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DEFINITE REGULAR QUADRATIC FORMS OVER Fq[T ]

WAI KIU CHAN AND JOSHUA DANIELS

(Communicated by David E. Rohrlich)

Abstract. Let q be a power of an odd prime, and Fq[T ] be the ring of poly-
nomials over a finite field Fq of q elements. A quadratic form f over Fq [T ] is
said to be regular if f globally represents all polynomials that are represented
by the genus of f . In this paper, we study definite regular quadratic forms over
Fq [T ]. It is shown that for a fixed q, there are only finitely many equivalence
classes of regular definite primitive quadratic forms over Fq [T ], regardless of
the number of variables. Characterizations of those which are universal are

also given.

1. Introduction

Let o be the ring of integers in a global field. Given a quadratic form f over o, it
is a fundamental question to determine the set of elements in o that are represented
by f . A necessary condition for an element a of o to be represented by f is that a is
represented by the genus of f , i.e. a is represented by f over all local completions
of o. It is known that in general this condition is not sufficient to guarantee a global
representation of a by f . When f represents all elements in o that are represented
by its genus, we say that f is regular.

It was Dickson [5] who first studied regular quadratic forms over Z. Later on,
Watson [17, 18] showed that there are only finitely many equivalence classes of
regular positive definite primitive ternary quadratic forms over Z, and in [17] he
employed an arithmetic argument to obtain explicit upper bounds on the prime
power divisors of the discriminant of these regular forms. There has been consid-
erable recent interest in extending this arithmetic treatment to quadratic forms
satisfying other kinds of regularity conditions [1, 2, 3, 4]. See [2] for a summary of
the recent developments along this line of research.

Another example of o of special interest is the ring of integers in a rational
function field with a finite constant field. Let q be a power of an odd prime and
Fq[T ] be the polynomial ring over a finite field Fq of q elements. The goal of this
paper is to give a detailed investigation of regular quadratic forms over Fq[T ]. We
follow the arithmetic approach developed by Watson in [17]. As in the case of
quadratic forms over Z, we restrict our attention to definite quadratic forms over
Fq[T ], i.e. those quadratic forms which are anisotropic over Fq(T )∞. Here ∞ is the
infinite place induced by the degree function. Henceforth, unless stated otherwise,
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all quadratic forms over Fq[T ] considered in this paper are definite; thus the number
of variables of any quadratic form in the subsequent discussion is less than or equal
to 4.

Some of the results presented in this paper mirror the existing finiteness theorems
for regular quadratic forms over Z. For example, we show that there are only finitely
many equivalence classes of regular primitive binary and ternary quadratic forms
over Fq[T ] (Theorems 2.2 and 3.12). However, there are others for which their
analogous statements for quadratic forms over Z are simply not true at all. For
instance, we prove that all regular ternary quadratic forms over Fq[T ] of square-
free discriminant must have class number 1 (Corollary 3.9), and that there are only
finitely many regular primitive quaternary quadratic forms over Fq[T ] (Theorem
4.7). Combining the main theorems obtained in Sections 2 to 4, we have the
following finiteness result on regular quadratic forms over Fq[T ].

Theorem 1.1. For a fixed finite field Fq, there are only finitely many equivalence
classes of regular quadratic forms over Fq[T ].

A lot of these regular quadratic forms have class number 1. Examples include
binary regular quadratic forms (Theorem 2.2), ternary regular quadratic forms of
square-free discriminants (Corollary 3.9) and universal quadratic forms (Theorem
4.2). It would be interesting to have explicit examples of regular quadratic forms
whose class numbers are not 1.

Remark 1.2. It is known that there are regular quadratic forms over Z whose class
numbers are not 1. These quadratic forms exist when the number of variables is
at least 3. Examples of these forms in 3 or 4 variables can be found in [11] and [7]
respectively. In fact, an infinite family of inequivalent regular quaternary quadratic
forms over Z is exhibited in [7].

For our convenience, we denote Fq[T ] by A and let K be the field of fractions
of A. A prime in A is a monic irreducible polynomial. The symbols p and q

always represent finite places of K, or the prime ideals that induce the places. The
subsequent discussion will be conducted in the geometric language of quadratic
spaces and lattices, and any unexplained notation and terminology can be found
in [15]. The term lattice always means a finitely generated A-module on a definite
quadratic space over K. It is obvious that regularity remains intact upon any scaling
of the quadratic map on the lattice. Therefore, we further assume throughout the
paper that every lattice L is primitive, i.e. s(L) = n(L) = A.

In [6] and [9], it is shown that every lattice L has a reduced basis B = {v1, v2, . . .}
meaning that deg Q(vi) ≤ deg Q(vj) and deg B(vi, vj) < deg Q(vi) for any vi, vj ∈ B
with i < j. The i-th successive minimum of L, denoted µi(L), is defined to be
deg Q(vi). It is known that the increasing sequence µ1(L), µ2(L), . . . is independent
of the reduced basis B, and that the sum of all the successive minima of L is equal
to deg(d(L)) [9, Lemma 2]. For any 1 ≤ k ≤ rank(L), the sublattice spanned by
the first k vectors in B is called a k × k section of L.

For any finite place p of K, let

Λp(L) = {v ∈ L : Q(z) ≡ Q(v + z) mod p ∀z ∈ L}.
By scaling the quadratic map on Λp(L) suitably, we obtain a primitive lattice λp(L).
The proof of the following property of this λp-transformation can be found in [2,
Section 2]. For its other properties, we refer the readers to [1, 2, 3, 4].
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Lemma 1.3. If Lp = Mp ⊥ Np where Mp is unimodular and s(Np) ⊆ p2, then
Λp(L)p = pMp ⊥ Np and Λp(L)q = Lq for all q �= p. Furthermore, if L is regular,
then λp(L) is also regular.

2. Regular binary lattices

We begin this section with the following approximation lemma. Its proof resem-
bles that of the binary case of the approximation theorem in [12, Theorem 6.2.1].
We present it here for the convenience of the readers.

Lemma 2.1. Let M be a binary lattice and Ω be a finite set of finite places for which
Mp is unimodular for all p �∈ Ω. Given any collection {vp ∈ Mp : p ∈ Ω} and integer
s > 0, there exists v ∈ M such that v ≡ vp mod psMp for all p ∈ Ω, and that
Q(v) ∈ A×

p for all p �∈ Ω with precisely one exception p = q where ordq(Q(v)) = 1.

Proof. Let V be the definite quadratic space underlying M . By scaling V suitably,
we may assume that V represents 1. Therefore, we can identify V with the quadratic
extension E = K(

√
−d(M)), and Q becomes the norm N from E to K. Let O be

the maximal order in E. Since Mp represents a unit in A×
p for any p �∈ Ω, we

may enlarge Ω, if necessary, so that Mp = Op for all p �∈ Ω. Using the weak
approximation property for E, we can find w ∈ E× which is sufficiently close to vp

for all p ∈ Ω, and w ∈ Mp for all p �∈ Ω. Decompose the principal ideal (w) = wO

as
(w) = m̃ñ,

where the prime divisors of ñ do not lie above any prime ideals in Ω. Since w ∈
Mp = Op for all p �∈ Ω, ñ is an integral ideal. Let P be the ideal

(
∏
p∈Ω

p)t

where t is a sufficiently large positive integer. By the Čebotarev density theorem
(see [8] for a proof of the function field version), the ray class (mod P) represented
by ñ contains a prime ideal q̃ such that N(q̃) = q is a prime ideal in A. Therefore,
there exists z ∈ E such that z ≡ 1 mod P and q̃ = ñz. Letting v = wz, one can
verify that v satisfies all the requirements. �

Theorem 2.2. A regular binary lattice must have class number 1. In particular,
there are only finitely many isometry classes of regular primitive binary lattices.

Proof. Let L be a regular binary lattice, and let Ω be a finite set of finite places p

for which Lp is unimodular for all p �∈ Ω. Since L is assumed to be primitive, Lp

represents a unit εp for each p ∈ Ω. Suppose that M is a lattice in gen(L). By the
previous lemma, there exists v ∈ M such that Q(v) ∈ εpA×2

p for all p ∈ Ω, and
that Q(v) ∈ A×

p for all p �∈ Ω with one exception p = q where ordq(Q(v)) = 1. Let
π be the prime that generates q.

Since Q(v) is represented by M ∈ gen(L) and L is regular, Q(v) is also repre-
sented by L. By replacing L by a lattice in its class, we may assume that L also
contains v. Let w be a basis vector of the orthogonal complement of v in L, and
let N be the sublattice of L spanned by v and w. Since Q(v) is a unit in Ap for
any p �= q, Np = Lp for those p. At q, Q(v) is a uniformizer. This implies that Lp

must be isometric to 〈1,−1〉, and Nq
∼= 〈π,−π〉. So, there are exactly two lattices

in gen(L) which contain N , and they are obtained by adjoining (v + w)/π and
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(v −w)/π respectively to N . In this case these two lattices must be M and L, and
they are isometric via the symmetry τv. In particular, M and L are in the same
class. �

3. Regular ternary lattices

In this section, L is a ternary lattice and V is the ambient quadratic space. By
scaling the quadratic map by δ if necessary, we may assume that V∞ is isometric
to either 〈1,−δ, T 〉 or 〈1, T,−δT 〉. By the local square theorem [9, Lemma 1] it
follows that all monic even degree polynomials in A are squares in K∞. So, V∞
represents all monic polynomials and, in particular, all primes in A.

3.1. Lattices with special local structures. For the sake of discussion, we say
that a lattice L is special if it satisfies the following two conditions:

(1) Lp has a unimodular component of rank 2 for every p,
(2) ordp(d(L)) ≤ 1 for every p of degree ≤ 2.

For example, a lattice of square-free discriminant is special. It follows from the
above definition that if L is special, then Lp represents all units in A×

p for each
finite place p, and hence gen(L) represents 1.

Lemma 3.1. There exists a prime g of degree 2 such that
(

g
T

)
= −1.

Proof. Let α, β ∈ Fq such that α2 − δβ2 = δ, and let g be the polynomial T 2 −
2αT + δ. It is clear that

(
g
T

)
= −1. The roots of g are α ± β

√
δ. Since δ is a

non-square in Fq, β �= 0 and hence α ± β
√

δ �∈ Fq. Therefore, g is irreducible over
Fq. �

Proposition 3.2. Suppose that L is a regular special ternary lattice. Then

(µ1(L), µ2(L), µ3(L)) = (0, 0, 1), (0, 0, 3) or (0, 1, 1).

Consequently, deg(d(L)) ≤ 3 and there are only finitely many isometry classes of
regular special ternary lattices.

Proof. Suppose that V∞ ∼= 〈1,−δ, T 〉. In this case, L represents every element
in F

×
q . Therefore, 〈1,−δ〉 is represented by L and µ1(L) = µ2(L) = 0. If T is

represented by L, then µ3(L) ≤ 1 because T is not represented by 〈1,−δ〉. Suppose
that T is not represented by L. This could happen only when Lp

∼= 〈1,−δ, δT 〉,
where p = (T ). Let g be the prime obtained in Lemma 3.1. It is clear that gT
is represented by V∞ and Lq for all q �= (g). At q = (g), δ becomes a square in
A×

q , and hence 〈1,−δ〉 is the hyperbolic plane. Therefore, Lq represents gT as well.
Consequently, L represents gT and µ3(L) ≤ 3. Since V∞ is anisotropic, µ3(L) can
only be 1 or 3 in this case.

If V∞ ∼= 〈1, T,−δT 〉, then L represents 1 and therefore µ1(L) = 0. Also, L
represents either T or δT . If both T and δT are represented by L, then µ2(L) =
µ3(L) = 1. So, we may assume that only one of T and δT is represented by L.
Without loss of generality, let us assume that T , but not δT , is represented by L.
Then L represents the binary lattice 〈1, T −α2〉 for some α ∈ Fq. Any monic linear
polynomial represented by 〈1, T − α2〉 is of the form T − α2 + γ2 for some γ ∈ Fq.
Therefore, the number of monic linear polynomials represented by 〈1, T − α2〉 is
at most q+1

2 . This means that there is a monic linear polynomial f which is not
represented by 〈1, T − α2〉. Note that δf is also not represented by 〈1, T − α2〉. If
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f is represented by L, then µ3(L) = 1. Otherwise, Lq
∼= 〈1,−δ, δf〉 where q = (f).

But then δf is represented by L and hence µ3(L) = 1 again. �
Lemma 3.3. Suppose that q = 3. Let L be the lattice 〈1, 1, T (T −1)(T +1)〉. Then
L has class number 1 and hence it is regular.

Proof. Let M be a lattice in gen(L). Then (µ1(M), µ2(M), µ3(M)) has only three
possibilities: (1, 1, 1), (0, 1, 2), and (0, 0, 3). The first possibility is not admissible
because V∞ would have been isotropic. If the second possibility occurs, then

M ∼= 〈ε〉 ⊥
[
f α
α g

]
where ε ∈ {1, δ}, f is linear and g is of degree 2. Moreover, α must be 0 because f
divides d(M). Since V∞ in this case is isometric to 〈1, 1, T 〉, the leading coefficient
of f should be a square. Without loss of generality, we assume that f is monic, and
hence T (T −1)(T +1) = f(f −1)(f +1). If q is the place generated by f , then Mq,
which is isometric to Lq = 〈1, 1, f(f − 1)(f + 1)〉, represents −f but not f . This is
a contradiction.

Therefore, µ1(M) = µ2(M) = 0 and hence M represents 〈1, 1〉. This means that
M ∼= 〈1, 1, T (T − 1)(T + 1)〉 ∼= L, i.e. the class number of L is 1, which certainly
implies that L is regular. �
Lemma 3.4. If L is special and deg(d(L)) = 3, then L is regular if and only if
q = 3 and L ∼= L. Here L is the lattice defined in Lemma 3.3.

Proof. Suppose that L is regular. By Proposition 3.2, (µ1(L), µ2(L), µ3(L)) =
(0, 0, 3) and so L represents the binary lattice 〈1,−δ〉. Let 	 be a linear prime in
A. If L represents 	, then µ3(L) would have been equal to 1 because 〈1,−δ〉 does
not represent 	. Therefore, L cannot represent 	. This implies that L� does not
represent 	 because L is regular. In particular, L� is not unimodular and thus d(L)
must be divisible by 	. As a result, d(L) is divisible by all linear primes in A.
This is possible only when there are exactly 3 linear primes in A; hence q = 3 and
L ∼= L. �
Theorem 3.5. If L is a ternary lattice with deg(d(L)) ≤ 2, then the class number
of L is 1 and hence L is regular.

Proof. Since the quadratic space underlying L is definite, the degree of d(L) cannot
be zero. If deg(d(L)) = 1, then µ1(L) = µ2(L) = 0 and µ3(L) = 1. This implies
that L ∼= 〈1,−δ〉 ⊥ 〈−δd(L)〉. Therefore the class number of L is 1, and hence L is
regular.

Suppose that deg(d(L)) = 2. Since L is definite, µ1(L) = 0 and µ2(L) = µ3(L) =
1. Therefore V∞ ∼= 〈1, T,−δT 〉 and L ∼= 〈1〉 ⊥ N where µ1(N) = µ2(N) = 1. For
any L′ ∈ gen(L), it is clear that µ1(L′) = 0 and hence L′ ∼= 〈1〉 ⊥ N ′ for some
binary lattice N ′ with µ1(N ′) = µ2(N ′) = 1. By [9, Theorem 2], L ∼= L′ if and only
if N ∼= N ′. Lemma 3.7 below shows that the class number of any binary lattice N
with µ1(N) = µ2(N) = 1 is always 1. This shows that the class number of L is also
1 as asserted. �
Remark 3.6. Note that L is not assumed to be special in the last theorem.

Lemma 3.7. Let N be a binary lattice. If µ1(N) = µ2(N) = 1, then the class
number of N is 1.
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Proof. Let p be the discriminant of N . Since N is definite, we may assume that
the leading coefficient of p is −δ. The class number and the proper class number of
N are denoted by h(N) and h+(N) respectively. With respect to a suitable basis
of N ,

(‡) N ∼=
[
T + a c

c −δT + b

]
,

where a, b, c ∈ Fq.
Suppose that p is square-free. Then N is a maximal lattice. Since the degree

of p is 2, the field E = K(
√−p) is an imaginary quadratic extension of K [16, pp.

248-249]. Moreover, if U(E) denotes the group of units in the ring of integers in E,
then [U(E) : F

×
q ] = 1 by [16, Proposition 14.2]. So, by [13, Theorem 6],

h+(N) =
{

h(E) if p is irreducible;
h(E)

2 otherwise,

where h(E) is the ideal class number of E. Note that the quantity Q appearing in
[13, Theorem 6] is the index [U(E) : F

×
q ] because the group of units in Fq[T ] is just

F
×
q . Since the genus of E is 0 (by, for example, the Riemann-Hurwitz Theorem [16,

Theorem 7.16]), the divisor class number of E is 1 and h(E) = 2 [16, Proposition
14.7]. In particular both h+(N) and h(N) are 1 when p is reducible.

Suppose that p is irreducible. Then h+(N) = 2 by the above calculation. We
shall show that N does not have any improper automorph, and hence h(N) �=
h+(N). In particular, h(N) must be 1. It is clear that in (‡) c cannot be 0.
Suppose that

[ α γ
β η

]
is an improper automorph of N , i.e. αη − βγ = −1 and[

α γ
β η

]t [
T + a c

c −δT + b

] [
α γ
β η

]
=

[
T + a c

c −δT + b

]
.

This leads to the following 6 equations:

(I)




α2 − β2δ = 1
γ2 − η2δ = −δ

αγ − ηβδ = 0
(II)




α2a + 2cβα + β2b = a
αγa + cβγ + αcη + ηβb = c

γ2a + 2ηcγ + η2b = b.

If β = 0, then γ = 0 and α = η = ±1. Therefore, β �= 0 and γ �= 0 as well. Using
the first equations in (I) and (II) we obtain

α2[(δa + b)2 − 4c2δ] = (δa + b)2.

However, (δa+b)2−4c2δ is the discriminant of the irreducible polynomial p. Hence
α = 0 = δa + b. From the third equation in (II) it follows that η = 0, whence
−δ = γ2. But then p = (γ(T + a) − c)(γ(T + a) + c), which is impossible.

Now suppose that p is of the form −δ	2 where 	 is a prime of degree 1. In this
case, 0 = (b− δa)2 + 4δ(ab− c2) = (b + δa)2 − 4δc2. This is impossible unless c = 0
and b = −δa; hence T + a = 	 and N ∼= 〈	,−δ	〉. Therefore, h(N) = 1. �

Remark 3.8. The above lemma would have been false had we only assumed that
deg(d(N)) = 2. For example, if N ∼= 〈1, p〉 where p is irreducible of degree 2, then
N ′ = 〈δ, δp〉 is in gen(N). Obviously, N and N ′ are not isometric.

All the results obtained thus far imply the following corollary, which is interesting
by its own.
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Corollary 3.9. Every regular special ternary lattice has class number 1. In par-
ticular every regular lattice of square-free discriminant has class number 1.

Remark 3.10. The above corollary does not hold for ternary Z-lattices. The regular
Z-lattice 

2 0 1
0 2 0
1 0 6


 ,

which corresponds to the entry [1 1 3 0 1 0] in [11, Table 1], is special because
its discriminant is 22, which is square-free. But its class number is greater than 1.

3.2. Main result. By applying the λp-transformation (see Lemma 1.3) to a ternary
lattice L successively we arrive at a lattice λ(p)(L) whose discriminant is not divisi-
ble by p2, and at any q �= p, Lq

∼= λ(p)(L)ε
q for some ε ∈ A×

q . By applying λ(p) to L
at every finite place p, we obtain a lattice λ(L) whose discriminant is square-free.
If L is regular, then λ(p)(L) and λ(L) are also regular.

Proposition 3.11. Let L be a regular ternary lattice. The degree of every prime
divisor of d(L) is bounded by a constant which is independent of L.

Proof. If π is a prime which divides d(λ(L)), then deg(π) ≤ 2 by Proposition 3.2.
So we are interested in those prime divisors of d(L) that do not divide d(λ(L)).
Let π be such a prime and p be the place generated by π. We may further assume
that ordq(d(L)) ≤ 1 for all q �= p. Let Ω be the set {f prime : f | d(L), f �= π}.
Proposition 3.2 implies that the degree of any prime in Ω is at most 2.

Under the conditions we imposed on L, Lp has two possible structures:

(∗)
{

Mp ⊥ Np, where Mp is binary unimodular and s(Np) ⊆ p2;
〈a〉 ⊥ Np, where a ∈ A×

p and s(Np) ⊆ p2.

In the first case, L is a special lattice; hence deg(π) ≤ 2.
For the second case, we may assume that deg(π) > 1 and π �∈ Ω. If L represents

all elements in F
×
q , then L represents 〈1,−δ〉, which is not possible. This leaves us

two scenarios:
(i) L represents all elements within a single square class in F

×
q ;

(ii) L does not represent any element in F
×
q .

In (i), L represents an ε ∈ {1, δ}. Let g1 and g2 be two primes of degree 3. In
particular, g1 and g2 are not in Ω. If

(
gi

π

)
=

(
ε
π

)
for some i, then gi is represented by

L for this i. Otherwise, g1g2 is a square in A×
p . We claim that εg1g2 is represented

by L. It suffices to check the representability at ∞. If ε = 1, then it is clear that g1g2

is represented by V∞ since V∞ represents all even degree monic polynomials. When
ε = δ, then V∞ must be isometric to 〈1,−δ, T 〉. In this case, V∞ represents all even
degree polynomials. In conclusion, L contains two linearly independent vectors v
and w with deg(Q(v)) = 0 and deg(Q(w)) ≤ 6. The degree of the discriminant of
the binary sublattice spanned by v and w is then ≤ 6. The structure of Lp implies
that π2 must divide that discriminant. Therefore, 2 deg(π) ≤ 6 and deg(π) ≤ 3.

In (ii), Lp cannot represent 1, and hence a is a non-square in A×
p . Suppose that

δ remains a non-square unit in Ap. This implies that δ is not represented by V∞
and so V∞ ∼= 〈1, T,−δT 〉. Let p1 and p2 be two primes of degree 3. For i = 1 or 2,
either pi or δpi is represented by L. Therefore, 2 deg(π) ≤ deg(p1) + deg(p2) and
deg(π) ≤ 3.
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Now, suppose that δ becomes a square in A×
p (in particular, deg(π) is even). Let

g ∈ A be one of the smallest (in terms of degree) non-square units in A×
p . Since

every element in F
×
q is a square in A×

p , the leading coefficient of g can be assumed
to be 1. Then g must be a prime and deg(g) < deg(π). We claim that g ∈ Ω.
Assume to the contrary that g is outside Ω. Let d = deg(g) and 	 = deg(π). The
number of nonzero multiples of g in A(�) = {h ∈ A : deg(h) ≤ 	 − 1} is q�−d − 1.
Since q�−d − 1 < q�−1

2 , there exists a non-residue modulo p in A(�) which is not
a multiple of g. This implies that there exists a prime f ∈ A(�), not equal to g,
which is a non-residue modulo p. Both g and f are represented by L, and f is
not a square multiple of g. Therefore, 2	 ≤ deg(fg) ≤ d + 	 − 1 < 2	, which is a
contradiction.

Now we know that g ∈ Ω. Let q = (g) and f1, f2, f3, f4 be four primes outside
Ω such that f1 and f2 are in different square classes modulo q, and so are f3 and
f4. Observe that for i = 1, 2, exactly one of fi and gfi is represented by Lp. Also,
at least one of gf1 and gf2 is represented by Lq.

If f1 or f2 is represented by Lp, then f1 or f2 is represented by L. Other-
wise, gf1 and gf2 are represented by Lp, and this implies that either gf1 or gf2

is represented by L. We can repeat the same argument for f3 and f4. Then
2 deg(π) ≤ 2 maxi{deg(fi)} + 2 deg(g) and we are done. �

Theorem 3.12. There are only finitely many isometry classes of definite regular
primitive ternary lattices.

Proof. Let S be the set of all finite places p for which ordp(d(L)) > 0 for some
ternary regular lattice L. It follows from the previous proposition that S is a finite
set independent of L. Select two disjoint sets of places P1, P2 with the following
property:

if an εp ∈ A×
p is given at each p ∈ S, there exist g1 ∈ P1 and

g2 ∈ P2 such that gi ≡ εp mod p for i = 1, 2 and for all p ∈ S.

Note that P1 and P2 can be chosen to be finite and independent of all regular
ternary lattices.

If L is a regular ternary lattice, it represents at least one prime from P1 and
another prime in P2. Therefore, µ1(L) + µ2(L) ≤ 2m where m = max{deg(g) : g ∈
P1 ∪P2}. Consequently, up to isometry, there are only finitely many possible 2× 2
sections of L, and their discriminants have degrees ≤ 2m. Let B be a binary lattice
with deg(d(B)) ≤ 2m, and fB ∈ A which is represented by B. Dirichlet’s theorem
[16, Theorem 4.7] shows that there exists a prime hB, not dividing fBd(B), such
that if q = (hB), then Bq is anisotropic. This hB depends only on B. Now, it
follows from the strong form of Dirichlet’s theorem [16, Theorem 4.8] that there
is a prime 	B �∈ S such that 	BhBfB is represented by B∞ and Bp for all p ∈ S.
However, 	BhBfB is not represented by Bq. If B is a 2 × 2 section of a regular
ternary lattice L, then 	BhBfB is represented by L but not by B. Therefore,
µ3(L) ≤ maxB{m, deg(	BhBfB)}. �

4. Quaternary regular lattices

A lattice is called universal if it represents every polynomial in A. It is not hard
to see that the rank of a universal lattice must be 4. It is conjectured in [10] that
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a lattice is universal if and only if it represents 1, δ, T and δT . This conjecture is
confirmed affirmatively in [14]. We offer another proof in the following.

Theorem 4.1. A lattice L is universal if and only if it represents 1, δ, T and δT .

Proof. The “only if” part is obvious. Suppose that L represents 1, δ, T and δT . It
is clear that L is quaternary, and it represents the binary lattice 〈1,−δ〉. Moreover,
µ3(L) and µ4(L) must be 1. Therefore, L is of the form 〈1,−δ〉 ⊥ N where N is a
binary lattice with µ1(N) = µ2(N) = 1. In particular, deg(d(L)) = 2, and for any
M ∈ gen(L), µ1(M) = µ2(M) = 0 and µ3(M) = µ4(M) = 1. As a result, the class
number of L is the same as that of N , which is 1 by Lemma 3.7. So, L is regular
and thus universal because Q(gen(L)) = A. �

Corollary 4.2. Every universal lattice has class number 1.

Proof. This is clear from the proof of the last theorem. �

We give yet another characterization of universal lattices which could be useful
in practice.

Corollary 4.3. A lattice L is universal if and only if L is quaternary and the
degree of d(L) is exactly 2. Consequently, there are only finitely many isometry
classes of universal lattices.

Proof. The “only if” part of the first statement is clear. Now, suppose that L is
a quaternary lattice with deg(d(L)) = 2. Then µ1(L) = µ2(L) = 0 and µ3(L) =
µ4(L) = 1. Therefore,

L ∼= 〈1,−δ〉 ⊥
[
T + a c

c −δT + b

]
,

where a, b, c ∈ Fq. Since 〈1,−δ〉 represents all elements in Fq, L represents 1, δ, T
and δT , which means that L is universal by Theorem 4.1. �

We now turn our attention to regular quaternary lattices.

Lemma 4.4. Let L be a regular quaternary lattice. Suppose that p is a finite place
for which the unimodular Jordan component of Lp is not isotropic. Then there
exists a regular lattice L′ such that either the unimodular Jordan component of L′

p

is isotropic or L′
p is the unique anisotropic Ap-maximal lattice, and for each q �= p

L′
q is isometric to Lε

q for some ε ∈ A×
q .

Proof. It suffices to prove that we can obtain L′ from L by means of a finite number
of λp-transformations. Suppose that Lp = J0 ⊥ J1 where J0 is unimodular and
s(J1) ⊆ p. We may assume that J0 is anisotropic. Let π ∈ A be the monic generator
of p. Then

λp(L)p
∼=

{
J0 ⊥ J

1/π2

1 if s(J1) ⊆ p2,

J
1/π
1 ⊥ Jπ

0 if s(J1) = p.

By applying the λp-transformation successively, we obtain a lattice L′ with the
desired properties. �

Corollary 4.5. Let L be a quaternary regular lattice. There exists a universal
lattice L̃ with d(L̃) | d(L).
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Proof. Let P be the set of finite places p for which the unimodular Jordan compo-
nent of Lp is not isotropic. It is clear that P is a finite set. Now apply Lemma 4.4
at every place in P , and let L̃ be the resulting lattice. Since L̃ is regular and L̃p is
universal for every place p (including the infinite place), L̃ is a universal lattice. �

Proposition 4.6. If π is a prime which divides the discriminant of a regular qua-
ternary lattice, then deg(π) ≤ 2.

Proof. Let L be a regular quaternary lattice, and let L̃ be the universal lattice
obtained from Corollary 4.5. If π | d(L̃), then deg(π) ≤ 2. Let π be a prime which
divides d(L) but not d(L̃), and p be the place generated by π. Then Lp is of the
form

Lp = Mp ⊥ Np

where Mp is unimodular of rank ≤ 2, and s(Np) ⊆ p2. We may assume that
deg(π) := 	 > 2 and Lq is universal for all q �= p.

If Mp is binary, then L represents all nonzero polynomials in A of degree ≤ 	−1.
Since 	 is assumed to be at least 3, therefore L represents 1, δ, T and δT . But then
L is universal and 	 ≤ 2, which is a contradiction.

Suppose that the rank of Mp is 1. Consider the set

S = {f ∈ A : f �= 0, deg(f) ≤ 	 − 1, f −→ Lp}.

It is clear that |S| = (q� − 1)/2. Let J be the sublattice spanned by all v ∈ L with
Q(v) ∈ S. If rank(J) = k ≥ 2, then 2(k − 1)	 ≤ deg(d(J)) ≤ k(	 − 1), which is
not possible for any 	 ≥ 3. Therefore, k = 1 and every element in S is a square
multiple of a particular element g in S. If deg(g) = d, the number of nonzero
square multiples of g in S is at most (q

�−d+1
2 − 1)/2, which is less than |S|. This is

a contradiction and hence 	 ≤ 2. �

Theorem 4.7. There are only finitely many isometry classes of regular primitive
quaternary lattices.

Proof. Following the argument in the proof of Theorem 3.12, one can show that the
first three successive minima of a regular quaternary lattice L are bounded by an
absolute constant. Therefore, up to isometry there are only finitely many possible
3 × 3 sections of L, and the discriminants of all these 3 × 3 sections have degrees
less than some constant γ. Let M be a ternary lattice with deg(d(M)) < γ, and let
ΩM be the set of finite places p for which Mp is not unimodular. For each p ∈ ΩM ,
let fp ∈ A be the prime generating p and let s(Mp) = pnp . Set

F =
∏

p∈ΩM

f
np

p ,

and for each p ∈ ΩM select ηp ∈ A×
p such that ηpF −→ Mp. Since M∞ is an

anisotropic ternary space over K∞, it does not represent a polynomial of the form
εT s where ε ∈ F

×
q and s ∈ {0, 1}. By the strong form of Dirichlet’s Theorem [16,

Theorem 4.8], there exists a prime g ∈ A such that

deg(F ) + deg(g) ≡ s mod 2

and
g ≡ εηp mod p for all p ∈ ΩM .
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If M is a 3×3 section of a regular quaternary lattice L, then εgF is not represented
by M∞. But εgF is represented by L. The degree of εgF depends only on M . If
we let D be the maximum of all these degrees, then D is independent of L and
µ4(L) ≤ D. �

As is pointed out in the introduction, the Z-analog of the above theorem is not
true. Indeed there are infinitely many isometry classes of positive definite regular
primitive quaternary Z-lattices, see for example [7].
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