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POSITIVE SCALAR CURVATURE
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(Communicated by Richard A. Wentworth)

Abstract. We show that the minimal hypersurface method of Schoen and
Yau can be used for the “quantitative” study of positive scalar curvature.
More precisely, we show that if a manifold admits a metric g with sg ≥ |T | or
sg ≥ |W |, where sg is the scalar curvature of g, T any 2-tensor on M and W the
Weyl tensor of g, then any closed orientable stable minimal (totally geodesic
in the second case) hypersurface also admits a metric with the corresponding
positivity of scalar curvature. A corollary pertaining to the topology of such
hypersurfaces is proved in a special situation.

1. Introduction

In the study of the topology and geometry of Riemannian manifolds with posi-
tive scalar curvature, two approaches have played a fundamental role. The first one
was initiated by Lichnerowicz in 1961 [6] and is based on the Bochner-Weitzenbock
formula for the Dirac operator acting on spinors. This method was greatly devel-
oped in a series of papers by Gromov and Lawson [3]. The second method made
its appearance in the paper of Schoen and Yau in 1979 [7] and used the theory
of minimal hypersurfaces. One of the applications of these methods was to the
question of which manifolds admit complete metrics of positive scalar curvature.

It is natural to seek “quantitative” versions of the above “qualitative” question.
Our notion of “quantitative” is the following: let (M, g) be a Riemannian manifold
and s (or sg, if we want to emphasize the dependence on g) the scalar curvature of
g. If f : M → R is a function (depending on g and not necessarily smooth), we are
interested in the topological implications of the condition s ≥ f . In this paper we
consider functions f = fg that are of conformal weight −2 in the terminology of [5].
This means that f is a function that depends on the metric g in the following way:
fu2g = u−2fg.

It can be shown (cf. [5]) that, if f is Lipschitz continuous, the conformal class
of every metric contains a C2,α metric for which s > f , s < f or s = f and these
possibilities are mutually exclusive. Hence the condition “s ≥ f” is actually a
conformal notion.
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We consider three examples of such f :
1) f = |T |g where T is a 2-tensor on M and |T |g denotes the pointwise norm of

T with respect to g.
2) f = |Wg|g where Wg is the Weyl tensor of g and |W |g again denotes pointwise

norm.
3) Let i : Σn−1 → Mn be a hypersurface, with i being the inclusion map. Fix

a Riemannian metric h on Σ, and let g be a fixed extension of h to M . Let u be
any smooth positive function on Σ, and let v denote any extension of u to a neigh-
bourhood of Σ. Denote the second fundamental form and mean curvature (with
respect to a fixed normal vector field) of Σ in (M, g) by Bg and Hg respectively. If

Lu2h =
(
Bv2g − Hv2g

n−1 u
2h

)
denotes the trace-free part of the second fundamental

form of (Σ, u2h) in (M, v2g), then it can be checked that L does not depend on the
extension v. Also,

|Lu2h|2u2h = u−2|Lh|2h.
Hence, with h and g as above, the function f = |Lh|2h is of conformal weight −2.

When T is a closed 2-form on M , Gursky and LeBrun [5] used a variation of the
spinor method to obtain obstructions to the existence of metrics with s ≥ |T | and
applied this for the calculation of the Yamabe invariant of certain 4-manifolds. The
purpose of this note is to show that the minimal hypersurface method also yields
information in the context of quantitative positive scalar curvature and to derive
some geometric corollaries. More precisely, we have

Theorem 1.1. Let (M, g) be an orientable Riemannian n-manifold with n ≥ 3.
Assume that sg ≥ |T |g where T is a smooth 2-tensor on M . If i : Σ →M is a closed,
orientable, stable minimal hypersurface in M , then one of the two possibilities holds
(where Lh is interpreted as in Example 3)):

(i) Σ admits a C2,α metric h conformal to i∗(g) with sh > |i∗(T )|h + |Lh|2h.
(ii) The induced metric h on Σ satisfies sh ≡ |i∗(T )|h + |Bh|2h.

A similar result holds for f = |W |:
Theorem 1.2. Let (M, g) be an orientable Riemannian n-manifold with n ≥ 5.
Assume that sg ≥ c|Wg|g, where c ∈ R+. If i : Σ → M is a closed, orientable,
stable totally geodesic hypersurface in M , then one of the two possibilities holds:

(i) Σ admits a C2,α metric h conformal to i∗(g) with sh > c|Wh|h.
(ii) The induced metric h on Σ satisfies sh ≡ c|Wh|h.

In (ii) of both these theorems, the proofs give more information than what has
been stated above. We refer the reader to the proofs for details.

Combining Theorem 1.2 with the Böchner formula for harmonic 2-forms on 4-
manifolds, we obtain the following corollary.

Corollary 1.3. Let (M, g) be an orientable Riemannian 5-manifold with s ≥
2
√

6|W |. If i : Σ → M is a closed orientable stable totally geodesic hypersurface,
then either H2(Σ,R) = 0 or (Σ, i∗(g)) is a self-dual Kähler surface of non-negative
scalar curvature.

Note that a theorem of Derdzinski [2] states that any compact self-dual Kähler
surface is locally symmetric.
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As examples of 5-manifolds (M, g) satisfying the hypotheses of Corollary 1.3 we
can consider (M, g) = (Σ × S1, h + dθ2), where (Σ, h) is (up to scaling) either S4

with its standard metric, a closed flat 4-manifold or CP 2 with the Fubini-Study
metric. It is clear that the condition s ≥ 2

√
6|W | is satisfied for the cases of S4 and

flat 4-manifolds because the Weyl tensor of a Riemannian product of a constant
sectional curvature space with S1 is zero. The verification for the CP 2 case is the
remark following the proof of Theorem 1.2 in Section 2. Note that for this case
s ≡ 2

√
6|W | = 2

√
6|W+| �= 0, where W+ is the self-dual part of the Weyl tensor.

It is well known that s = 2
√

6|W+| for any Kähler surface (Σ, h) with non-negative
scalar curvature and with the natural orientation; cf. [2]. However, according to
Corollary 1.3, only the self-dual ones can possibly arise as stable totally geodesic
hypersurfaces in 5-manifolds satisfying s ≥ 2

√
6|W |.

For the next corollary we note that if a manifold M has Ric ≥ 0, then the second
variation formula for the area functional (see (2) in Section 2) implies that any stable
minimal hypersurface in M is totally geodesic. Combining this observation with the
existence of orientable stable minimal hypersurfaces representing codimension-one
homology classes in M (when M is orientable and dim M ≤ 7) and Corollary 1.3,
we get

Corollary 1.4. Let (M, g) be an orientable Riemannian 5-manifold with Ric ≥ 0
and s ≥ 2

√
6|W |. Then every homology class α in H4(M,R) is represented by

a hypersurface Σα with H2(Σα,R) = 0 or by a self-dual Kähler surface of non-
negative scalar curvature.

2. Proofs

Convention. For the rest of the paper we follow the following convention. For any
tensor S on M and any submanifold i : Σ →M ,

we denote the tensor i∗(S) on Σ by S̃.

Proof of Theorem 1.1. The proof is based on that of Schoen and Yau in [7].
The object of our study will be the modified scalar curvature σ(g, f) correspond-

ing to a function fg of conformal weight −2 defined by

σ(g, f) = sg − fg.

We begin by noting that, under a conformal change of the metric g → g = u
4

n−2 g,
the modified scalar curvature transforms by

(1) σ
(
g, f) → σ

(
g, f

)
= u

−4
n−2σ

(
g, f

) − 4
n− 1
n− 2

u−
n−2
n+2�u.

This follows immediately from the corresponding transformation law for the usual
scalar curvature s; cf. [1].

The stability of the minimal surface Σ implies that for any smooth function φ
on Σ,

(2) −
∫

Σ

(
Ric(N,N) + |B|2)φ2 +

∫
Σ

|∇φ|2 ≥ 0,

where N is a unit normal vector field on Σ, Ric is the Ricci tensor of g and B is
the second fundamental form of Σ.
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As in [7], the Gauss curvature equations and the minimality of Σ can be used to
write the above inequality as

(3)
∫

Σ

sφ2

2
−

∫
Σ

sg̃φ
2

2
+

1
2

∫
Σ

|B|2φ2 ≤
∫

Σ

|∇φ|2,
where sg̃ is the scalar curvature of Σ with the induced metric.

To adapt (3) for modified scalar curvature, we need the following simple lemma.

Lemma 2.1. Let S ∈ ⊗rT ∗Mn be a tensor on M and i : Σk →M a submanifold,
with i being the inclusion map. Then |S̃|g̃ ≤ |S|g at any point of Σ.

Proof. Let p ∈ Σ. Let {e1, .., ek} be an orthonormal basis, with respect to g̃, of
TpΣ, where k = dim Σ. Extend it to an orthonormal basis {e1, .., en} of TpM (we
identify i∗(ei) with ei for i = 1, .., k). We have

|S̃|2g̃ = ΣkS̃(ei1 , .., eir )
2

= ΣkS(i∗(ei1), .., i∗(eir ))
2

= ΣkS(ei1 , .., eir )
2,

where Σk denotes that the sum is over all (i1, .., ir) with 1 ≤ ij ≤ k, j = 1, .., r.
Hence we get

|S̃|2g̃ ≤ ΣnS(ei1 , .., eir )
2,

where the sum is now over all (i1, .., ir) with 1 ≤ ij ≤ n, j = 1, .., r. But the
right-hand side of the above inequality is |S|2g. �

We continue with the proof of the theorem. Note that the hypothesis on s and
the above lemma imply that

(4) s ≥ |T | ≥ |T̃ |g̃.
Combining this with the stability inequality (3), we have

(5)
∫

Σ

|T̃ |g̃φ2

2
−

∫
Σ

sg̃φ
2

2
+

1
2

∫
Σ

|B|2φ2 ≤
∫

Σ

|∇φ|2.
Now consider the conformal function f of weight −2 on Σ defined by

f := |T̃ | + |L|2,
where L is the trace-free part of the second fundamental form B and we interpret
the conformal invariance of |L|2 as in example 3) in Section 1. The associated
modified scalar curvature is σ

(
h, f

)
= sh − fh.

Since Σ is minimal, we have Lg̃ = Bg̃, and we can hence rewrite (5) as

(6) −1
2

∫
Σ

σ
(
g̃, f

)
φ2 ≤

∫
Σ

|∇φ|2.
Let � be the Laplace operator of g̃, and consider the equation

(7) �φ =
(n− 3)
4(n− 2)

σ
(
g̃, f

)
φ+ λφ.

If this equation has a nontrivial solution φ, we claim that λ ≤ 0. Suppose λ > 0.
As in [7], we multiply the above equation by φ, integrate and use (6) to get

(8) 2
(n− 2)
(n− 3)

∫
Σ

|∇φ|2 = −1
2

∫
Σ

σ
(
g̃, f

)
φ2 − 2λ

(n− 2)
(n− 3)

∫
Σ

φ2 <

∫
Σ

|∇φ|2,
which is impossible since φ �≡ 0.
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Now define the operator

L = �− (n− 3)
4(n− 2)

σ
(
g̃, f

)
,

and let
λ = inf

ψ∈W1,2
‖ψ‖2=1

〈Lψ,ψ〉

and u > 0 be the corresponding eigenfunction. Note that since σ
(
g̃, f

)
is, in general,

Lipschitz continuous but not smooth (at the zero locus of |T |), the best regularity
we can obtain for u is that u ∈ C2,α for any 0 < α < 1. This is sufficient for our
purposes. By definition, u satisfies

(9) L(u) = λu

where λ ≤ 0. Multiplying the metric of Σ by u
4

n−3 and using (1), we see that the
modified scalar curvature of Σ changes to

−4
(n− 2)
(n− 3)

u−
(n−3)
4(n−2)−1L(u)

and hence is positive unless λ = 0, by (9). In this case, which is (i) of Theorem 1.1,
the metric h is given by h = u

4
n−3 g̃.

If λ = 0, then since u �≡ 0 satisfies (7) and hence (8), we get u ≡ constant and
σ
(
g̃, f

) ≡ 0, i.e. sg̃ − |T̃ |g̃ − |B|2g̃ ≡ 0. This completes the proof.
Here we indicate the other conclusions one can draw: note that

sg − sg̃ + |B|2g̃ ≥ |T |g − |T̃ |g̃ ≥ 0.

Going back to (3) and taking φ ≡ constant, we see that sg ≡ sg̃ − |B|2g̃ and hence
|T |g ≡ |T̃ |g̃ by the above inequality. �

Before proceeding with the proof of Theorem 1.2, we point out an issue involving
the norm |W |. We look at W both as an element of End(Λ2T ∗

pM) (for instance in
Corollary 1.3) and of ⊗4T ∗

pM (in the claim below). These spaces have norms that
differ by a fixed scale. Since this scale is independent of dimension, it is readily
seen that, for the results that we prove, this does not pose a problem.

Proof of Theorem 1.2. The proof is very similar to the proof of Theorem 1.1. The
only extra point to note is that in order to get the inequality corresponding to the
second part of (4), we need to know that if Σ is totally geodesic, then |Wg̃|g̃ ≤ |Wg|g.
This follows from the following claim, since Lemma 2.1 implies that

(10) |W̃g|g̃ ≤ |Wg|g.
CLAIM: |Wg̃|g̃ ≤ |W̃g|g̃ with equality if and only if Wg̃ = W̃g.
Fix a point p ∈ Σ, and let Rg̃ be the Riemann curvature tensor of (Σ, g̃) at

p, regarded as an element of S2Λ2T ∗
p Σ. Rg̃ decomposes orthogonally (see, for

instance, [1]) as

(11) Rg̃ =
sg̃

2(n− 1)(n− 2)
g̃ � g̃ +

1
n− 3

zg̃ � g̃ +Wg̃,

where zg̃ = Ricg̃ − sg
n−1 g̃ is the trace-free part of the Ricci tensor and � denotes

the Kulkarni-Nomizu product.
We note that, if A = {h� g̃ : h ∈ S2T ∗

p Σ}, then 〈Wg̃ , u〉 = 0 for any u ∈ A.
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For convenience, write (11) as

(12) Rg̃ = Sg̃ +Wg̃,

where Sg̃ is the sum of the first two terms on the right side of (11).
On the other hand, since Σ is totally geodesic,

(13) Rg̃ = R̃g = S̃g + W̃g,

where Rg, Sg and Wg are the corresponding quantities for g. Combining (12) and
(13), we get (all the norms are with respect to g̃)

(14) |W̃g |2 = |Wg̃ + Sg̃ − S̃g|2 = |Wg̃|2 + |Sg̃ − S̃g|2.
The second equality follows from the fact that since Sg = h�g for some h, we have
S̃ = h̃� g̃ ∈ A.

Hence |W̃g| ≥ |Wg̃|.
In the case of equality, we have Sg̃ = S̃g. (12) and (13) then imply thatWg̃ = W̃g.

This completes the proof of the claim.
In the λ = 0 case, corresponding to the last paragraph of the proof of Theorem

1.1, we get sg̃ − |Wg̃|g̃ ≡ 0. This is case (ii) in 1.2.
Proceeding as before, we also get: sg = sg̃ and |Wg|g = |Wg̃|g̃. (10) then implies

that |Wg̃ |g̃ = |W̃g|g̃. Hence S̃g = Sg̃, by the proof of the claim. �

Remark. Let us consider the simple case of a Riemannian product (M, g) =
(Σ × S1, g̃ + dθ2) and prove that the equality |Wg̃|g̃ = |Wg|g holds if and only
if (Σ, g̃) is Einstein. To see this, we check when equality holds in both the claim
and (10). Equality in the claim holds if and only if S̃g = Sg̃. Hence,

(15)
sg

2n(n− 1)
g̃ � g̃ +

1
n− 2

z̃g � g̃ =
sg̃

2(n− 1)(n− 2)
g̃ � g̃ +

1
n− 3

zg̃ � g̃.

First note that R̃icg = Ricg̃ because Rg(X,N,N, Y ) = 0 for any X, Y in TpΣ and
N normal to Σ.

Hence

z̃g = R̃icg − sg

n
g̃ = Ricg̃ − sg

n− 1
g̃ +

sg

n(n− 1)
g̃ = zg̃ +

sg̃

n(n− 1)
g̃

by using sg = sg̃ in the last step.
Substituting the above expression for z̃g and again using sg = sg̃ in (15), we get

1
(n− 2)(n− 3)

zg̃ � g̃ = 0.

This holds if and only if zg̃ = 0, i.e., g̃ is Einstein.
Assuming that g̃ is Einstein, we now prove equality in (10). From the proof of

Lemma 2.1, it is clear that equality holds in (10) if and only if Wg(X,N,N, Y ) =
Wg(X,N,Z, Y ) = 0 for any X, Y, Z ∈ TpΣ.

Since Rg(X,N,N, Y ) = Rg(X,N,Z, Y ) = 0 and Rg = Sg + Wg, we just have
to check that Sg = 0 for these vectors. This is a routine calculation involving the
Kulkarni-Nomizu product, which we skip.

Note that it follows from this remark that the product metric on CP 2 × S1

satisfies s ≡ 2
√

6|W |.
By combining Theorem 1.2 with the Böchner formula for harmonic 2-forms on

a 4-manifold, we can now prove Corollary 1.3.
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Proof of Corollary 1.3. Suppose dimH2(Σ,R) = b2(Σ) �= 0. We will show that
(Σ, h), where h is the induced metric, is a self-dual Kähler surface of non-negative
scalar curvature.

We first show that Σ cannot admit a metric h with sh > 2
√

6|W (h)|h. Suppose
h is such a metric.

By Hodge theory, H2(Σ,R) ∼= H, where H is the space of harmonic 2-forms. For
four-manifolds we further have H = H+ ⊕ H−, where H+ and H− are the spaces
of self-dual and anti-self-dual harmonic 2-forms, respectively. Let ω ∈ H+. The
Böchner formula applied to ω (see, for instance, [4]) gives

1
2
�|ω|2 = |∇ω|2 − 2W+(ω, ω) +

1
3
s|ω|2,

where W = W+ + W− is the orthogonal decomposition of W into self-dual and
anti-self-dual parts.

Since W+ is a trace-free symmetric operator of the three-dimensional vector
bundle Λ+ (the bundle of self-dual 2-forms), we have, as in [4],

−2W+(ω, ω) ≥ −2
√

6
3

|W+||ω|2.
Hence we get

(16)
1
2
�|ω|2 ≥ |∇ω|2 +

1
3
(
s− 2

√
6|W+|)|ω|2 ≥ |∇ω|2 +

1
3
(
s− 2

√
6|W |)|ω|2.

We have a similar inequality for any harmonic anti-self-dual 2-form.
Since b2 �= 0 by assumption, there is a non-zero harmonic 2-form ω, which we

assume is self-dual without loss of generality. By integrating the above inequality
on Σ we get a contradiction, since we asumed that s > 2

√
6|W |.

Hence, if b2 �= 0, by Theorem 1.2, the induced metric h on Σ satisfies s ≡ 2
√

6|W |.
If ω is as above, then, by (16), ∇ω = 0 and s ≡ 2

√
6|W+|. Hence the metric h

is Kähler and W− = 0. If ω is anti-self-dual, then we get ∇ω = 0 and W+ = 0.
Hence, in either case, by reversing the orientation on Σ if necessary, (Σ, h) is a
compact self-dual Kähler surface of non-negative scalar curvature. �
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