebra of real rank zero. Suppose Φ : A → B is a unital linear bijection. If
Φ preserves the maximal left ideals, then Φ is a Jordan isomorphism. Furthermore,
if one of A and B is prime, then Φ is either an isomorphism or an anti-isomorphism.

Proof. Note that an element is not left invertible if and only if it belongs to some
maximal left ideal. Assume that Φ preserves the maximal left ideals. Since Φ is
bijective and unital, we see that Φ−1 is unital and preserves left invertibility. It now
follows that Φ−1 is left spectrum compressing, and hence idempotents preserving
by Lemma 2.

Pick a self-adjoint elementB in B which is a real linear combination of orthogonal
self-adjoint idempotents, i.e., B =

∑n
i=1 tiPi with ti ∈ R, P 2

i = Pi = P ∗i and PiPj =
0 if i 6= j. By Lemma 2, Φ−1 is continuous and maps mutually orthogonal self-
adjoint idempotents to mutually orthogonal idempotents. So Φ−1(B2) = Φ−1(B)2.
Now, since Φ−1 is continuous and B is a C∗-algebra of real rank zero, we see
that Φ−1(B2) = Φ−1(B)2 holds for all self-adjoint elements B in B. Replacing
B by C + D, where both C and D are self-adjoint, we get Φ−1(CD + DC) =
Φ−1(C)Φ−1(D)+Φ−1(D)Φ−1(C). Since every T ∈ B can be written in the form T =
C + iD with C and D being self-adjoint, the last relation implies that Φ−1(T 2) =
Φ−1(T )2. Hence Φ−1, as well as Φ, is a Jordan isomorphism.

The last assertion of the theorem is obvious because it is well known (for example,
see [6, pp. 47-51]) that every ring Jordan homomorphism from a ring onto a prime
ring is either a ring homomorphism or a ring anti-homomorphism. This completes
the proof. �

Remark 4. If we replace the assumption Φ(I) = I by Φ(I) = D with D being
invertible in Theorem 3, and let LD denote the map defined by LDT = DT , then
a small modification of the proof of Theorem 3 yields that Φ has the form Φ =
Ψ ◦ LD−1 , where Ψ is a Jordan isomorphism.

When Φ is a linear surjection preserving the maximal left ideals in both direc-
tions, we have

Corollary 5. Let A be a unital C∗-algebra of real rank zero and B a unital semi-
simple complex Banach algebra. Suppose Φ : A → B is a linear surjection and Φ(I)



3444 JIANLIAN CUI AND JINCHUAN HOU

is invertible. If Φ preserves the maximal left ideals in both directions, then Φ is a
Jordan isomorphism multiplied from the left side by an invertible element.

Proof. Define Ψ(T ) = Φ(I)−1Φ(T ) for all T ∈ A. Then Ψ(I) = I and Ψ preserves
the maximal left ideals in both directions. We claim that Ψ is injective. Let T ∈ A
and Ψ(T ) = 0. Note that Ψ preserves the left spectrum, so, for an arbitrary
quasi-nilpotent A ∈ A, σl(T + A) = σl(Ψ(T + A)) = σl(Ψ(A)) = σl(A) = {0},
hence r(T + A) = 0. It follows from [1] that T ∈ rad(A), where rad(A) denotes
the Jacobson radical of A. This implies that T = 0 since A is semi-simple. Now by
Theorem 3, Ψ is a Jordan isomorphism and therefore Φ = LΦ(I) ◦ Ψ is a Jordan
isomorphism multiplied from the left side by an invertible element. �

Let A be a von Neumann algebra and P ∈ A be a projection. Recall that P is
said to be countably decomposable relative to A when each orthogonal family of
non-zero subprojections of P in A is countable. If identity element I is countable
decomposable relative to A , we say that A is countable decomposable; A is a factor
if its center consists of the multiple of the identity element.

Now we discuss the case that the algebras are countably decomposable factor
von Neumann algebras. Notice that every simple von Neumann algebra is a factor
and every finite factor is countably decomposable. The following theorem partic-
ularly generalizes Theorem A by omitting the assumption “simplicity”, “in both
directions” and “separability”.

Theorem 6. Let A be a countably decomposable factor von Neumann algebra act-
ing on a Hilbert space H . Suppose Φ : A → A is a unital self-adjoint linear bijec-
tion. Then Φ preserves the maximal left ideals if and only if Φ is a *-automorphism
of A. Furthermore, if A is finite or type III or semi-finite with its commutant
A′ properly infinite, then there exists a unitary operator U ∈ B(H) such that
Φ(A) = UAU∗ for every A ∈ A.

Proof. We only need to prove the necessity. By Theorem 3, Φ is a *-Jordan isomor-
phism of A. Since A is a factor, it follows from [14, Theorem 3.3] that Φ is either a
*-automorphism or a *-anti-automorphism. Next we show that the last case never
occurs.

Assume, on the contrary, that Φ is an anti-automorphism and let J be a maximal
left ideal of A. Then Φ(J ) is a maximal left ideal. Taking any D ∈ J and A ∈ A,
since Φ(D)Φ(A) = Φ(AD) ∈ Φ(J ) and Φ is surjective, Φ(J ) is also a right ideal.
Thus Φ(J ) is a maximal (two-sided) ideal for each maximal left ideal J of A. This
is impossible if A is a finite factor or a type III factor, since in these cases A is
simple [8, p. 442]. If A is of type I∞ or II∞, then A has a unique proper norm-
closed ideal, i.e., the norm closure K of the ideal of operators with finite range
projection [8, p. 443]. This means that, for every maximal left ideal J in A, one
has Φ(J ) = K. It follows from the injectivity of Φ that K is also the only maximal
left ideal in A. However, it is easy to find a left ideal which contains an element
not belonging to K (for example, one can get examples from the unilateral shift).
This completes the proof of the first assertion in the theorem.

As to the second assertion, note that every *-automorphism of a finite or type
III or semi-finite with its commutant properly infinite factor von Neumann algebra
is spacial [12, Propositions 2.9.24, 2.9.25, 2.9.26, pp.118-119]. So there exists a
unitary operator U ∈ B(H) such that Φ(A) = UAU∗ for every A ∈ A. �
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Corollary 7. Let A be a countably decomposable factor von Neumann algebra
acting on a Hilbert space H . Suppose Φ : A → A is a self-adjoint linear surjection
and Φ(I) is invertible. If Φ preserves the maximal left ideals in both directions,
then Φ is a *-automorphism of A multiplied from the left side by Φ(I).

We say a subset J ⊂ A is a maximal semi-ideal if it is either a maximal left ideal
or a maximal right ideal. In the sequel we discuss the linear maps which preserve
the maximal semi-ideals.

Theorem 8. Let A be a unital semi-simple complex Banach algebra and B a unital
C∗-algebra of real rank zero. Suppose Φ : A → B is a linear bijection. If Φ preserves
the maximal semi-ideals, then there exists a Jordan isomorphism Ψ and an invert-
ible element D such that Φ = Ψ ◦ LD.

Proof. Since an element fails to have an inverse if and only if it is included in a
maximal semi-ideal, and since Φ is bijective, Φ−1 must preserve the invertibility of
elements. Thus Φ−1(I) is invertible in A. Hence there is an invertible element D
such that Φ−1(I) = D−1. Let ϕ = LD◦ Φ−1; then ϕ : B → A is a unital linear
bijection compressing the spectrum. It follows from Lemma 2 and the proof of
Theorem 3 that ϕ is a Jordan isomorphism and Φ−1 = LD−1 ◦ ϕ. Now it is clear
that Φ = Ψ ◦ LD with Ψ = ϕ−1 being a Jordan isomorphism. �

To characterize the linear bijections preserving the maximal ideals between com-
mutative Banach algebras, the following lemma is needed, of which the proof can
be found in [5] and [9].

Lemma 9. Let A and B be two commutative Banach algebras containing unit ele-
ments, and suppose that B is semi-simple. If Φ : A → B is a linear map compressing
the spectrum, then Φ is a homomorphism.

The following result is a generalization of Theorem B.

Corollary 10. Let A and B be two unital commutative Banach algebras, and sup-
pose that A is semi-simple. If Φ : A → B is a linear bijection preserving the
maximal ideals, then Φ is an isomorphism multiplied by an invertible element.

Proof. Since A and B are commutative and Φ is bijective, Φ preserves the maximal
ideals if and only if Φ−1 preserves the invertibility. Let ϕ = LD−1 ◦ Φ−1, where
D = Φ−1(I); then ϕ(I) = I and ϕ : B → A preserves the invertibility. So ϕ
compresses the spectrum, hence ϕ is an isomorphism by Lemma 9. Let Ψ = ϕ−1;
it is clear that Ψ is also an isomorphism. Denote the invertible element Ψ(D−1)
by E; we get Φ(A) = Ψ ◦LD−1(A) = Ψ(D−1A) = EΨ(A) for every A ∈ A, that is,
Φ = LE ◦Ψ. �
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