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Abstract. The notion of stability of the highest local cohomology module
with respect to the Frobenius functor originates in the work of R. Hartshorne
and R. Speiser. R. Fedder and K.-i. Watanabe examined this concept for
isolated singularities by relating it to F -rationality. The purpose of this note
is to study what happens in the case of non-isolated singularities and to show

how this stability concept encapsulates a few of the subtleties of tight closure
theory. Our study can be seen as a generalization of the work by Fedder and
Watanabe. We introduce two new ring invariants, the F -stability number and
the set of F -stable primes. We associate to every ideal I generated by a system
of parameters and x ∈ I∗ − I an ideal of multipliers denoted I(x) and obtain
a family of ideals ZI,R. The set Max(ZI,R) is independent of I and consists
of finitely many prime ideals. It also equals Max{P |P prime ideal such that
RP is F -stable}. The maximal height of such primes defines the F -stability
number.

1. The F -stability number

We will start by introducing the notations and terminology that will be used in
the paper.

All the rings will be of positive characteristic p > 0 and everywhere in these
notes q denotes a power of the characteristic. By a quasi-local ring (R,m,K) we
mean a ring with only one maximal ideal m, such that R/m = K. For a Noetherian
ring R, R0 denotes the complement of the union of all the minimal primes of R. A
local ring is a Noetherian quasi-local ring. For an ideal I, the ideal generated by
the qth powers of its elements will be denoted by I [q]. An element x ∈ R belongs to
the tight closure of I, I∗, if there is c ∈ R0 such that cxq ∈ I [q], for all sufficiently
large q = pe. Similarly, x ∈ R belongs to the Frobenius closure of I, IF , if xq ∈ I [q],
for all sufficiently large q = pe. By a parameter test element for R we mean an
element c ∈ R0 such that for every parameter ideal I and every x ∈ I∗, cxq ∈ I [q],
for all q = pe. The ideal generated by the set of parameter test elements will be
called the parameter test ideal and will be denoted by τp(R).

A Noetherian ring of characteristic p is called F-rational if every parameter ideal
I is tightly closed, that is, I∗ = I. A Noetherian ring R is F-pure if the homomor-
phism R −→ R(1) is pure, i.e. M −→ R(1) ⊗R M is injective for every R-module
M (here, R(1) is regarded as an R-algebra via the Frobenius homomorphism). This
implies that every ideal I is Frobenius closed, i.e. I = IF . A Noetherian ring R
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is F-injective if the Frobenius map induces an injective map of local cohomology
of modules Hi

m(R) −→ Hi
m(R(1)), for every 0 ≤ i ≤ dim(R). For Cohen-Macaulay

rings this is equivalent to all the parameter ideals being Frobenius closed.
Throughout this note (R,m,K) will be a local, reduced, Cohen-Macaulay ring

of characteristic p and Krull dimension d.

Definition 1.1. Consider x1, ..., xd a system of parameters for R, and write I =
(x1, ..., xd) for the ideal generated by them. For every x /∈ I, we can define the ideal
I(x) := {c ∈ R|cxq ∈ I [q], where q = pe, for all e� 0}.

Remark 1.2. In tight closure terms, the ideal I(x) consists of the elements c that
work in a tight closure test for x and I. The definition of I(x) also makes sense
for x ∈ I. However, this case is not interesting and we exclude it for expository
reasons.

A similar concept has been studied by K. E. Smith in [7], where she has con-
sidered the ideals generated by test elements that work for one fixed ideal I, inde-
pendent of the choice of x ∈ I∗. More precisely, she has defined the test ideal for I
as τ(I) =

⋂
q�0(I [q] :R (I∗)[q]) where the intersection over q � 0 is interpreted as

follows. For any family of ideals {Iq}q=pe>0, one can define another family of ideals
{
⋂
q≥t Iq} that gives an increasing chain of ideals. Since R is Noetherian, the chain

stabilizes and this stable ideal is denoted by
⋂
q�0 Iq (see [7]). It can be checked

that, whenever I 6= I∗, τ(I) =
⋂
x∈I∗\I I(x).

It is easy to see that I(x) = R if and only if x ∈ IF \ I. Also for x /∈ I, x ∈ I∗
if and only if I(x) ∩ Ro 6= ∅. Therefore, x /∈ I∗ if and only if there is p ∈ Min(R)
such that I(x) ⊆ p if and only if ht(I(x)) = 0. This says that the ideals I(x) are
interesting only if x belongs to I∗ and not to IF .

Now we can define the F -stability number of R with respect to I.

Definition 1.3. Define the F -stability number of R with respect to I as

max{ht(I(x))|x /∈ I}
and denote this number by fsI(R).

The definition suggests that this number depends upon the choice of the ideal I.
In fact, the following lemma shows that fsI(R) is independent of the choice of I.

Lemma 1.4 (see [2]). Let (R,m) be as above (i.e., local, reduced and Cohen-
Macaulay). Also, let (x1, ..., xd) be a system of parameters for (R,m) and let f ∈ R
such that η is the image of f ∈ R/(x1, ..., xd) in Hd

m(R). Then, for fixed N > 0
and Q = pN , ⋂

e>N

(0 :R F e(η)) =
⋂
q>Q

(I [q] : f q).

Here, I = (x1, ..., xd).

Proposition 1.5. The F -stability number is independent of the choice of the system
of parameters.

Proof. Let I and J be two ideals generated by full systems of parameters and write
Hd
m(R) = lim−→R/I [q] = lim−→R/J [q].
Choose x /∈ I such that fs(R) = ht I(x). According to the previous lemma,

I(x) =
⋂
e�0(0 :R F e(η)) where η is the image in Hd

m(R) of the class of x in
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R/I. In fact, a non-zero multiple of η, say γ, belongs to the socle of Hd
m(R).

Clearly,
⋂
e�0(0 :R F e(η)) ⊂

⋂
e�0(0 :R F e(γ)). Moreover, one can find an element

y ∈ R/J that maps to γ in Hd
m(R). This is true because, for every s.o.p. y1, ..., yd

that generates J , the injective map R/(yt1, ..., ytd) → R/(yt+1
1 , ..., yt+1

d ) induces an
isomorphism between the corresponding socles (as it has been remarked in [2], page
235, the point is that these socles are R/m-vector spaces of the same dimension).

In conclusion, applying Lemma 1.4 again, we get that I(x) ⊂ J(y) and y /∈ J ,
so fsI(R) ≤ fsJ(R).

By reversing the roles of I and J , we have proved that fsI(R) = fsJ(R), and the
statement of the proposition follows. �

From now on we denote the F -stability number of R by fs(R).

Remark 1.6. It is easy to see that R is F -rational if and only if fs(R) = 0. R is
F -injective if and only if fs(R) is finite.

In what follows we will relate this new invariant to the work of R. Fedder and
K.-i. Watanabe ([2]).

Theorem 1.7 (Hochster-Huneke). Let f ∈ Ro be such that Rf is regular. Assume
that R is F -finite or essentially of finite type over an excellent local ring. Then
there exists d ≥ 0 such that for any ideal I and any x ∈ I∗, fd ∈ I(x).

Corollary 1.8. Let (R,m,K) be a local ring that is F -finite or essentially of finite
type over an excellent local ring. Assume also that R has an isolated singularity.
Then fs(R) ∈ {0, dim(R),∞}.
Proof. Suppose fs(R) 6= 0, and fs(R) 6= ∞. So, R is not F -rational and R is F -
injective. Choose x ∈ I∗ \ I such that fs(R) = ht(I(x)). According to the above
theorem, for every f ∈ m ∩ Ro there is some d such that fd ∈ I(x). Therefore, f
belongs to all minimal primes over I(x). Since R is equidimensional, it follows that
ht(m) = ht(I(x)) and we are done. �
Proposition 1.9. Let x ∈ R be a non-zerodivisor. Then fs(R) ≤ fs(R/xR) + 1,
unless fs(R/xR) = 0, when it follows that fs(R) = 0.

Proof. Extend x to a system of parameters in R, say x, x2, ..., xd, and choose z ∈ R,
not in I, such that ht(I(z)) = fs(R). For every c ∈ I(z) we have that czq ∈
(x, x2, ..., xd)[q]R, for q � 0. Assume that c 6= 0 and write c = dxt, where d is not
in xR. It is easy to see that dzq ∈ (x2, ..., xd)[q]R, mod xR (here we use that R is
Cohen-Macaulay and so x, x2, ..., xd form a regular sequence).

If z ∈ (x2, ..., xd) in R/xR, then z ∈ I, which is impossible. So, d ∈ I(z) in
R/xR. Denote by J the preimage of I(z) back in R. Hence, d ∈ J \ xR, and
c ∈ J . This shows that fs(R) = ht(I(z)) ≤ ht(J) = fs(R/xR) + 1 and establishes
the inequality that we wanted to prove. In the special case fs(R/xR) = 0, we have
that R/xR is F-rational, local, and hence a domain. But ht(J/xR) = 0 and so
J = xR, which is a contradiction (d ∈ J \ xR). Hence, in this case, I(z) contains
only the zero element, and 0 = ht(I(z)) = fs(R). �

Proposition 1.10. Let R be a reduced ring. Let I ⊆ R be an ideal such that I [q]

is contracted with respect to the Frobenius map for every q. Then, for any x in the
tight closure of I, I(x) is a radical ideal. In particular, if R is F-injective, then the
ideal I(x) is radical for every x /∈ I.



3382 FLORIAN ENESCU

Proof. For a proof see Proposition 2.5, [2]. �

Let us briefly recall the notion of F -unstability introduced by Fedder and Watan-
abe.

Definition 1.11. Suppose R has dimension d and let S denote the socle of Hd
m(R).

F e(S) will simply denote the set {spe : s ∈ S}. We say that R is F -stable if
S ∩ F e(S) 6= 0 for infinitely many e. Let us say that R is F -unstable if it is not
F -stable.

Proposition 1.12 (Fedder-Watanabe). Let R be an F-injective ring. Then R is
F-stable if and only if there exists 0 6= η ∈ S such that F e(η) ∈ S for every e ≥ 0.

Corollary 1.13. Let R be an F-injective ring. Then R is F-stable if and only if
fs(R) = dim(R).

Proof. Indeed, R is F -stable if and only if there exists 0 6= η ∈ S such that F e(η) ∈
S for every e � 0. Therefore, by Lemma 1.4 R is F -stable if and only if there
exists some x /∈ I such that I(x) = m. Since R is F -injective, the last assertion
is equivalent to saying that I(x) is a radical ideal of height equal to dim(R), i.e.
fs(R) = dim(R). �

Now the following theorem of Fedder and Watanabe is a natural consequence of
the work done so far.

Theorem 1.14. Let R be a Cohen-Macaulay ring which is F-finite and has an
isolated singularity. R is F-rational if and only if R is F-injective and F-unstable.

Proof. Once we know that R is an F -finite ring with an isolated singularity, we
conclude from Corollary 1.8 that fs(R) ∈ {0, dim(R),∞}. Now the above corollary
together with Remark 1.6 ends the proof. �
Remark 1.15. The introduction of the F -stability number puts in perspective the
previous result. For F -injective rings that have non-isolated singularities, F -ration-
ality (0 = fs(R)) is not necessarily equivalent to F -unstability anymore (fs(R)
< dim(R)).

2. F -stable primes

Let us continue by discussing an interesting property of the set of ideals that
defines the F -stability number of R. Fix an ideal I of R that is generated by a
system of parameters. Denote by ZI,R the set of ideals I(x) where x /∈ I. It follows
from Proposition 1.10 that ZI,R contains only radical ideals when R is F -injective.

Theorem 2.1. If R is F-injective and Cohen-Macaulay, then Max(ZI,R) is inde-
pendent of the choice of I, finite and contains only prime ideals.

Proof. We will show first that any ideal in ZI,R maximal with respect to inclusion
is a prime ideal. Let us consider such an ideal P = I(x) =

⋂
q=pe�0(I [q] : xq),

where x /∈ I. In fact, when R is F -injective, we can show that

P = I(x) =
⋂

q=pe≥1

(I [q] : xq).

Indeed, if not, then we can consider an element c in P and q0 ≥ p minimal with
the property that cxq0 ∈ I [q0]. But this implies that cpxq0 ∈ I [q0]. R is F -injective,
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so we can take pth roots and get cxq0/p ∈ I [q0/p]. This contradicts the minimality
of q0.

Now, let us show that P is a prime ideal. Let a, b ∈ R such that ab ∈ P and
suppose that a /∈ P . Let us assume that b is not in P either. We will reach a
contradiction. If b /∈ P , then there is q such that bxq /∈ I [q]. It is easy to see that a
belongs to I(bx). If this ideal is proper, because I(x) ⊂ I(bx) it must equal I(x),
and then a ∈ P , which is false. Hence, I(bx) = R and this means that bx ∈ I.
Fix q and denote the ideal I [q] by J . This is also a parameter ideal. It may be
easily seen that a ∈ J(bxq). Now, I(x) ⊂ J(bxq) and again either I(x) = J(bxq) or
J(bxq) = R (here, we use the fact that the definition of Max(ZI,R) is independent
of the choice of the parameter ideal, and this follows from Lemma 1.4). In the first
case, we get that a ∈ P , which is false. In the second case, we get bxq ∈ I [q], which
is a contradiction.

We will now show that Max(ZI,R) is finite. Denote by I(xm), where m ∈ Λ is
the set of maximal ideals of Z. Here, Λ is a set of indices that will be shown to
be finite. Consider the ideal generated by all the xm’s. Since R is Noetherian, this
ideal is finitely generated, let us say by x1, ..., xk. Now, take P = I(x) a maximal
ideal of ZI,R. Then, x = a1x1 + ... + anxn, so

⋂
i=1,...,k I(xi) ⊂ I(x). But I(x) is

prime, so there is 1 ≤ h ≤ k such that I(xh) ⊂ I(x). And since all these ideals are
maximal in ZI,R, we get equality. Therefore, every ideal of Max(ZI,R) is one of the
ideals I(xi), where i = 1, ..., k and we are done. �
Remark 2.2. We will call these ideals F -stable primes and denote this set by FS(R)
(see Corollary 2.8 for a motivation for this definition).

We have noted earlier that the parameter test ideal of R, τp(R), is contained
in I(x), for every x ∈ I∗. Therefore ht(τp(R)) ≤ fs(R). In general, one does not
have equality. This can be seen by considering the following example (suggested by
Karen E. Smith):

Example 2.3. Consider (R,m,K) and (S, n,K) two local Gorenstein K-algebras,
where K is a field of characteristic p. Let A = (R⊗K S)m⊗S+R⊗n and assume that
fs(R) 6= fs(S). Then fs(A) 6= ht(τp(A).

Proof. Let x1, ..., xh be part of a full system of parameters in A and denote by
J the ideal they generate. For x ∈ J∗ \ J , one can extend Definition 1.1 and
set J(x) := {c ∈ A|cxq ∈ J [q], where q = pe, for all e � 0}. If x1, ..., xh, ..., xd
form a full system of parameters for A, let Jt = (x1, ..., xh, x

t
h+1, ..., x

t
d) for every

t > 0. Then x ∈ J∗t \ Jt for some t > 0. So, J(x) ⊂ Jt(x). (These considerations
apply in fact to any local reduced Cohen-Macaulay ring A of characteristic p > 0.)
Now, if fs(A) = ht(τp(A), then for every ideal J generated by a part of a system
of parameters one has that ht(J(x)) = fs(A), for every x ∈ J∗ \ J . This holds
because on one hand τp(A) ⊂ J(x), and on the other hand J(x) ⊂ P , where P is
some prime ideal belonging to FS(A). Thus, to prove our assertion it is enough to
find two ideals generated by parts of systems of parameters, say J ′ and J ′′, and
two elements x′, x′′ such that the heights of J ′(x′) and J ′′(x′′) are different. To
construct these two ideals, one needs to consider an ideal I ′ in R generated by a
system of parameters for R and x′ ∈ R such that fs(R) = ht(I ′(x′)), and similarly
an ideal I ′′ in S generated by a system of parameters for S and x′′ ∈ R such that
fs(S) = ht(I ′′(x′′)). Now, take the images of these ideals in A and denote them
by J ′ and J ′′, respectively. These ideals are generated by parts of a system of
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parameters for A. Clearly, I ′(x′)A = J ′(x′) and I ′′(x′′)A = J ′′(x′′) and the heights
of J ′(x′) and J ′′(x′′) are different being equal to fs(R) and fs(S), respectively. �

In what follows we will give a characterization of the set FS(R) in terms of the
prime ideals of R having the property that RP is an F -stable ring. Before doing
this, we need to recall briefly the concept of “co-localization” to the reader. We will
assume that the ring R is complete and this implies that R admits a canonical mod-
ule ωR. The “co-localization” functor with respect to the prime ideal P associates,
to each submodule of Hd

m(R), a submodule of Hk
P (RP ), where k = ht(P ). This

functor “(−)∨
∨P
m ” is a double Matlis dual. The symbol “(−)∨m” denotes the dual

HomR(−, E(R/m)), where E(R/m) is the injective hull of R/m, whereas “(−)∨P ”
denotes the dual HomR(−, E(R/P )), where E(R/P ) is the injective hull of the
R-module R/P . If P is omitted, then it is assumed to be m.

Let us remind the reader of a few properties of this functor, proven by Karen E.
Smith (see Lemma 2.1, [6]).

Proposition 2.4. Let (R,m) be a Cohen-Macaulay complete local ring. Let N be
a submodule of Hd

m(R), where d is the dimension of R, and let W be any submodule
of ωR.

i) N∨ w ωR
AnnωR N

,

ii) If M ⊂ N , then (NM )∨ w AnnωR M

AnnωR N
,

iii) W = AnnωR N if and only if AnnHdm(R)W = N ,
iv) If W = AnnωR N , then

N∨
∨P = AnnHkP (RP )(W ⊗RP ),

where k is the height of P .

There is another result which is very useful (Lemma 5.1, [6]). Before stating it,
we recall that a submodule M of the highest local cohomology module of a ring is
called F -stable if it is stable under the Frobenius action naturally induced on the
local cohomology.

Proposition 2.5. Let (R,m) be a Cohen-Macaulay complete local ring. If N ⊂
Hd
m(R) is F-stable, then N∨

∨P is also F-stable.

Before we state the following result, we would like to introduce a notation. We
denote by F-ann(η) the set of elements c ∈ R such that cF e(η) = 0 for every e.

Proposition 2.6. Let R be an F -injective Cohen-Macaulay complete local ring.
Let I be an ideal generated by a system of parameters. Let P be a prime ideal in
ZI,R. Then RP is F-stable.

Proof. Write P = I(x) and take η = im(x) ∈ Hd
m(R) under the map R/I −→

Hd
m(R) = lim−→R/(xt1, ..., xtn). Then F-ann(η) equals the prime P .
Let us denote by N the R-submodule of Hd

m(R) generated by all the elements
F e(η), e ≥ 0. Obviously, N is F -stable which implies that N∨∨P is also F -stable.
Its annihilator in RP equals Ann(N)RP = F-ann(η)RP = PRP . Hence, there
exists γ 6= 0 ∈ N∨∨P . Now consider the Nγ = F -stable submodule of Hk

PRP
(RP )

generated by all the elements F e(γ), where k = ht(P ). Its annihilator in RP
contains the annihilator of N∨∨P , and this is equal to PRP . Therefore Ann(Nγ) =
PRP and shows that fs(RP ) = ht(P ), so RP is F -stable by Corollary 1.13. �
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Proposition 2.7. Let R be an F -injective Cohen-Macaulay complete local ring. Let
P be a prime ideal such that it is maximal with the property that RP is F -stable.
Then P ∈ FS(R).

Proof. Since RP is F -stable we can find an element u ∈ RP and x1, ..., xk parame-
ters contained in P such that PRP = (x1, ..., xk)(u). Here, k = ht(P ) and we can
assume that u ∈ R. Also, u1 /∈ (x1, ..., xk)RP . Then

Puq ∈ (xq1, ..., x
q
k)

for every q ≥ 0.
Choose xk+1, ..., xn in R such that x1, ..., xn form a regular sequence in R.
In fact, because

c(u/1)q ∈ (xq1, ..., x
q
k)RP

we get that there exists sc(q) ∈ R− P such that

csc(q)uq ∈ (xq1, ..., x
q
k)R.

But this means that

cuq ∈
⋃
w/∈P

(x1, ..., xk)[q] : w = (x1, ..., xk)[q] : s(k+1)q

for some s /∈ P , where the last equality is a result by Hochster and Huneke, Lemma
4.6 in [4]. So, cuqs(k+1)q ∈ (x1, ..., xk)[q] and this gives that c ∈ (x1, ..., xk)(usk+1).

In conclusion, c ∈ (x1, ..., xk, x
h
k+1, ..., x

h
n)(usk+1) for every h. So, P ⊂ I(v), for

some v, hence there is Q ∈ Max(Z) such that P ⊂ Q. But RQ is F -stable, therefore
P = Q. �

Putting these two propositions together we have:

Corollary 2.8. For an F -injective Cohen-Macaulay complete local ring R, FS(R) =
Max{P ∈ Spec(R) : RP is F -stable}.

In general, it can be hard to compute the set of F -stable primes. But, in the
Gorenstein case, the situation is simpler.

Observation 2.9. Let (R,m,K) be an F -injective ring and not F -rational. Every
F -stable prime P is of the form P = I(u), where I is generated by a system of
parameters and u belongs to the socle of R/I. In particular, if R is F -injective and
Gorenstein, then FS(R) consists of a single prime ideal P . In this case, P = I(u),
where I is as above and u is the socle generator of R/I.

Proof. Every element x in I∗ has a non-zero multiple u in Soc(R/I). That implies
that I(x) ⊂ I(u) and finishes the first part of the proof. It gives the second part
also, as in the Gorenstein case the socle of R/I is one-dimensional over K. �

Example 2.10. 1. A local F -rational ring R has fs(R) = 0.
2. If (R,m,K) is an F -injective isolated singularity which is not F -rational, then

fs(R) = dim(R). In this case, FS(R) = {m}.
3. If (R,m,K) is F -injective Gorenstein, then FS(R) has only one element which

equals m if and only if R is F -stable.
4. For non-isolated singularities the situation is much more complex and even

the hypersurface case is interesting. In fact, our invariants could provide natural
means of investigation of the Frobenius structure of these rings.
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Let K be a field of characteristic p, where p ≡ 1 (mod 3). Let

R = K[[x, y, z, t]]/(x3 + y3 + z3).

This is an F -injective ring with a non-isolated singularity. We have that dim(R) =
3, FS(R) = {(x, y, z)} and fs(R) = 2. Therefore, this is an F -unstable non-isolated
hypersurface singularity.

Now, let K be a perfect field of characteristic 2. Let

R = K[[x, y, z]]/(xyz + y3 + z3).

This is a non-isolated singularity. It can be checked that FS(R) = {(x, y, z)} and
fs(R) = 2. Hence, R is an F -stable non-isolated hypersurface singularity.

Each of the ideals I(x), x ∈ I∗ − I, contains the parameter test ideal, τp(R).
Our study considers the maximal ideals with respect to the inclusion that have
this form. If one is interested in computing the test parameter ideal or even its
height, the set of ideals of the form I(x) that are minimal with respect to the
inclusion can be useful. More precisely, there are a couple of questions that can be
asked for F -injective rings: Is there any parameter ideal I and x ∈ I∗ such that
τp(R) = I(x)? And if not, is there such an ideal I that has the height equal to
ht(τp(R))? A positive answer to any of these questions would shed even more light
on the structure of F -injective rings.

Remark 2.11. Some of the ideas mentioned in this note could be applied to the
study of R-modules M that admit an injective Frobenius action, i.e. an injective
additive map F : M → M such that F (rm) = rpF (m), for all r ∈ R and m ∈ M .
As in the case of the highest local cohomology module, one can define F-ann(m)
for every 0 6= m ∈M and look at the prime ideals of R of this form with the aim of
developing a primary decomposition theory. This point of view is examined in [1].
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