PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 134, Number 10, October 2006, Pages 2861-2872
S 0002-9939(06)08567-4

Article electronically published on May 9, 2006

THE SUFFICIENCY OF ARITHMETIC PROGRESSIONS
FOR THE 32z +1 CONJECTURE

KENNETH M. MONKS

(Communicated by Michael Handel)

ABSTRACT. Define T : Zt — Zt by T(x) = (3z+1)/2 if x is odd and
T (z) = x/2 if z is even. The 3z+ 1 Conjecture states that the T-orbit of every
positive integer contains 1. A set of positive integers is said to be sufficient if
the T-orbit of every positive integer intersects the T-orbit of an element of that
set. Thus to prove the 3z+1 Conjecture it suffices to prove it on some sufficient
set. Andaloro proved that the sets 1 4+ 2™N are sufficient for n < 4 and asked
if 1 + 2N is also sufficient for larger values of n. We answer this question
in the affirmative by proving the stronger result that A + BN is sufficient
for any nonnegative integers A and B with B # 0, i.e. every nonconstant
arithmetic sequence forms a sufficient set. We then prove analagous results for
the Divergent Orbits Conjecture and Nontrivial Cycles Conjecture.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

A dynamical system on a set X is obtained by iterating a map f : X — X. For
any function f : X — X and any z € X, the f-orbit of x is the set {fk (x): ke N},
where f0 is the identity map and f¥ = fo f*~1 for all positive integers k. If z,y € X
whose f-orbits are not disjoint, we will say that z and y merge or that = merges
with y. Thus, x and y merge if and only if there exist some nonnegative integers
k and j such that f¥ (z) = f7 (y). The relation “merges with” is an equivalence
relation on X. A subset S C X is called sufficient for f on X if S meets every
equivalence class, i.e. if every element of X merges with some element of S. Since
all of the elements in an equivalence class merge, the long-term behavior of their
orbits must be identical. Thus to determine the long-term behavior of the orbits of
the elements of X, it suffices to determine the long-term behavior of the orbits of
the elements of some sufficient set S.

The famous 3z + 1 Conjecture has been an open problem in dynamical systems
theory for more than 65 years (see [Lag], [Wir]). The conjecture states that the
T-orbit of every positive integer contains 1, where T is given by T (z) = /2 if x is
even and T (z) = (3x + 1) /2 if z is odd. For any positive integer x, if z merges with
1, then T* (z) = T7 (1) for some nonnegative integers k and j. Since 77 (1) = 1 if j
is even and 77 (1) = 2 if j is odd, either T% (x) = 1 or T**! (z) = 1. In either case
the T-orbit of x contains 1. Thus, the 3z + 1 Conjecture is true if and only if every
positive integer merges with 1. Therefore, to prove the conjecture it suffices to
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prove it holds on some set S that is sufficient for 7" on ZT, since if every element of
S merges with 1, then every positive integer also merges with 1. For the remainder
of the paper, the term “sufficient” with no qualification will mean “sufficient for T’
on Z*”.

Andaloro [And] proved that the set 1 4+ 16N is sufficient. As any superset of a
sufficient set is also sufficient, it follows that 1 4+ 2"N is sufficient for n < 4. In the
same paper, Andaloro asks if 1 + 2"N is sufficient for any or all n > 4.

All of the sets 1 + 2"N are members of the more general family of sets of the
form A + BN, where A and B are natural numbers and B # 0. We will call any
such set an arithmetic progression since it is the set of terms in the nonconstant
arithmetic sequence A, A+ B, A+ 2B, .... It is natural to ask which of these sets
are sufficient. We answer this question with our main result.

Theorem 1.1. FEvery arithmetic progression is sufficient.

We postpone the proof until Section 3.

There are only two ways that the T-orbit of a positive integer x can fail to
contain 1. If z has an unbounded T-orbit, we say the T-orbit of x is divergent.
The well-known Divergent Orbits Conjecture states that no positive integer has an
unbounded T-orbit. Let S be a set of positive integers with the following property:
if no element of S has an unbounded orbit, then the Divergent Orbits Conjecture
is true. We say such a set S is sufficient for the Divergent Orbits Conjecture.

If T* (z) = x for some k > 1, then we say the T-orbit of z is a cycle. The second
way the 3z + 1 Conjecture could be false is if the T-orbit of some positive integer
x is a cycle other than the trivial cycle, {1,2}. The well-known Nontrivial Cycles
Conjecture states that the only cycle of positive integers is the trivial one. As with
the previous conjecture, we say S is sufficient for the Nontrivial Cycles Conjecture
when S has the following property: if no element of S has an orbit that contains a
nontrivial cycle, then the Nontrivial Cycles Conjecture is true.

Clearly the truth of these two conjectures would imply the 3z + 1 Conjecture.
Our result carries over to these conjectures.

Corollary 1.2. Every arithmetic progression is sufficient for the Divergent Orbits
Conjecture.

Corollary 1.3. Every arithmetic progression is sufficient for the Nontrivial Cycles
Conjecture.

Thus to prove any of the three conjectures, the 3x 4+ 1 Conjecture, the Divergent
Orbits Conjecture, or the Nontrivial Cycles Conjecture, it suffices to show that it
holds for the elements of some arithmetic progression. Hence, studying the behavior
of T on particular arithmetic sequences may lead to a proof of the conjecture itself.

Though not directly applicable to the 3z + 1 Conjecture itself, the arguments
in this paper can be used to show that every negative arithmetic progression (the
negation of all terms in an arithmetic progression) is sufficient for T’ on Z~. Addi-
tionally, the union of an arithmetic progression, a negative arithmetic progression,
and {0} forms a sufficient set for T' on Z. The proofs of these cases are omitted, as
they are identical to the proof of Theorem [I.1]

In the next section we provide previously known facts and notation used in our
proofs.
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2. BACKGROUND INFORMATION AND NOTATION

For convenience, we include here notation and results from Wirsching’s book
[Wir] and other sources that will be used in the proofs of our results.
For any a,b,c € Z, ¢ > 0, we will write a = b as an abbreviation fora = b

(mod c¢).

o0

Define the set of feasible vectors to be F = |JNF*1 Let s € F. Then s =
k=0

(s0, 81, -.-, 8g) for some nonnegative integers k and sg, $1, ..., Sx. The length of s,

1(s)
written [ (s), is k. The norm of s, written ||s||, is I (s) + >_ s;.
i=0

In our proof, it will be essential to consider the inverses of the piecewise com-
ponents of T. The even and odd components are denoted Tp (z) = z/2 and
Ty (z) = (3x + 1) /2 respectively, giving Ty * (z) = 22 and T, ' (z) = 2- 3712 —
37! as functions on the rational numbers. For s € F with s = (so,s1,..., k),
Wirsching calls the function v, : ZT — Q given by

vsZT(;S(’onloT(;Slonlo...onloTofs’c

a back-tracing function. If vs (x) € Z*, then we say s is an admissible vector for
x. Define & () = {s € F : s is admissible for «}. Wirsching proves a lemma that
justifies calling v, the back-tracing function.

Lemma 2.1 ([Wir, Lemma 2.17]). If s € & (z), then Tl (v, (z)) = .

Wirsching also works out a convenient explicit formula for v, in terms of the
entries of s.

Lemma 2.2 ([Wir] Lemma 2.13]). Let s € F. Define

ollsl|
c(s) = Eio)
and
I(s)—1
r(s) = Z 9i+sotsit.ts;g—(i+1)
§=0
Then vs (z) = c(s)x — 1 (s).

It is also useful to concatenate smaller vectors into larger vectors. Let s =
(80,81, 82, .-y Sk) and t = (tg,t1,t2, ..., ). Define s-t = (s, 81, $2, .-, Sk—1, Sk + o,
t1,to,...;tm). Then v, represents the function that back-traces first along ¢ and
then along s, as indicated by the following lemma.

Lemma 2.3 ([Wir} Corollary 2.10]). For any s,t € F, vs.t = U5 0 Uy.

In contrast to concatenation, it is also useful to back-trace through part of a
longer back-tracing vector. Define a terminal part of a vector s = (sg, $1, S2, ..., Sk)
to be any vector of the form (s;, s;+1,...,sk) for j € {0,1,...,k}. Wirsching proves
a lemma regarding these.

Lemma 2.4 ([Wirl Lemma 2.16]). Let s € F and let x € Z*. If s € € (), then for
any terminal part t of s, t € € (x).

Additionally, a condition relating divisibility by 3 and back-tracing will be needed.



2864 KENNETH M. MONKS

Lemma 2.5 ([Wir, Lemma 3.4]). Let x € Z*. Then x # 0 if and only if there
3
exists some s € € (x) with 1 (s) > 1

Note that Ty and 77 are both nonconstant linear functions and therefore are
bijections on R. Thus, Ty, 71, and their inverses generate a group of real-valued
functions. This group is described by Misiurewicz and Rodrigues [MRI].

Lemma 2.6 ([MR|, Theorem 5.1]). Let G be the group of real-valued functions
generated by Tgy, T, To_l, and Tl_l. Then

G:{h:h(x):2"3m —|—%f07’somenmkEZ andZ]EN}

Finally, the following number theoretic result follows from arguments given in
[Bex].

Lemma 2.7. For every n € N, for every odd T € N, and for every a € Z, there
exists an increasing (possibly empty) sequence of natural numbers ti,ts, ..., ty with

tn < n such that Z2t i =a

3. PROOF

Much of the proof will consist of studying the actions of functions Ty and 77 on
Z/bZ, where b is a positive integer relatively prime to 2 and 3. Let b be such an
integer and let Z;, = Z/bZ. Note that a function of the form
(3.1) h(z)=2"3"z+k
induces a well-defined permutation of Z; for any n, m,k € Z. For any such function
h, define h to be the corresponding permutation of Z;. We adopt the usual conven-
tion of using x to stand for the congruence class of the integer = in expressions such
as h (z). For example, Ty : Zy — Zy and T} : Zy, — Zy, are given by Tp (v) = 27 'z
and T1 (z) = 27132 + 271, and both are in the form of ([B.I). Note also that if h
and g are two functions in the form of (BI), then h o g is also of the same form,
and hog = hog. We classify the group generated by these two permutations for
a given b.

Lemma 3.1. Let b be a positive integer relatively prime to 2 and 3. Let Gy be the
group of permutations on Zy generated by Ty and T,. Then

Gy = {E: h(x)=2"3"x+k for somen,m,k € Z}.
Proof. Define
M ={h: h(z) =2"3"z+k for some n,m,k € Z}
and let H € M. Then H = h for some h such that h(x) = 2"3™z + k for some
n,m,k € Z. By Lemma h is some composition of Tg, 17, Tofl, and T;'. Thus
there exist ey, ea,...,e, € Z such that h =T* o T3 o...0T{* o Tg? o TY? o TS
Since the set of permutations on Z;, is a finite group, there exist 0g,01 € Z™

such that T,”° =Ty and T; ' = T;. Thus by increasing e; by a multiple of og for
odd i and increasing e; by a multiple of o1 for even i as necessary, we can create a

sequence of positive integers e, eb, ... such that h =T} % oTy -1 .o T164

Ty 0Ty 2 0Ty *. Therefore h € Gy, s0 H € Gy. Thus M C G,
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Conversely, since b is relatively prime to 2 and 3, both 27! and 37! are ele-
ments of Z,. Thus, the generators Tp (z) = 271z = 2713% + 0 and T} (z) =
271312 + 27! are both elements of M. Therefore (Tyo H) (z) = 2"713™x + 271k
and (Tl ° H) (z) = 2n-13mtly + (2_13k + 2_1), which are also both elements of
M. Thus M contains the generators of Gy, and is closed under composition with
respect to these generators. Hence G C M, and we are done. ([

We now present an outline of the proof. In order to prove that any arithmetic
progression is sufficient, we choose an arbitrary arithmetic progression A+ BN and
an arbitrary positive integer x and show that x merges with an element a € A+ BN.
This is done in three steps. In the first step (Lemma [B2), we find a particular k
such that we can back-trace from T* (z) to a. In the second step (Lemma [B.6),
we use T (z) as a stepping-stone to show that x merges with a number z that is
congruent to 0 modulo 2"b, where B = 2"3™b and b is relatively prime to 2 and 3.
For the third and final step (Lemma B.8]), we use z as the next stepping-stone to
show that x merges with a.

To begin the first step, we observe that in order to back-trace from a number
with admissible vectors of positive length, it must not be divisible by 3 by Lemma

Lemma 3.2. For every x € Z7T, there exists k € N such that T* (x) # 0.
3

Proof. Let x € Z*. If x # 0, then we are done, since T° (z) = .
3
Assume x = 0. Let k£ be one more than the exponent of the largest 2-power that

divides x. Clearly T*~! (z) = 2i + 1 for some i € N. Thus

TF(z) =T (T (z))
=T(2i+1)

3(2i4+1)+1
2

=3i+2

£ 0.

3

O

Thus any positive integer has an iterate that is not divisible by 3. We now
present three technical lemmas that will be used in step two. We start by reproving
a stronger version of [Wir, Lemma 3.1].

Lemma 3.3. For any s € F, there exists qo € N — 3N such that for any q € ZT,

s€e&(Qeq = q.
3L(s)
Proof. Let s € F. We have that s = (so, s1,...,8,s) ) for some natural numbers
50,51,...,8(s)- Let g € ZT. If [(s) = 0, then v, (q) = 2°°q € Z* so that s € £ (q).
Thus the theorem is satisfied trivially in this case.
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Assume [ (s) > 1. There exists ¢ € N such that 2¢ = 1 since 2 is relatively

3
prime to 3/*). Let w = 3'*)r (s). By the definition of r (s), we have
I(s)—1
(3.2) w=3l0) Y oitsotsitoteiz=(ity)
j=0
I(s)—2
— 31(8) 2l(s)*1+so+51+...+sz(s)—13*l(8) + Z 2j+80+51+u.+8j37(j+1)

Jj=0
I(s)—2
__ ol(s)—1+sp+s1+...+5s1(s)— j+so+s1+...+s5;9l(s)—j—2
— 9l(s) ots1 1()1_|_3§:2J ots1 igHs)=i=2,
=0

which shows that w € Z* and 3 f w. Define gy = t!/¥llw. Since 3 1 t as well,
o € N — 3N. By Lemma 2.2]

vs (@) = ¢(8) g — 7 (s) = 371 (2Han _ 3ls), (S)) — 3-1(s) (2Han _ w) .
We have that
s€&(q) < us(q) eZt
& 37U (2”5“q - w) ezt
o 31 | <2uan _ w)

sl —w =0
4 wgl(s)

sq = thly
?

& =
q 318) qo,

which completes the proof. O

The second technical lemma demonstrates that any feasible vector can be con-
catenated with a vector of length zero to make it admissible for any given natural
number relatively prime to 3.

Lemma 3.4. For any s € F and any y € N — 3N, there exists a natural number
k such that s- (k) € € (y).

Proof. Let s € F. Let y € N — 3N. By Lemma [3.3] there exists ¢g € N — 3N such

that for any q € ZT, s € £(q) & ¢ = -
3 s

Since 2 is a primitive root for 3'(*) (cf. [Hual), we have that 2Fy = @ for some
3 s

k € Z". Thus s € € (2*y), so by Lemma [Z3] we have

Us.(k) (y) = (Us o U(k)) (y) = Vs (TO_k (y)) = Us (Qky) S Z+~
Therefore s - (k) € € (y). O
For the third technical lemma, again using vs (z) = ¢(s)z — 7 (s) as in Lemma

22 we prove two facts about r (s). Namely, we show that any finite increasing
sequence can appear in the exponents of the 2-powers in the formula for r (s), and
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for a given positive integer b relatively prime to 2 and 3, all elements of Z; can be
obtained as r (s) for some s.

Lemma 3.5. Let b be a positive integer relatively prime to 2 and 3.
(i) Let t1,ta,...,tq be a strictly increasing sequence of natural numbers. Then

there exists some s € F such that v, (z) = 2/Il13=dg — EQt 370
=1
(ii) Let n,m,k € Z. There exists an s € F such that U5 € Gy is given by U5 (z) =

2"3™x + k. Furthermore, there exist increasing natural numbers uy, us, . .., uq such
d )

that Y 2%i37* = k.
i=1 b

Proof (i) Define sg = ¢; and s; = t;41 —t; — 1 for i e {1,2,. —1}. The sum

Zsz is a telescoping sum, so by induction on j, Zsz = tjq1 —j for any j €

1=0
01,.d—1}.
NOW take s = (80,81 .-y Sd—1,0). Then I (s) = d. By Lemma [2:2] we see that

d—1 J
'+ZS7; .
vs () = ollslig=dy ZQ(j =0 )3—(J+1)
j=0

d—1
— ollslig=d, _ thj+13*(j+1)’
j=0
and we are done.

(ii) The function h (z) = 2"3™x — k is an element of G}, by Lemma[B.Il Since G,
is generated by Tp and T1, h =T} “oTp * ' o...0Ty ‘oTy oy ~oTy ' for some
g,€1,€2,...,e4 € N. Let 0g and o1 be the orders of Tj and T respectively, as in the
proof of Lemma 3.1l By decreasing e; by a multiple of o for odd 7 and decreasing e;
by a multiple of o; for even i as necessary7 we can create a sequence of nonp051t1ve

integers €}, €3, ..., ey such that h=T1 0T, “o-1 ol 0Ty P 0T 2 0Ty
Thus there ex1sts an s € F with 7; = h, so @( ) =2"3Mz — k. Since v, (z) =

c(s)x —r(s), we have

(3.3) r(s) = —vs (0) = —h(0) = k.

Define
=0U—-1)+so+s1+...+5-1

for j € {1,...,1(s)}. Clearly uy,us, ., Uy(s)—1 18 strictly increasing, since Lemma
implies that

i(s) I(s)—1
22’&]3—] — Z 2j+50+51+...+5j3—(j+1)
j=1 7=0

= r(s)
k
by B3). O

We now complete the second step in the proof of the main result.

=ll
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Lemma 3.6. Let b be a positive integer relatively prime to 2 and 3 and let n € N.
For every x € 7T, there exists z € Z1 such that z Q%b 0 and z ggé 0 and xz merges
with z.

Proof. Let v € Z™. By Lemma 3.2} there exists y such that y # 0 and x merges
with y. We will produce an s € £ (y) such that v (y) = 0 and v?; (y) f 0.

We know that there exists an s; € F such that v, (x) =+ 1 by part (ii) of
Lemma 33 Thus for any m € N

(3.4) vy (z) =z + m.
Lemma [3:4] allows us to choose n; € N such that (0,0)-s1 81 ...-81-(n1) € € ().
—_————
b
Let s3 = (0,0) 81 - 81 - ... - 81 - (n1). Since s is admissible for y, v; (y) € Z* for any
—_———

b
terminal part ¢ of s by Lemma 24l So v(,,) (y) =a for some a € {0,1,2,....,b— 1}.

Define s3 = $1 - 81 - ... - 81 - (n1). This gives us
T
s, (y) = V§1+ 81+ wen s 81-(n1) (y)
bra

= vi,’l_“ (V(ny) (y)) by Lemma 23]
=g (a)
=a+ (b—a) by (B4)
= 0.

Define s4 = (0,0)-s1 - 81 - ... $1. By Lemma 23]

Vsy (Usy () = Vs,os0 () = vs, (y) €N

Thus s4 € € (vs, (y)). Since [ (s4) is positive, vs, (y) Z 0 by Lemma 251

Define s = (n) - s3. We have that ’

Vs (Y) = Vn)-ss () = V() (vs5 () = 27055 (y) € N.

Thus s € & (y). Define z = v, (y). Since v, (y) # 0, we have 2"v,, (y) #Z 0. Thus
z # 0. ’ ’

3Since Vsq (Y) = 0, we have 2"vg, (y) = 0. Thus z = 0.

Lemma 21 implies that y = T!1*!l (v, (y)), so y = T!I*Il (2). Thus y merges with
z, and x merges with y, so z merges with z. O

We now provide a technical lemma in preparation for the final step.

Lemma 3.7. Let s € F and let m, qyg € N. Then there exists po € N—3N such that
foranyp € ZT, ifp = po, then s € £ (p) and v, (p) =
3 =

1(s)+m
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Proof. Define w = 3!®)r (s), as in Lemma B3l Again by 32), w € ZT and 3 { w.

Since 2 is relatively prime to 3:(8)+ there exists some ¢ € Z1 such that 2t l(%+
3 s m

1. Define py = tll*ll (3“5)(]0 + w). Note that 31 py since 31t and 3t w. Let p € Z*
and assume p =

3l(sT+m
(3.5) ollslly —y = 2llsl (tusn (3l<5>qo+w)) —w
3L(s)+m
= ollsllglisligis) gy 4 2llsligllslly, —
3U(s)+m
= 1l13H8) g 4 1llsllyy — g
3L(s)+m
3U(s)+m qO

Thus 3/ | 2lsllp — 1w, s0 2w ¢ 7+ From Lemma 22 we have that vs (p) =

30(5)
;LH(—SSH)p —r(s) = 2”;‘:(”5;”, so vs (p) € ZT and s € £ (p). Division of both sides and
the modulus of 3] by 31*) yields that v, (p) = - O

In the third and final step we use z as our stepping-stone to show that any
positive integer = can merge with a, a number that is in whatever congruence class
we desire.

Lemma 3.8. Let b be a positive integer relatively prime to 2 and 3 and let n,m €
N. For every x € Z+ and for any ag,qo € N, there exists an a € Z such that
a 25b ag and a = and x merges with a.

Proof. Let x € Z™. By Lemma B.6 there exists an z € Z* such that z = 0 and

z # 0, and x merges with z. Let ag,qo € N. We have ag 2£b a1 + 2™ay for some
3 n

a1 €{0,1,2,...,2" — 1} and as € {0,1,2,....b— 1}.

We now show that there exists an odd natural number 7 such that 37 2£b 1. If

n = 0, we can take any natural number ¢ with 3¢ = 1 and either set 7 = ¢ (in the

case that ¢ is odd) or 7 = ¢t +b (in the case that ¢ is even). Otherwise if n > 0, then

any 7 € N such that 37 = 1 satisfies 2"b | (37 — 1) which implies that 7 is odd.
There exists an increasing sequence of natural numbers ¢1,to, ..., tp, with t5, <

h1 X
n such that Y 2tir? = —m by Lemma 271 By the definition of congruence,
i=1
h1 X
22“71 = —ay + 2™ for some iy € Z. There exist increasing natural numbers
i=1

ho .
UL, U, ..., Up, SUch that Y 2%t = 3" (—ag —iy) by part (ii) of Lemma[3.5 There-

i=1

P . hy .
fore 71y 2uirt = (—ag — 1), so by the definition of congruence, 713" 2uirt =

i=1 i=1
—ao — i1 + big for some iy € Z. Define

tif1<i<hy,
w; =
‘ N4 Ui—p, if by +1 <1< hy + ho.
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That is, w; is the i'" term of the sequence ti,ta,...,th,,n + U1, n + Ugy .oy +
Up,. Since t; and u; are increasing and ¢, < n, the sequence wi, wa, ..., Wh,+h, 1S
also increasing. So
hi+ha hy hi+ha
Z QUirt — ZQwiTi + Z QUi gt
i=1 i=1 i=hy+1
h1 ha
= ZQ“TZ' + ZQ””’” rith
i=1 i=1
hao
= (—a1 +2%1) + Thlz2"+“i7'i
i=1

ha
= —a1 + 2" + 2" (Thlz2ui7'i>
i=1
= —ay1 + inl —+ 2" (70,2 — ’il + bZQ)
= —a; — 2"aq + 2"biy

—Q] — 2”@2

[\v]
3
e

—agp.

[\
3
k=

hi+ho )
Thus there exists an increasing sequence wq, wa, . . ., Wp, 14, Such that > 2%Wir? =
i=1 "

n
=

hi+ha

S 2wz =, 0, 80 by part (i) of Lemma [3.5] there exists an s; € F such that
i=1 "

(3.6) v, () = ollsallg=t(s1) g 4 g

By Lemma [3.7] there exists pg € N — 3N such that for all p € Z*, if p WS PO
3 s1 m

then s € € (p) and vs, (p) = o Since 2 is a primitive root for 3/1)+™ (cf. [Hual)

and z is a unit mod 315+ there exists ny € Z1 such that 2722 W E PO Thus
3l(s1)+m

s1 € £(2"2) and v, (2™22) = Define s = s1 - (ng2). By Lemma 23]

Vs (2) = Vs, (ng) (2) = sy (Vnp) (2)) = vs, (2722) .
Therefore s € £ (z), so vs (2) € ZT and vs (2) = - Defining a = v; (z), we have
a = qo-
Note that 2™z is divisible by 2", since z is also divisible. Thus 22z ;b 0, so

that
a=vs(2)
= v, (2"22)

Z%b USl (0)
= ap by (3.9).
2nh
By Lemma 21} 7!*l (a) = 2. Thus z merges with a, and z merges with z, so z
merges with a. O
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Since the previous lemma shows that any positive integer x merges with an
integer a that can be in any desired congruence classes modulo 2™b and modulo
3™, we are prepared to prove the main result.

Proof of Theorem [l Let S be an arithmetic progression. Let z € Z*. We have
that S = A+ BN for some nonnegative integers A and B with B # 0. There exists
some k € ZT such that kB > A. We can write kB = 2"3™b for some n,m € Z*
and b € Z* relatively prime to 2 and 3. By Lemma B8 there exists an a € ZT
such that ¢ = A and a = A, and x merges with a. Thus a = A since 2"b and

) 3m 27h
3™ are relatively prime, and both divide a — A. Hence a = A + kBk; for some
ki1 € Z. However, kq > 0 since a is positive and kB > A. Thus k; € Nand a € S.
Therefore every positive integer merges with an element of S. So, S is a sufficient
set. O

The proofs of the corollaries then easily follow from the main result.

Proof of Corollary [L2l Let S be an arithmetic progression and assume that for ev-
erya € S,limj_o, T7 (a) # co. Let x € Z*. Then x merges with a for some a € S by
Theorem [Tl Since z and a merge, their orbits are not disjoint, so 7% (z) = T2 (a)
for some ji,j2 € ZT. Therefore for every j € Z*, T"1+J (z) = T72% (a). Thus
lim; o T7 (x) # oo as well. So no positive integer has a divergent orbit, and the
Divergent Orbits Conjecture holds. Thus S is sufficient for the Divergent Orbits
Conjecture. |

Proof of Corollary L3 Let S be an arithmetic progression and assume that no
element of S has an orbit that contains a nontrivial cycle. Let x € Z*. There
exists some a € S such that x merges with a by Theorem [LTL Assume the orbit
of z contains a nontrivial cycle. Since x and a merge, their orbits are not disjoint,
so T71 (z) = T72 (a) for some ji,j2 € Z*. Therefore for every j € ZT, TNHI (z) =
T72%3 (a), so the orbit of a contains a nontrivial cycle as well, contradicting the
assumption. Thus no positive integer has an orbit that contains a nontrivial cycle,
and the Nontrivial Cycles Conjecture holds. Thus S is sufficient for the Nontrivial
Cycles Conjecture. O
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