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ON THE SOLITARY WAVE PULSE IN A CHAIN OF BEADS

J. M. ENGLISH AND R. L. PEGO

(Communicated by Mark J. Ablowitz)

Abstract. We study the shape of solitary wave pulses that propagate in
an infinite chain of beads initially in contact with no compression. For this
system, the repulsive force between two adjacent beads is proportional to the
pth power of the distance of approach of their centers with p = 3

2
. It is known

that solitary wave solutions exist for such a system when p > 1. We prove
extremely fast, double-exponential, asymptotic decay for these wave pulses.
An iterative method of solution is also proposed and is seen to work well
numerically.

1. Introduction

This note examines the properties and shape of pulse solutions of the 2nd-order
differential-difference equation

(1) r′′(x) = rp(x − 1) − 2rp(x) + rp(x + 1), −∞ < x < ∞,

where p > 1 is a real number.
Motivation for studying equation (1) comes from the work of Coste et al. [3].

These authors studied experimentally the propagation of solitary wave pulses
through a long chain of identical steel spheres. In such a chain, the laws of motion
for the system state that the acceleration of each ball is proportional to the differ-
ence between the compression force of the two neighboring balls. For two adjacent
elastic steel spheres with radius a, the force between them according to Hertz’s law
is Fcomp ∝ r

3
2 , where r is the distance of approach of their centers.

Thus, the equation of motion for the nth bead in the chain has the form

(2) ∂2
t un = A

(
r

3
2
n − r

3
2
n+1

)
.

Here A is a physical constant, un is the displacement of the nth ball from static
equilibrium, and rn is the distance of approach between centers of the (n−1)st and
nth balls. In this paper our interest focuses on the case when the chain of spheres is
not pre-compressed in equilibrium, so that at rest the balls are just touching with
no static force. Then rn = un−1−un is simply the compression from equilibrium of
two adjacent steel balls, and the wave propagation equation (2) is purely nonlinear.
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It is no trouble to consider the more general homogeneous force law Fcomp ∝ rp,
where p > 1, and we will do so in this paper. For p = 3

2 , MacKay [6] applied
the theory of Friesecke and Wattis [5] to prove the existence of a constant-velocity
pulse solution rn = r(n − ct) in this one-dimensional chain. Essentially the same
argument works also for p > 1, as shown by Ji and Hong [7]. Let x = n − ct and
subtract ∂2

t un from ∂2
t un−1 to get that r(x) must satisfy

(3) r′′(x) =
A

c2
[rp(x − 1) − 2rp(x) + rp(x + 1)] .

This equation is equivalent to (1) through a simple scaling. Given a specific solution
r̃(x) of (1), r = br̃ satisfies (3) provided bp−1 = A/c2. Accordingly, we will set
A/c2 = 1 from this point forward without loss of generality.

The works of Mackay and Ji and Hong yield positive solutions with

(4) lim
x→±∞ r(x) = 0,

but this result does not say much about the asymptotic decay of the pulse solutions.
In fact, pulse solutions decay extremely fast. We will prove below that pulse tails
can be bounded above by a double exponential function of the form f(x) = kpx

,
where 0 < k < 1. This is approximately the form of decay obtained in the approxi-
mation theory of Chatterjee [2]. We will also compute the pulse shape numerically
using a simple iterative method and compare its decay to the bound.

2. Integral reformulation

First, we rewrite equation (1) in an equivalent integral form. To do this, we will
use the Fourier transform

r̂(k) = F{r(x)} ≡ 1
2π

∫ ∞

−∞
r(x)e−ikx dx,

and its associated inverse transform

r(x) = F−1{r̂(k)} ≡
∫ ∞

−∞
r̂(k)eikx dk.

Transforming equation (1) yields

(5) r̂(k) =
(

sin 1
2k

1
2k

)2

r̂p(k).

Next we will apply the inverse transform to equation (5), using the identity

f̂ · ĝ =
1
2π

f̂ ∗ g,

where (f ∗ g)(x) =
∫ ∞
−∞ f(x− y)g(y) dy is the convolution of f and g. We note that

F−1

{(
sin 1

2k
1
2k

)2
}

= 2πΛ(x),

where the tent function Λ(x) is given by the following:

Λ(x) = (1 − |x|)+ =

{
1 − |x|, −1 ≤ x ≤ 1,

0, |x| > 1.
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Applying the inverse transform to equation (5), we get

(6) r(x) = (Λ ∗ rp) (x).

It is straightforward to check that any continuous solution of this equation is a
C2 (hence C∞) solution of (1). Conversely, any solution of (1) with sufficiently
rapid decay must satisfy (6). This applies to the solutions of MacKay and Ji and
Hong, since these are continuous and square-integrable on R. The reason is that
the theory of [5] implies r(x) = Q(x + 1)−Q(x) where

∫ ∞
−∞ Q′(s)2 ds < ∞, and so∫ ∞

−∞
r(x)2 dx =

∫ ∞

−∞

(∫ 1

0

Q′(x + s) ds

)2

dx ≤
∫ ∞

−∞

∫ 1

0

Q′(x + s)2 ds dx < ∞.

3. Asymptotic behavior

We will exploit equation (6) to show the extremely fast decay of the wave profile.
This is done in the following theorem. Of course, the bound that we obtain can be
scaled appropriately for all other positive values of A and c.

Theorem 1. Assume that r(x) is a positive solution of r(x) = (Λ ∗ rp) (x) such
that limx→∞ r(x) = 0. Then for any ε > 0, if x0 ∈ R is such that r(x) ≤
min(εp, 2−1/(p−1)) for all x ≥ x0, then

(7) r(x) ≤ εpx−x0 for all x ≥ x0.

Proof. Let

Fx0 = sup
x≥x0

r(x), Lx0 =
∫ x0

−∞
Λ(x0 − y)rp(y) dy.

We begin by breaking apart at x0 the integral on the right-hand side of (6):

r(x) =
∫ x0

−∞
Λ(x − y)rp(y) dy +

∫ ∞

x0

Λ(x − y)rp(y) dy.

Since Λ(x) is decreasing for positive x, we have that 0 ≤ x0 − y ≤ x − y implies
Λ(x0 − y) ≥ Λ(x − y). Hence for x ≥ x0,

r(x) ≤
∫ x0

−∞
Λ(x0 − y)rp(y) dy +

[
sup
y≥x0

rp(y)
] ∫ ∞

−∞
Λ(x − y) dy,

whence Fx0 ≤ Lx0 + F p
x0

. Next, we bound Lx0+1 in terms of Fx0 :

Lx0+1 =
∫ x0+1

x0

Λ(x0 + 1 − y)rp(y) dy ≤ sup
y≥x0

rp(y) ·
∫ 1

0

Λ(1 − y) dy =
1
2
F p

x0
.

Now observe that Fx0+1 ≤ Fx0 , and hence if x0 ∈ R is sufficiently large so that
supx≥x0

r(x)p−1 ≤ 1
2 ,

Fx0+1 ≤ Lx0+1 + Fx0+1F
p−1
x0

≤ Lx0+1 +
1
2
Fx0+1,

whence Fx0+1 ≤ F p
x0

. Recursively it follows that Fx0+n ≤ F pn

x0
for n = 1, 2, . . ..

To finish the proof, for any x ≥ x0 write x = x0 + n + ∆x where 0 ≤ ∆x < 1.
Then

r(x) ≤ Fx0+n ≤ F px−x0−∆x

x0
≤ F px−x0−1

x0
.

Given ε ∈ (0, 1) we may pick x0 so large that F
1/p
x0 ≤ ε. Then (7) follows. �
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4. Iterative method for computation

We consider a simple iterative method for solving equation (6). Starting with
φ0(x) = Λ(x), for m = 1, 2, . . . compute successively

φ̃m(x) =
(
Λ ∗ φp

m−1

)
(x),

Cm =
(∫ ∞

−∞
φm−1(x) dx

) (∫ ∞

−∞
φ̃m(x) dx

)−1

,

φm(x) = Cmφ̃m(x).

The normalization of the iterates implies
∫ ∞
−∞ φm(x) dx = 1 for all m. Moreover,

integration yields
∫ ∞
−∞ φ̃m(x) dx =

∫ ∞
−∞ φm−1(y)p dy, and then the fact that 0 ≤

Λ(x − y) ≤ 1 yields the pointwise bound

φm(x) =
∫ ∞

−∞
Λ(x − y)φm−1(y)p dy

(∫ ∞

−∞
φm−1(y)p dy

)−1

≤ 1.

Despite these bounds, the existence of limm→∞ φm remains an open question
and apparently a delicate one. Suppose, however, that φ∗(x) = limm→∞ φm(x)
exists for all x uniformly, with φ∗(x) > 0 and

∫ ∞
−∞ φ∗(x) dx = 1. If this is the case,

then
φ̃∗(x) = lim

m→∞ (Λ ∗ φp
m) (x)

exists, and

Cm → C∗ =
(∫ ∞

−∞
φ∗(x) dx

) (∫ ∞

−∞
φ̃∗(x) dx

)−1

.

Thus, φ∗(x) = C∗ (Λ ∗ φp
∗) (x), and through scaling, C

1/(p−1)
∗ φ∗(x) is a solution of

equation (6).
Upon discretization, this method appears to converge well in practice. We have

used the method to compute a limiting shape that solves a discrete version of
equation (6). Figure 1 shows the limit of the iterative method multiplied by C

1/(1−p)
∗

for p = 3
2 . Figure 2 shows a logarithmic plot of the same function along with an

upper bound given by Theorem 1. These figures display the 100th iteration of the
method, implemented on a lattice with spacing ∆x = 1/100.

As one can see in these plots, the limiting solution appears to both exist and be
decreasing for x > 0. In fact, Benjamin et al. show in [1] that convolution operators
of the type our method uses preserve the decreasing property of φ0(x). So, there
is strong evidence that there exists a solitary pulse solution to equation (6) that is
decreasing on (0,∞). This leads us to an improved (though not proven) estimate of
the asymptotic decay of the solitary pulse solution. This is offered in the following
final result:

Theorem 2. Assume that r(x) is a positive solution of r(x) = (Λ ∗ rp) (x) such
that limx→∞ r(x) = 0. Also assume that r(x) is decreasing for x > 0. Then for
any x0 > 0 such that r(x0) < 1, for all x ≥ x0 we have

(8) r(x) ≤ r(x0)px−x0−1
.

Furthermore, if x − x0 is a positive integer, then

(9) r(x) ≤ r(x0)px−x0
.
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Figure 1. A plot of C
1

p−1∗ φ∗(x) ≈ r(x) (solid line) as computed
by the proposed iterative scheme.
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Figure 2. A semi-logarithmic plot of C
1

p−1∗ φ∗(x) ≈ r(x) (solid
line) and the upper bound on r(x) given by equation (8) for x0 = 5
(dotted line). Here p = 3

2 .

Proof. Suppose x0 > 0 and r(x0) < 1. Because r(x) is decreasing for positive x,
supy∈[−1,1] r

p(x + 1 − y) = rp(x). So, for all x ≥ x0,

r(x + 1) =
∫ 1

−1

Λ(y)rp(x + 1 − y) dy ≤ sup
y∈[−1,1]

rp(x + 1 − y)
∫ 1

−1

Λ(y) dy = rp(x).
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This implies that for any positive integer n, r(x0 + n) ≤ r(x0)pn

. Now, pick
∆x ∈ [0, 1) and let x = x0 + n + ∆x. Then

r(x) = r(x0 + n + ∆x) ≤ r(x0 + n) ≤ r(x0)pn

= r(x0)px−(x0+∆x)
,

and the result follows. �
A simple consequence of Theorem 2 is that limx→∞ r(x + 1)/r(x) = 0.
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