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ABSTRACT. A new characterization of the positive self-adjoint extensions of
symmetric operators, Tp, is presented, which is based on the Friedrichs exten-
sion of Tp, a direct sum decomposition of domain of the adjoint Tjj and the
boundary mapping of T{. In applying this result to ordinary differential equa-
tions, we characterize all positive self-adjoint extensions of symmetric regular
differential operators of order 2n in terms of boundary conditions.

1. INTRODUCTION

A linear operator 7" with domain D(T) in a Hilbert space H is said to be a
positive self-adjoint operator if 7= T" and

(1.1) Ao(T) := inf{(Tu,w) : ue D(T),|jul| =1} >0,

where T denotes the adjoint of T and the constant \o(T') is called the lower
bound of T'. It is well known [17, p. 115] that if a symmetric operator Ty satisfies
Ao(Tp) > 0, then Ty can be extended to a positive self-adjoint operator which is
called a positive self-adjoint extension of Tj.

During the past several decades, there have been many works dealing with the
problems associated with positive self-adjoint extensions. For any symmetric op-
erator Ty which is bounded below, K. Friedrichs [5] in 1934 constructed a bound-
preserving self-adjoint extension Tr by means of completing the inner product
(Th-,-). This has come to be known as the Friedrichs extension and is a seminal
result in analysis. The Friedrichs extension has been studied and applied by a great
number of authors in the context of various differential operators; see, for example,
[8, @, [TT] and the references therein. Furthermore, for any fixed real number pyg
which satisfies g < Ag(Tp), M. G. Krein [6] [7] in 1947 constructed all self-adjoint
extensions T such that A\o(T) > o, for which the method used by Krein is similar
to the von Neumann theory on self-adjoint extensions of symmetric operators in the
“real” case. These extensions T in our opinion may be called the bound-preserving
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self-adjoint extensions. The Krein extension theory also has been studied and ap-
plied by a great number of authors; see, for example, [I]-[3] and the references
therein. However, much less is known in applications of the abstract extension
theory of Krein to ordinary differential operators, partly because the Krein theory
is constructive and in practice, it is not easy to produce concrete realizations of
boundary conditions of differential operators. Thus, with a view to applications to
ordinary differential operators, it seems to be necessary to form a new approach to
characterize the bound-preserving self-adjoint extensions, which is the motivation
of the paper. Note that when A\g(Tp) > 0 and pog = 0, the bound-preserving self-
adjoint extensions reduce to the positive self-adjoint extensions of T. Conversely,
once the positive self-adjoint extensions are known, the realizations of the bound-
preserving self-adjoint extensions is then a simple matter to consider the operator
To := Ty — pol instead of Ty, where I is the identity operator on H.

In this paper, we attempt to provide a new characterization for the positive
self-adjoint extensions of symmetric operators in the case of finite deficiency in-
dices. Note that, in order to obtain the left-definiteness of the Sturm-Liouville (SL)
problems and the self-adjoint boundary conditions for the SL problems which have
the same lowest eigenvalues, recently, the authors [13, [14] characterized all positive
self-adjoint extensions of both regular and singular SL differential operators. This
description is based on the Friedrichs extension and a direct sum decomposition of
domain of the maximal SL differential operator. The purpose of the paper is to
generalize this to abstract operators and form a general approach to describe the
positive self-adjoint extensions. The proof is by means of the boundary mapping of
the adjoint T} of the symmetric operator Ty, which was introduced in [12} 18] for
characterizing the self-adjoint extensions of symmetric operators. This new char-
acterization can be conventionally applied to ordinary differential operators. In the
present paper, all positive self-adjoint extensions of symmetric regular differential
operators of order 2n are described in terms of boundary conditions.

This paper is organized as follows. Section 2 contains the main result charac-
terizing all positive self-adjoint extensions of symmetric operators. The positive
self-adjoint boundary conditions of differential operators are presented in Section
3.

Although we have only considered the case of finite deficiency indices in this
paper, a similar result may be given in the case of countable infinite deficiency
indices when combined with the works of [4] and [15].

2. POSITIVE SELF-ADJOINT EXTENSIONS

Let R be the real line, let C be the complex field and let C™ = {« = (¢4, ..., ) :
¢; € Cyi =1,...,m}. We write a matrix A with m rows and n columns as A =
(@ij)mxn Or A = (@ij)1<i<m,1<j<n, Where a;; is the element of A appearing in the
ith row and j*® column. In the case when m = n, we simply write A = (a;;),, or
A = (a;j)1<ij<n- If all elements of A are zeros, we write A as Op,xn. Let AT and
A* denote the transpose and Hermite adjoint of A, respectively.

Throughout this section let H denote a Hilbert space over the complex field C
with inner product (-,-) and norm || - ||. Suppose that Ty : D(Tp) C H — H is an
unbounded closed symmetric operator and 7 denotes its adjoint. In what follows,
when A\o(7p) > 0, we will present a new characterization of the positive self-adjoint
extensions of Ty, which is based on the Friedrichs extension of Ty, a direct sum
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decomposition of the domain of the adjoint T and the boundary mapping of 7.
Now we give a detailed discussion for these.

It is well known [I7] p. 123] that If Tp is a closed symmetric operator with
Ao(Tp) > —oo, then Ty C T and the deficiency indices of T are equal, which can
be denoted by m, = m_ =: m (say, def(Tp) = m), where

my = dim(N (T} Fil)).
Here N (T —ilI) denotes the null space of the operator Tf —il. Note that in the case
of XAo(Tp) > —oo, dim(N(T§ — AI)) = m as A € C\[A\o(Tp),00); see [I7, Theorem
5.32]. In the following we always assume m < co.

Definition 2.1 ([5]). Let T be a symmetric operator which is bounded below. The
operator T is called the Friedrichs extension of Ty if its domain D(Tr) consists of
all y in D(T§) such that there exists a sequence yi in D(Tp) satisfying

(i) yx—yin Hask — oo,

(i)  (To(yx — Yn), Yk — Yn) — 0 as k,n — oo,
and the operator Tp is the restriction of 7§ to D(TF).

As is well known [I7] Theorem 5.38], if Ty is bounded below, then its Friedrichs
extension always exists and is a self-adjoint extension of Ty, which preserves the
lower bound of Ty, i.e.,

(2.1) Mo(Tr) = Ao(To)-

Lemma 2.2. Let A\g(Tp) > 0, let def(Tp) = m < oo and let Tp be the Friedrichs
extension of Ty. Then

(2.2) D(T5) = D(Tp) + N(T),

where the symbol + indicates that the sum is direct.

Proof. Equation (2.2) follows from the fact that A\g(T%) > 0 and thus D(Tp) N
N(Tg) = {0} and the fact that D(TF) has defect index m in D(T{). O

Since Tr is a bound-preserving self-adjoint extension of Tp, if A\g(Tp) > 0, then
the symmetric sesquilinear form (T, ) results in a positive definite inner product
on the linear manifold D(Tr). Denote its completion space by

(23) HF = (HF7('a')D)‘

By the way, from Definition 2.1, we easily see that the linear manifold D(7}) is
densely defined in Hr with respect to this inner product (-,-)p. Furthermore, by
Lemma 2.2, each v € D(Tf) can be uniquely represented as

(2.4) u:up—l—Zcz-Gi, up € D(Tg), span{by,---,0n} = N(Ty).
i=1
Because of this, we will denote the above inner product henceforth by (u,v)% for
any u,v € D(T{), that is,
(2.5) (u, )5 = (Trup, vr), u,v € D(TY).

Definition 2.3. Let T be a closed symmetric operator with equal deficiency indices
def(Ty) = m < oo. If the linear mapping I'(+) : D(T§) — C?*™ is surjective and all
ug in D(Tp) satisfy I'(ug) = 0, then I'(u) is called the boundary vector of u in D(TF)
and I'(+) the boundary mapping of Tj.
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Similar to ordinary differential operators (see, for example, [9, pp. 51-52]), let
k be an integer with 0 < k < 2m and M be a k x 2m matrix defined on C with
rank M = k. For any such M and a boundary mapping I'(-) we define an operator
T(M) from H into itself by

(2.6) D(T(M)

S~—
|

{ue D(TY) : MT*(u) = 0},
Tiu  (ue D(T(M))).

When k = 0 we have M = 0 and T(M) = T, and when k& = 2m we have T (M) =
Toy. Here the matrix M and MT™*(u) = 0 may be called a boundary matrix and a
boundary condition, respectively.

From (2.6) it is clear that D(T'(M)) is a linear submanifold of D(Tf) and satisfies
To C T(M) C Ty for any boundary matrix M. It was proved [16, Lemma 4] that
if we choose appropriate boundary matrices, then all self-adjoint extensions of Ty
can be described in terms of (2.6). Note that all positive self-adjoint extensions (if
any) are contained in the self-adjoint extensions. With this view the problem of de-
scribing positive self-adjoint extensions of Ty now reduces to finding the self-adjoint
boundary matrices M in (2.6) such that (T'(M)u,u) > 0 for all u € D(T'(M)).

Proposition 2.4. Let Ty be a closed symmetric operator with Ag(Tp) > 0 and
def(Tp) = m < co. If both T'y and T'y are the boundary mappings of Ti5, then there
exists a 2m x 2m nonsingular matriz A such that

(2.7) I (u) =Ta(u)A, for all w e D(Ty).

Proof. (2.7) is immediately clear from Definition 2.3. O

Proposition 2.5. Under the assumptions that Ty is a closed symmetric operator
with Mo(Tp) > 0 and def(Ty) = m < oo, and T is a boundary mapping of T§, then
there exist two 2m x 2m Hermitian matrices A and B such that for any u € D(TY)
the following identities hold:

(2.8) 2Im(Tju,u) = T'(u)AT*(u),
2Re(Tgu,u) = 2(u,u)5 + T(u) BT (u).

Here both matrices A and B are nonsingular and have zero signature.

Proof. Since T is a self-adjoint extension of Ty and def(Ty) = m, it follows from
[T7, p. 239] that T is an m-dimensional extension of Ty, and there exist 6,,,; in
the quotient space D(Tr)/D(Tp), 1 < i < m, such that

D(TF) = D(TO) + Span{9m+1a T 792171}'

Since Ag(Tp) > 0, it follows that dim(N (7)) = m. Let N(T§) = span{f, ..., 0, }.
Then, for any v € D(Tf), we have

m

m
(2.10) u=upr -+ Z c;0; and up =ug+ Z CrntiOm+i,
i=1

i=1
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where up € D(TF), up € D(Tp). By (2.10) and (2.5), for any u in D(T{), we have
that u = ug + Z?ZLI cih;, c; € C, 1 <1i<2m, and

(Tgu,u) = (TJ(UF + Zciei),uF + Zcﬂj)
i=1 J=1

2m m
= (Tgup,up)+ (Tg(wo+ Y i),y c;0;)
i=m+1 j=1

m 2m m
= (wu)h+ (Touo, y_c;0)+ Y Y cic;(T56:,6;)

j=1 i=m+1j=1
2m m
(2.11) = (wuwh+ Y > cic;j(T50:,0;).
i=m+1j=1

Thus, if we write 'y (u) = (c1, ..., Cam), then (2.11) implies

(2.12) oIm(Tgu,u) = —ily(u)Bols(u),
(2.13) 2Re(T;u, u) 2(u, u) ¥ 4+ Ty (u) Bol'; (u),
where

- (0 =B (0 B
(2.14) By = ( Bay 0 > and By = ( Boy 0

with Boo = (T 0m+i,05))1<i,j<m. Note that 61, ...,6s,, are linearly independent
relative to D(Tp). It is not hard to see from (2.11) and Definition 2.3 that I'y
is a boundary mapping of 7. From [16l Lemma 4] we have rank By = 2m and
rank Byg = m. This therefore shows that rank By = 2m and its signature is 0.
Furthermore, by Proposition 2.4, there exists a nonsingular 2m x 2m matrix A
such that

(2.15) Ii(u) =T(uw)A

for all w in D(Ty). Substituting this into (2.12-2.13), we obtain that A = —iAByA*,
B = AByA*, and (2.8-2.9) hold, thus completing the proof. O

We are now in a position to prove the main result of the section: to characterize
all positive self-adjoint extensions of Ty under the assumptions Ag(Zp) > 0 and
def(Tp) = m < oo.

Theorem 2.6. Let Ty be a closed symmetric operator with Ao(To) > 0 and def(Tp)
=m < 00, and let T be a boundary mapping of T such that (2.8) and (2.9) hold.
Then an operator T is a positive self-adjoint extension of Ty if and only if there
exists an m x 2m matriz M such that

(2.16) rank M =m, MA™'M* =0,

(2.17) MB™YM* is a negative definite or negative semidefinite matriz,
and Tu = T§u, uw € D(T), where

(2.18) D(T)={ue D(T§) : MT*(u) =0}.
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Proof. Let us suppose that the operator T is a positive self-adjoint extension of
To, that is, T is self-adjoint and satisfies (T'u,u) > 0 for all v € D(T). From the
self-adjointness of T' and [16l Lemma 4], there exists an m x 2m matrix M such that
(2.16) and (2.18) are satisfied. On the other hand, we can show that (Tw,u) > 0 is
equivalent to

(2.19) I'(u)BT*(u) > 0 for all u € D(T).

Obviously, from (2.1), (2.5) and (2.9) we only need to prove (2.19). If it is not true,
then there is an element wy in D(T') satisfying I'(u1)BIT™*(u1) =: —2e; < 0. From
the definition of the Friedrichs extension (see Definition 2.1) and the representation
(24) of uy (ug =wrp+Y 1oy cibs, uip € D(TF)), we conclude that D(Tp) is densely
defined in D(Tr) with respect to the inner product (-,-)p and, for the positive
number €1 /2, there exists an element ug in D(T}) such that (uyp —ug, u1r —uo)p <
€1/2. Since D(T) is an extension manifold of D(Tp), u; — ug € D(T') and

0 < (T(up —ug),u; —ug) = Re(T(ug —ug),u1 —up)
= (ulF — U, U1 7U0)D +(1/2)F(U1)BF*(U1)
< —(1/2)e1 <O.
This contradiction shows that (2.19) holds.
Furthermore, note that the mapping I'(-) : D(Tg) — C?™ is linear and surjective.

If we write A~'M* as (af, ..., af,) where az, ..., a,, € C?™, then from (2.16) and
(2.18) we easily see that

(2.20) D(T) = {u € D(T) : T(u) € span{as, .. am}}.
This, combined with (2.19), yields that

aq
B(ad,...,ak) = MA™V BA™'M*

U

is a positive definite or positive semidefinite matrix. In addition, from (2.14) and
(2.15) we obtain that A = —iAByA* and

AV BAT!

ATV BV ATHAB A AT BytAT?
= ATVByUBB;IAT?

_ _Afl B61A71
(2.21) = -B7!,

which shows that (2.17) holds. Thus, the necessary part of Theorem 2.6 is proved.

Conversely, if there is an m x 2m matrix M that satisfies (2.16), (2.17) and
D(T) satisfies (2.18), then, from [I6] Lemma 4], we conclude that the operator T is
self-adjoint. If, in addition, we write A=*M* = (af, ..., %), then by (2.19), (2.21)
and the above proof, we can conclude that (Tu,u) > 0 for all w € D(T). This
shows that T is a positive self-adjoint extension of 7. We complete the proof of
Theorem 2.6. (]
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3. POSITIVE SELF-ADJOINT EXTENSIONS OF DIFFERENTIAL OPERATORS

Let [ denote the formally symmetric differential expression defined by

n

Z(—l)i(pn,iy(i))(i), tel:=lab] CR.
i=0

1

We assume that the coefficient functions p;, 0 < i < n, and w satisfy the following
basic conditions:

(3.2) 1/P0, 1y ooy Pr,w € LY(I,R), w >0, po >0 a.e. on I,

where L' (I, R) denotes the set of Lebesgue integrable real functions on I. The basic
conditions ensure that the expression [ is regular on [a, b]. Based on (3.2) we define
the formal quasi-derivatives (up to order 2n) of a function y to be the functions
Yl =y, ol .y given by

y*) 0<k<n-1,

(3.3) yM = ¢ poy™, k=n,
Prony @R — Y=Y 1 <k < 2n,

where y(*) is the usual kth derivative (see [I0, Sect. 15.2]). The expression [ is then
given by

(3.4) ly = w1y,

The expression [ will be considered throughout the section in the weighted Hilbert
space L2 (I) of Lebesgue measurable functions which are square integrable with
weight w and with inner product and norm defined by (f,g) = [, f(®)g()w(t)dt
and || f]| = (f, f)*/?. Associated with the expression [, three differential operators
Liax 5 Lmin, Lr, respectively called the mazximal operator, minimal operator and
Friedrichs extension of Ly, are defined as follows (see [T, Section 17]): Let

w = =

: Rgn(y) (l) =0= R2n(y)(b)}ﬂ

(3.5)  D(Lmax) ={y € L2(I): ¢y € AC(I), 1 <k <2n—1,and ly € L2 (1)},
(Lmax) (
(3.7)  D(Lr) ={y € D(Lmax) : Ru(y)(a) = 0= R, (y)(b)},

where

(3.8) Ri(y)(t) = (4 (1), g™ (@), oy (@), 1€ a0,

and k is an integer with 1 < k < 2n. Then

Lmaxy = lya Yy e D(Lmax)7
Lminy = lya Yy S D(Lmin)a
Lry = ly, y € D(Lp).

It is well known [I0, Sect. 17] that D(Lmax), D(Lmin) and D(Lp) all are dense in
L2 (I) (therefore, Ly has a unique adjoint L, ), L. = Luyax, and Ly, is a

semi-bounded, closed, symmetric operator with deficiency indices def(Lyin) = 2n
and lower bound Ao(Lmin)-
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Denote

(3.9) R(y) = (Ran(y)(a), R2n(y) (D)),  Jn = (i (nt1-4))1<i,j<ns

b () e L)
[y, 2)(t) = Ran(y)(t) Jon B3, (2)(1),

where ;; denotes the Kronecker delta function. For any y, z € D(Lmax) it is noted
that the Green’s formula ([10} p. 50]) now reads as

(3.10) / [(1y)z = y(I=)Jw(t)dt = [y, £](b) — [y, 2](a) = R(y)JanR* (y).

It is not hard to verify from Definition 2.3, (3.6) and (3.10) that R(+) is a boundary
mapping of L% . (= Lmax)-
Let 61, ...,60s, denote the solutions of the equation ly = 0, which satisfy the

following initial value conditions:

(3.11) (R2n(0;)(a))1<j<n = (0n, In) = (Ran(Ont) (b)) 1<j<n,

where T, denotes the n x n identity matrix. For any ¢ € [a, b], denote by
(312)  On) = O Vh<ijon, Or2() = O (1)1< j<n,
(313)  Ou(t) = (O Oh<ijen, O2(t) = OV (E)1<ij<n-

Lemma 3.1. If A\g(Lwin) > 0, then 61, ..., 0a, are linearly independent and
(3.14) rank Oy (a) = n = rank 14 (d), ©11(b) = —J,03,(a)J,.

Proof. By the fact that A\g(Lr) = Ao(Lmin) > 0, we easily see that 0 belongs to the
resolvent set of Lp. Note that 61,...,6, and 0,41, ..., 0, are linearly independent
respectively. If 64,...,60s, are linearly dependent, then there exist constants c;,
1 < i < 2n, such that >0 ¢;0; = D1 ¢nyibngs =: 0g # 0 and R, (6p)(a) =
0 = R, (00)(b), which shows that 0 is an eigenvalue of the Friedrichs extension Lp.
This contradicts the prerequisite assumption and therefore 64, ..., 05, are linearly
independent. If rank ©1;(b) < n, then there exist constants ¢;, 1 < ¢ < n, such that
St ity =t 6y # 0, which together with (3.11) and (3.7) also shows that 0 is an
eigenvalue of Lp. Hence rank 011 (b) = n. Furthermore, from the Green’s formula
(3.10), it is easily verified that [60;,0,4;](a) = [0;,0n+;](D), 1 < ¢, < n. Thus, we
obtain

(3.15) (911(a),@12(a))j2n( 82;53 ) = (@11(b)7912(b))j2n< gz;% )

It follows from (311) that (@11(&),@12(&)) = (On,ln) = (@21(b),@22(b)) Substi-

tuting this into (3.15), we obtain (3.14), thus completing the proof. O
Let
0 —Jn 0 0
—Jn B -2 n o
A ]
0 —203'(a)J, Jn By
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where
By = _@Sz(a)@il*(a)t]n - Jn@511(a)®22(a)7
B = 03,001 (0)Jn + Ja01! (0)012(b).
Lemma 3.2. Let A\g(Lmin) > 0. Then for any y € D(Lmax) the following identities

hold:
(317) 2IIn(LmaXya y) = _ZR(y)jﬁlnR* (9)7
(3.18) 2Re(Limax?sy) = 2(y,y)p — R(y)B~'R*(y).

Proof. Clearly, (3.17) can be directly obtained from the Green’s formula (3.10).
For any y € D(Lpax), it follows from Lemma 2.2, (3.7) and (3.11) that y = yp +

2521 Ciaiv Yr € D(LF)a and

(Lmax¥,Y) = (LmaxyF, yr + Z i)
(3.19) = (yr,yr)p + [yF,;Cioi](t”Z
= )b + (o) 00,00 i) 82§)( 2
= (1,9)D + Rayn(yr) () JnO31(a) a3 (y) — Ron(yr)(b)J,© ) 1),
where
Ron()(8) = (4" (1), ..y H (1)),
a1(y) = (c1, .y cn) and  ao(y) = (g1, - Con)-
If we write
(3.20) Lo(y) = (R2n(yr)(a), Ron(yr)(b), a1(y), a2(y)),
then I'g(+) is a boundary mapping of Lyax(= L7;,) by Definition 2.3, and
(321) 2Re(Lmaxy7y) = 2(yay)D - O(y)GPS(y)v
where
0 0 0 — 7,03 (a)
_ 0 0 Jn0%(b) 0
(3.22) G= 0 onb 0 0
—O21(a)Jn 0 0 0
Furthermore, from (3.7) and (3.11) we have
Ran)@) = v Ren(yr)(@) + @00,020)) (0,001 oty )
Ran(i)0) = (O Ran(pr) ) + (et ea() (50 920
This then implies R(y) = I'o(y)A with
0 I, 0 0
0 0 0 I,
(8:23) A= 0 I, ©11(b) ©12(b)
@gl(a) @Qz(a) 0 In
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Simple calculations show that B = A*G~'A, B~' = A~'GA~'" and (3.18) holds.
This completes the proof. ([

In applying Theorem 2.6 to the minimal differential operator L,,;, we can directly
obtain the positive self-adjoint extensions of L,y when Ag(Lmin) > 0. This result
is stated in the following.

Theorem 3.3. Let the differential expression | satisfy the basic conditions (3.2)
and let A\o(Lmin) > 0. Then an operator L is a positive self-adjoint extension of
Luin if and only if there exists a 2n x 4n matrix M such that

(3.24) rank M = 2n, MJy,M* =0,
(3.25) MBM™ is a positive definite or positive semidefinite matriz,

and Ly = Lmaxy, y € D(L), where

(3.26) D(L) = {y € D(Lmax) : MR*(y) = 0}.
Here the boundary mapping R(-) and the matriz B are defined as (3.9) and (3.16),
respectively.
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