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Abstract. A new characterization of the positive self-adjoint extensions of
symmetric operators, T0, is presented, which is based on the Friedrichs exten-
sion of T0, a direct sum decomposition of domain of the adjoint T ∗

0 and the
boundary mapping of T ∗

0 . In applying this result to ordinary differential equa-
tions, we characterize all positive self-adjoint extensions of symmetric regular
differential operators of order 2n in terms of boundary conditions.

1. Introduction

A linear operator T with domain D(T ) in a Hilbert space H is said to be a
positive self-adjoint operator if T = T ∗ and

(1.1) λ0(T ) := inf{(Tu, u) : u ∈ D(T ), ||u|| = 1} ≥ 0,

where T ∗ denotes the adjoint of T and the constant λ0(T ) is called the lower
bound of T . It is well known [17, p. 115] that if a symmetric operator T0 satisfies
λ0(T0) ≥ 0, then T0 can be extended to a positive self-adjoint operator which is
called a positive self-adjoint extension of T0.

During the past several decades, there have been many works dealing with the
problems associated with positive self-adjoint extensions. For any symmetric op-
erator T0 which is bounded below, K. Friedrichs [5] in 1934 constructed a bound-
preserving self-adjoint extension TF by means of completing the inner product
(T0·, ·). This has come to be known as the Friedrichs extension and is a seminal
result in analysis. The Friedrichs extension has been studied and applied by a great
number of authors in the context of various differential operators; see, for example,
[8, 9, 11] and the references therein. Furthermore, for any fixed real number µ0

which satisfies µ0 ≤ λ0(T0), M. G. Krein [6, 7] in 1947 constructed all self-adjoint
extensions T such that λ0(T ) ≥ µ0, for which the method used by Krein is similar
to the von Neumann theory on self-adjoint extensions of symmetric operators in the
“real” case. These extensions T in our opinion may be called the bound-preserving
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self-adjoint extensions. The Krein extension theory also has been studied and ap-
plied by a great number of authors; see, for example, [1]–[3] and the references
therein. However, much less is known in applications of the abstract extension
theory of Krein to ordinary differential operators, partly because the Krein theory
is constructive and in practice, it is not easy to produce concrete realizations of
boundary conditions of differential operators. Thus, with a view to applications to
ordinary differential operators, it seems to be necessary to form a new approach to
characterize the bound-preserving self-adjoint extensions, which is the motivation
of the paper. Note that when λ0(T0) ≥ 0 and µ0 = 0, the bound-preserving self-
adjoint extensions reduce to the positive self-adjoint extensions of T0. Conversely,
once the positive self-adjoint extensions are known, the realizations of the bound-
preserving self-adjoint extensions is then a simple matter to consider the operator
T̂0 := T0 − µ0I instead of T0, where I is the identity operator on H.

In this paper, we attempt to provide a new characterization for the positive
self-adjoint extensions of symmetric operators in the case of finite deficiency in-
dices. Note that, in order to obtain the left-definiteness of the Sturm-Liouville (SL)
problems and the self-adjoint boundary conditions for the SL problems which have
the same lowest eigenvalues, recently, the authors [13, 14] characterized all positive
self-adjoint extensions of both regular and singular SL differential operators. This
description is based on the Friedrichs extension and a direct sum decomposition of
domain of the maximal SL differential operator. The purpose of the paper is to
generalize this to abstract operators and form a general approach to describe the
positive self-adjoint extensions. The proof is by means of the boundary mapping of
the adjoint T ∗

0 of the symmetric operator T0, which was introduced in [12, 16] for
characterizing the self-adjoint extensions of symmetric operators. This new char-
acterization can be conventionally applied to ordinary differential operators. In the
present paper, all positive self-adjoint extensions of symmetric regular differential
operators of order 2n are described in terms of boundary conditions.

This paper is organized as follows. Section 2 contains the main result charac-
terizing all positive self-adjoint extensions of symmetric operators. The positive
self-adjoint boundary conditions of differential operators are presented in Section
3.

Although we have only considered the case of finite deficiency indices in this
paper, a similar result may be given in the case of countable infinite deficiency
indices when combined with the works of [4] and [15].

2. Positive self-adjoint extensions

Let R be the real line, let C be the complex field and let Cm = {α = (c1, ..., cm) :
ci ∈ C, i = 1, ..., m}. We write a matrix A with m rows and n columns as A =
(aij)m×n or A = (aij)1≤i≤m,1≤j≤n, where aij is the element of A appearing in the
ith row and jth column. In the case when m = n, we simply write A = (aij)n or
A = (aij)1≤i,j≤n. If all elements of A are zeros, we write A as 0m×n. Let AT and
A∗ denote the transpose and Hermite adjoint of A, respectively.

Throughout this section let H denote a Hilbert space over the complex field C
with inner product (·, ·) and norm || · ||. Suppose that T0 : D(T0) ⊂ H → H is an
unbounded closed symmetric operator and T ∗

0 denotes its adjoint. In what follows,
when λ0(T0) > 0, we will present a new characterization of the positive self-adjoint
extensions of T0, which is based on the Friedrichs extension of T0, a direct sum
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decomposition of the domain of the adjoint T ∗
0 and the boundary mapping of T ∗

0 .
Now we give a detailed discussion for these.

It is well known [17, p. 123] that If T0 is a closed symmetric operator with
λ0(T0) > −∞, then T0 ⊂ T ∗

0 and the deficiency indices of T0 are equal, which can
be denoted by m+ = m− =: m (say, def(T0) = m), where

m± := dim(N(T ∗
0 ∓ iI)).

Here N(T ∗
0 −iI) denotes the null space of the operator T ∗

0 −iI. Note that in the case
of λ0(T0) > −∞, dim(N(T ∗

0 − λI)) = m as λ ∈ C\[λ0(T0),∞); see [17, Theorem
5.32]. In the following we always assume m < ∞.

Definition 2.1 ([5]). Let T0 be a symmetric operator which is bounded below. The
operator TF is called the Friedrichs extension of T0 if its domain D(TF ) consists of
all y in D(T ∗

0 ) such that there exists a sequence yk in D(T0) satisfying
(i) yk → y in H as k → ∞,
(ii) (T0(yk − yn), yk − yn) → 0 as k, n → ∞,

and the operator TF is the restriction of T ∗
0 to D(TF ).

As is well known [17, Theorem 5.38], if T0 is bounded below, then its Friedrichs
extension always exists and is a self-adjoint extension of T0, which preserves the
lower bound of T0, i.e.,

(2.1) λ0(TF ) = λ0(T0).

Lemma 2.2. Let λ0(T0) > 0, let def(T0) = m < ∞ and let TF be the Friedrichs
extension of T0. Then

(2.2) D(T ∗
0 ) = D(TF ) +̇ N(T ∗

0 ),

where the symbol +̇ indicates that the sum is direct.

Proof. Equation (2.2) follows from the fact that λ0(TF ) > 0 and thus D(TF ) ∩
N(T ∗

0 ) = {0} and the fact that D(TF ) has defect index m in D(T ∗
0 ). �

Since TF is a bound-preserving self-adjoint extension of T0, if λ0(T0) > 0, then
the symmetric sesquilinear form (TF ·, ·) results in a positive definite inner product
on the linear manifold D(TF ). Denote its completion space by

(2.3) HF := (HF , (·, ·)D).

By the way, from Definition 2.1, we easily see that the linear manifold D(T0) is
densely defined in HF with respect to this inner product (·, ·)D. Furthermore, by
Lemma 2.2, each u ∈ D(T ∗

0 ) can be uniquely represented as

(2.4) u = uF +
m∑

i=1

ciθi, uF ∈ D(TF ), span{θ1, · · · , θm} = N(T ∗
0 ).

Because of this, we will denote the above inner product henceforth by (u, v)F
D for

any u, v ∈ D(T ∗
0 ), that is,

(2.5) (u, v)F
D = (TF uF , vF ), u, v ∈ D(T ∗

0 ).

Definition 2.3. Let T0 be a closed symmetric operator with equal deficiency indices
def(T0) = m < ∞. If the linear mapping Γ(·) : D(T ∗

0 ) 	→ C2m is surjective and all
u0 in D(T0) satisfy Γ(u0) = 0, then Γ(u) is called the boundary vector of u in D(T ∗

0 )
and Γ(·) the boundary mapping of T ∗

0 .
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Similar to ordinary differential operators (see, for example, [9, pp. 51-52]), let
k be an integer with 0 ≤ k ≤ 2m and M be a k × 2m matrix defined on C with
rank M = k. For any such M and a boundary mapping Γ(·) we define an operator
T (M) from H into itself by

D(T (M)) = {u ∈ D(T ∗
0 ) : MΓ∗(u) = 0},(2.6)

T (M)u = T ∗
0 u (u ∈ D(T (M))).

When k = 0 we have M = 0 and T (M) = T ∗
0 , and when k = 2m we have T (M) =

T0. Here the matrix M and MΓ∗(u) = 0 may be called a boundary matrix and a
boundary condition, respectively.

From (2.6) it is clear that D(T (M)) is a linear submanifold of D(T ∗
0 ) and satisfies

T0 ⊆ T (M) ⊆ T ∗
0 for any boundary matrix M. It was proved [16, Lemma 4] that

if we choose appropriate boundary matrices, then all self-adjoint extensions of T0

can be described in terms of (2.6). Note that all positive self-adjoint extensions (if
any) are contained in the self-adjoint extensions. With this view the problem of de-
scribing positive self-adjoint extensions of T0 now reduces to finding the self-adjoint
boundary matrices M in (2.6) such that (T (M)u, u) ≥ 0 for all u ∈ D(T (M)).

Proposition 2.4. Let T0 be a closed symmetric operator with λ0(T0) > 0 and
def(T0) = m < ∞. If both Γ1 and Γ2 are the boundary mappings of T ∗

0 , then there
exists a 2m × 2m nonsingular matrix ∆ such that

(2.7) Γ1(u) = Γ2(u)∆, for all u ∈ D(T ∗
0 ).

Proof. (2.7) is immediately clear from Definition 2.3. �

Proposition 2.5. Under the assumptions that T0 is a closed symmetric operator
with λ0(T0) > 0 and def(T0) = m < ∞, and Γ is a boundary mapping of T ∗

0 , then
there exist two 2m× 2m Hermitian matrices A and B such that for any u ∈ D(T ∗

0 )
the following identities hold:

2Im(T ∗
0 u, u) = Γ(u)AΓ∗(u),(2.8)

2Re(T ∗
0 u, u) = 2(u, u)F

D + Γ(u)BΓ∗(u).(2.9)

Here both matrices A and B are nonsingular and have zero signature.

Proof. Since TF is a self-adjoint extension of T0 and def(T0) = m, it follows from
[17, p. 239] that TF is an m-dimensional extension of T0, and there exist θm+i in
the quotient space D(TF )/D(T0), 1 ≤ i ≤ m, such that

D(TF ) = D(T0) +̇ span{θm+1, · · · , θ2m}.

Since λ0(T0) > 0, it follows that dim(N(T ∗
0 )) = m. Let N(T ∗

0 ) = span{θ1, ..., θm}.
Then, for any u ∈ D(T ∗

0 ), we have

(2.10) u = uF +
m∑

i=1

ciθi and uF = u0 +
m∑

i=1

cm+iθm+i,
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where uF ∈ D(TF ), u0 ∈ D(T0). By (2.10) and (2.5), for any u in D(T ∗
0 ), we have

that u = u0 +
∑2m

i=1 ciθi, ci ∈ C, 1 ≤ i ≤ 2m, and

(T ∗
0 u, u) = (T ∗

0 (uF +
m∑

i=1

ciθi), uF +
m∑

j=1

cjθj)

= (T ∗
0 uF , uF ) + (T ∗

0 (u0 +
2m∑

i=m+1

ciθi),
m∑

j=1

cjθj)

= (u, u)F
D + (T0u0,

m∑
j=1

cjθj) +
2m∑

i=m+1

m∑
j=1

cic̄j(T ∗
0 θi, θj)

= (u, u)F
D +

2m∑
i=m+1

m∑
j=1

cic̄j(T ∗
0 θi, θj).(2.11)

Thus, if we write Γ1(u) = (c1, ..., c2m), then (2.11) implies

2Im(T ∗
0 u, u) = −iΓ1(u)B̂0Γ∗

1(u),(2.12)

2Re(T ∗
0 u, u) = 2(u, u)F

D + Γ1(u)B0Γ∗
1(u),(2.13)

where

(2.14) B̂0 =
(

0 −B∗
00

B00 0

)
and B0 =

(
0 B∗

00

B00 0

)

with B00 = ((T ∗
0 θm+i, θj))1≤i,j≤m. Note that θ1, ..., θ2m are linearly independent

relative to D(T0). It is not hard to see from (2.11) and Definition 2.3 that Γ1

is a boundary mapping of T ∗
0 . From [16, Lemma 4] we have rank B̂0 = 2m and

rank B00 = m. This therefore shows that rank B0 = 2m and its signature is 0.
Furthermore, by Proposition 2.4, there exists a nonsingular 2m × 2m matrix ∆
such that

(2.15) Γ1(u) = Γ(u)∆

for all u in D(T ∗
0 ). Substituting this into (2.12-2.13), we obtain that A = −i∆B̂0∆∗,

B = ∆B0∆∗, and (2.8-2.9) hold, thus completing the proof. �

We are now in a position to prove the main result of the section: to characterize
all positive self-adjoint extensions of T0 under the assumptions λ0(T0) > 0 and
def(T0) = m < ∞.

Theorem 2.6. Let T0 be a closed symmetric operator with λ0(T0) > 0 and def(T0)
= m < ∞, and let Γ be a boundary mapping of T ∗

0 such that (2.8) and (2.9) hold.
Then an operator T is a positive self-adjoint extension of T0 if and only if there
exists an m × 2m matrix M such that

rank M = m, MA−1M∗ = 0,(2.16)

MB−1M∗ is a negative definite or negative semidefinite matrix ,(2.17)

and Tu = T ∗
0 u, u ∈ D(T ), where

(2.18) D(T ) = {u ∈ D(T ∗
0 ) : MΓ∗(u) = 0}.
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Proof. Let us suppose that the operator T is a positive self-adjoint extension of
T0, that is, T is self-adjoint and satisfies (Tu, u) ≥ 0 for all u ∈ D(T ). From the
self-adjointness of T and [16, Lemma 4], there exists an m×2m matrix M such that
(2.16) and (2.18) are satisfied. On the other hand, we can show that (Tu, u) ≥ 0 is
equivalent to

(2.19) Γ(u)BΓ∗(u) ≥ 0 for all u ∈ D(T ).

Obviously, from (2.1), (2.5) and (2.9) we only need to prove (2.19). If it is not true,
then there is an element u1 in D(T ) satisfying Γ(u1)BΓ∗(u1) =: −2ε1 < 0. From
the definition of the Friedrichs extension (see Definition 2.1) and the representation
(2.4) of u1 (u1 = u1F +

∑m
i=1 ciθi, u1F ∈ D(TF )), we conclude that D(T0) is densely

defined in D(TF ) with respect to the inner product (·, ·)D and, for the positive
number ε1/2, there exists an element u0 in D(T0) such that (u1F −u0, u1F −u0)D ≤
ε1/2. Since D(T ) is an extension manifold of D(T0), u1 − u0 ∈ D(T ) and

0 ≤ (T (u1 − u0), u1 − u0) = Re(T (u1 − u0), u1 − u0)
= (u1F − u0, u1F − u0)D + (1/2)Γ(u1)BΓ∗(u1)
≤ −(1/2)ε1 < 0.

This contradiction shows that (2.19) holds.
Furthermore, note that the mapping Γ(·) : D(T ∗

0 ) → C2m is linear and surjective.
If we write A−1M∗ as (α∗

1, ..., α
∗
m) where α1, ..., αm ∈ C2m, then from (2.16) and

(2.18) we easily see that

(2.20) D(T ) = {u ∈ D(T ∗
0 ) : Γ(u) ∈ span{α1, ..., αm}}.

This, combined with (2.19), yields that



α1

...
αm


 B(α∗

1, ..., α
∗
m) = MA−1∗

BA−1M∗

is a positive definite or positive semidefinite matrix. In addition, from (2.14) and
(2.15) we obtain that A = −i∆B̂0∆∗ and

A−1∗
BA−1 = ∆−1∗

B̂−1∗

0 ∆−1(∆B0∆∗)∆−1∗
B̂−1

0 ∆−1

= ∆−1∗
B̂−1∗

0 B0B̂
−1
0 ∆−1

= −∆−1∗
B−1

0 ∆−1

= −B−1,(2.21)

which shows that (2.17) holds. Thus, the necessary part of Theorem 2.6 is proved.
Conversely, if there is an m × 2m matrix M that satisfies (2.16), (2.17) and

D(T ) satisfies (2.18), then, from [16, Lemma 4], we conclude that the operator T is
self-adjoint. If, in addition, we write A−1M∗ = (α∗

1, ..., α
∗
m), then by (2.19), (2.21)

and the above proof, we can conclude that (Tu, u) ≥ 0 for all u ∈ D(T ). This
shows that T is a positive self-adjoint extension of T0. We complete the proof of
Theorem 2.6. �
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3. Positive self-adjoint extensions of differential operators

Let l denote the formally symmetric differential expression defined by

(3.1) ly =
1
w

n∑
i=0

(−1)i(pn−iy
(i))(i), t ∈ I := [a, b] ⊂ R.

We assume that the coefficient functions pi, 0 ≤ i ≤ n, and w satisfy the following
basic conditions:

(3.2) 1/p0, p1, ..., pn, w ∈ L1(I,R), w > 0, p0 > 0 a.e. on I,

where L1(I,R) denotes the set of Lebesgue integrable real functions on I. The basic
conditions ensure that the expression l is regular on [a, b]. Based on (3.2) we define
the formal quasi-derivatives (up to order 2n) of a function y to be the functions
y[0] = y, y[1], ..., y[2n] given by

(3.3) y[k] =




y(k), 0 ≤ k ≤ n − 1,
p0y

(n), k = n,
pk−ny(2n−k) − {y[k−1]}′, n + 1 ≤ k ≤ 2n,

where y(k) is the usual kth derivative (see [10, Sect. 15.2]). The expression l is then
given by

(3.4) ly = w−1y[2n].

The expression l will be considered throughout the section in the weighted Hilbert
space L2

w(I) of Lebesgue measurable functions which are square integrable with
weight w and with inner product and norm defined by (f, g) =

∫
I
f(t)g(t)w(t)dt

and ‖f‖ = (f, f)1/2. Associated with the expression l, three differential operators
Lmax , Lmin, LF , respectively called the maximal operator, minimal operator and
Friedrichs extension of Lmin, are defined as follows (see [10, Section 17]): Let

D(Lmax) = {y ∈ L2
w(I) : y[k] ∈ AC(I), 1 ≤ k ≤ 2n − 1, and ly ∈ L2

w(I)},(3.5)

D(Lmin) = {y ∈ D(Lmax) : R2n(y)(a) = 0 = R2n(y)(b)},(3.6)

D(LF ) = {y ∈ D(Lmax) : Rn(y)(a) = 0 = Rn(y)(b)},(3.7)

where

(3.8) Rk(y)(t) = (y[0](t), y[1](t), ..., y[k−1](t)), t ∈ [a, b],

and k is an integer with 1 ≤ k ≤ 2n. Then

Lmaxy = ly, y ∈ D(Lmax),
Lminy = ly, y ∈ D(Lmin),

LF y = ly, y ∈ D(LF ).

It is well known [10, Sect. 17] that D(Lmax), D(Lmin) and D(LF ) all are dense in
L2

w(I) (therefore, Lmax has a unique adjoint L∗
max), L∗

min = Lmax, and Lmin is a
semi-bounded, closed, symmetric operator with deficiency indices def(Lmin) = 2n
and lower bound λ0(Lmin).
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Denote

R(y) = (R2n(y)(a), R2n(y)(b)), Jn = (δi,(n+1−j))1≤i,j≤n,(3.9)

Ĵ2n =
(

0 Jn

−Jn 0

)
, J̃4n =

(
−Ĵ2n 0

0 Ĵ2n

)
,

[y, z](t) = R2n(y)(t)Ĵ2nR∗
2n(z)(t),

where δij denotes the Kronecker delta function. For any y, z ∈ D(Lmax) it is noted
that the Green’s formula ([10, p. 50]) now reads as

(3.10)
∫ b

a

[(ly)z − y(lz)]w(t)dt = [y, z](b) − [y, z](a) = R(y)J̃4nR∗(y).

It is not hard to verify from Definition 2.3, (3.6) and (3.10) that R(·) is a boundary
mapping of L∗

min(= Lmax).
Let θ1, ..., θ2n denote the solutions of the equation ly = 0, which satisfy the

following initial value conditions:

(3.11) (R2n(θj)(a))1≤j≤n = (0n, In) = (R2n(θn+j)(b))1≤j≤n,

where In denotes the n × n identity matrix. For any t ∈ [a, b], denote by

Θ11(t) = (θ[j−1]
i (t))1≤i,j≤n, Θ12(t) = (θ[n−1+j]

i (t))1≤i,j≤n,(3.12)

Θ21(t) = (θ[j−1]
n+i (t))1≤i,j≤n, Θ22(t) = (θ[n−1+j]

n+i (t))1≤i,j≤n.(3.13)

Lemma 3.1. If λ0(Lmin) > 0, then θ1, ..., θ2n are linearly independent and

(3.14) rank Θ21(a) = n = rank Θ11(b), Θ11(b) = −JnΘ∗
21(a)Jn.

Proof. By the fact that λ0(LF ) = λ0(Lmin) > 0, we easily see that 0 belongs to the
resolvent set of LF . Note that θ1, ..., θn and θn+1, ..., θ2n are linearly independent
respectively. If θ1, ..., θ2n are linearly dependent, then there exist constants ci,
1 ≤ i ≤ 2n, such that

∑n
i=1 ciθi =

∑n
i=1 cn+iθn+i =: θ0 �≡ 0 and Rn(θ0)(a) =

0 = Rn(θ0)(b), which shows that 0 is an eigenvalue of the Friedrichs extension LF .
This contradicts the prerequisite assumption and therefore θ1, ..., θ2n are linearly
independent. If rank Θ11(b) < n, then there exist constants ci, 1 ≤ i ≤ n, such that∑n

i=1 ciθi =: θ0 �≡ 0, which together with (3.11) and (3.7) also shows that 0 is an
eigenvalue of LF . Hence rank Θ11(b) = n. Furthermore, from the Green’s formula
(3.10), it is easily verified that [θi, θn+j ](a) = [θi, θn+j ](b), 1 ≤ i, j ≤ n. Thus, we
obtain

(3.15) (Θ11(a), Θ12(a))Ĵ2n

(
Θ∗

21(a)
Θ∗

22(a)

)
= (Θ11(b), Θ12(b))Ĵ2n

(
Θ∗

21(b)
Θ∗

22(b)

)
.

It follows from (3.11) that (Θ11(a), Θ12(a)) = (0n, In) = (Θ21(b), Θ22(b)). Substi-
tuting this into (3.15), we obtain (3.14), thus completing the proof. �

Let

(3.16) B =




0 −Jn 0 0
−Jn B22 0 −2JnΘ−1

21 (a)
0 0 0 Jn

0 −2Θ−1∗

21 (a)Jn Jn B44


 ,
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where

B22 = −Θ∗
22(a)Θ−1∗

21 (a)Jn − JnΘ−1
21 (a)Θ22(a),

B44 = Θ∗
12(b)Θ

−1∗

11 (b)Jn + JnΘ−1
11 (b)Θ12(b).

Lemma 3.2. Let λ0(Lmin) > 0. Then for any y ∈ D(Lmax) the following identities
hold:

2Im(Lmaxy, y) = −iR(y)J̃4nR∗(y),(3.17)

2Re(Lmaxy, y) = 2(y, y)F
D − R(y)B−1R∗(y).(3.18)

Proof. Clearly, (3.17) can be directly obtained from the Green’s formula (3.10).
For any y ∈ D(Lmax), it follows from Lemma 2.2, (3.7) and (3.11) that y = yF +∑2n

i=1 ciθi, yF ∈ D(LF ), and

(Lmaxy, y) = (LmaxyF , yF +
2n∑
i=1

ciθi)

= (yF , yF )D + [yF ,

2n∑
i=1

ciθi](t)|ba

= (y, y)F
D + (−R2,n(yF )(t)Jn, 01×n)

(
Θ∗

11(t) Θ∗
21(t)

Θ∗
12(t) Θ∗

22(t)

)(
α∗

1(y)
α∗

2(y)

)
|ba

= (y, y)F
D + R2,n(yF )(a)JnΘ∗

21(a)α∗
2(y) − R2,n(yF )(b)JnΘ∗

11(b)α
∗
1(y),

(3.19)

where

R2,n(y)(t) = (y[n](t), ..., y[2n−1](t)),

α1(y) = (c1, ..., cn) and α2(y) = (cn+1, ..., c2n).

If we write

(3.20) Γ0(y) = (R2,n(yF )(a), R2,n(yF )(b), α1(y), α2(y)),

then Γ0(·) is a boundary mapping of Lmax(= L∗
min) by Definition 2.3, and

(3.21) 2Re(Lmaxy, y) = 2(y, y)F
D − Γ0(y)GΓ∗

0(y),

where

(3.22) G =




0 0 0 −JnΘ∗
21(a)

0 0 JnΘ∗
11(b) 0

0 Θ11(b)Jn 0 0
−Θ21(a)Jn 0 0 0


 .

Furthermore, from (3.7) and (3.11) we have

R2n(y)(a) = (01×n, R2,n(yF )(a)) + (α1(y), α2(y))
(

0 In

Θ21(a) Θ22(a)

)
,

R2n(y)(b) = (01×n, R2,n(yF )(b)) + (α1(y), α2(y))
(

Θ11(b) Θ12(b)
0 In

)
.

This then implies R(y) = Γ0(y)∆ with

(3.23) ∆ =




0 In 0 0
0 0 0 In

0 In Θ11(b) Θ12(b)
Θ21(a) Θ22(a) 0 In


 .
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Simple calculations show that B = ∆∗G−1∆, B−1 = ∆−1G∆−1∗
and (3.18) holds.

This completes the proof. �

In applying Theorem 2.6 to the minimal differential operator Lmin we can directly
obtain the positive self-adjoint extensions of Lmin when λ0(Lmin) > 0. This result
is stated in the following.

Theorem 3.3. Let the differential expression l satisfy the basic conditions (3.2)
and let λ0(Lmin) > 0. Then an operator L is a positive self-adjoint extension of
Lmin if and only if there exists a 2n × 4n matrix M such that

rank M = 2n, MJ̃4nM∗ = 0,(3.24)

MBM∗ is a positive definite or positive semidefinite matrix ,(3.25)

and Ly = Lmaxy, y ∈ D(L), where

(3.26) D(L) = {y ∈ D(Lmax) : MR∗(y) = 0}.

Here the boundary mapping R(·) and the matrix B are defined as (3.9) and (3.16),
respectively.

References

1. A. Alonso and B. Simon, The Birman-Krein-Vishik theory of self-adjoint extensions of semi-
bounded operators, J. Operator Theory 4 (1980), 251-270. MR0595414 (81m:47038)

2. Y. Arlinskii and E. Tsekanovskii, On von Neumann’s problem in extension theory of nonneg-
ative operators, Proc. Amer. Math. Soc. 131 (2003), 3143-3154. MR1992855 (2004h:47034)

3. M. S. Birman, On the self-adjoint extensions of positive definite operators, Mat. Sb. 38 (1956),
431-450. MR0080271 (18:220d)

4. W. N. Everitt and A. Zettl, Differential operators generated by a countable number of
quasi-differential expressions on the real line, Proc. London Math. Soc. 64 (1992), 524-544.
MR1152996 (93k:34182)

5. K. Friedrichs, Spektraltheorie halbbeschrankter operatoren, Math. Ann. 109 (1934), 465-487.
6. M. G. Krein, The theory of selfadjoint extensions of semibounded Hermitian transformations

and its applications, I, Mat. Sbornik 20 (1947), 431-495 (in Russian). MR0024574 (9:515c)
7. M. G. Krein, The theory of selfadjoint extensions of semibounded Hermitian transformations

and its applications, II, Mat. Sbornik 21 (1947), 365-404 (in Russian). MR0024575 (9:515d)
8. M. Marletta and A. Zettl, The Friedrichs extension of singular differential operators, J.

Differential Equations 160 (2000), 404-421. MR1736997 (2000m:47058)
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