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LIGHTFACE Σ12 -INDESCRIBABLE CARDINALS
DAVID SCHRITTESSER
(Communicated by Julia Knight)
Abstract. Σ13 -absoluteness for ccc forcing means that for any ccc forcing P ,
P

Hω1 V ≺Σ2 Hω1 V . “ω1 inaccessible to reals” means that for any real r,
ω1 L[r] < ω1 . To measure the exact consistency strength of “Σ13 -absoluteness
for ccc forcing and ω1 is inaccessible to reals”, we introduce a weak version of
a weakly compact cardinal, namely, a (lightface) Σ12 -indescribable cardinal; κ
has this property exactly if it is inaccessible and Hκ ≺Σ2 Hκ+ .

1. Introduction
The result presented in this paper contributes to the study of principles of generic
absoluteness (see [Bag] for a survey of this area). These principles can be seen as
generalizations of the bounded forcing axioms, like M A, BP F A, BSP F A and
BM M (see [Bag00]). Here is the general form of such a principle.
1.1. Deﬁnition. Let W be a deﬁnable subclass of V , Φ a class of formulas with
parameters and Γ a class of forcing notions. A(W, Φ, Γ) is the statement that for
P
any formula φ that belongs to Φ and for any P ∈ Γ, W V  φ ⇐⇒ W V  φ.
We denote A(Hω1 , Σ2 , Γ) by Σ13 -Abs(Γ), pronounced “Σ13 -absoluteness (for Γ)”,
as Σ2 formulas over Hω1 are equivalent to Σ13 formulas. In this special case, the
consistency strengths for various classes Γ are known. See [BF01] and [Fri04] for
proofs (in the table, we denote by ccc, proper, semi − proper the obvious classes
of forcing notions; set denotes the class of all set-sized forcing notions).
Σ13 -Abs(ccc) Σ13 -Abs(proper) Σ13 -Abs(semi − proper) Σ13 -Abs(set)
ZFC
ZFC
ZFC
reﬂecting
1.2. Deﬁnition ([GS95]). A regular cardinal κ is reﬂecting iﬀ Vκ ≺Σ2 V , or,
equivalently, iﬀ for any regular θ and any formula φ with parameters from Vκ such
that Hθ  φ, there is a regular γ < κ such that Hγ  φ.
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Forcing axioms are often considered with respect to their interaction with other
interesting propositions. For example, knowing how to construct a model of M A,
one may ask what is needed to obtain a model of M A ∧ “every projective set of
reals is Lebesgue measurable” or M A ∧ “ω1 is inaccessible to reals” (as in [HS85]).
1.3. Deﬁnition. We say ω1 is inaccessible to reals iﬀ for any real r, ω1 L[r] < ω1 .
The fact that Σ13 -Abs(set) implies that ω1 is inaccessible to reals (in fact Σ13 absoluteness for ω1 -preserving forcing suﬃces) is pivotal in setting it apart from
the weaker axioms, those that are equiconsistent with ZF C. One can show that
Σ13 -Abs(proper) together with the assumption that ω1 is inaccessible to reals has
the full strength of a reﬂecting cardinal ([Fri04]; see also [Sch04]). The question is:
how does the additional assumption that ω1 is inaccessible to reals interact with
those forcing axioms that do not directly imply it? The answer is made available
in the following table, where the additional hypothesis is indicated by “Ω”. We
present a proof of the result on the far left.1 For this we introduce (in section 3) a
large cardinal property, “lightface Σ12 -indescribable” (denoted by “lf-Σ12 -id” in the
table).
Σ13 -Abs(ccc) Σ13 -Abs(proper) Σ13 -Abs(semi − proper) Σ13 -Abs(set)
∧Ω
∧Ω
∧Ω
∧Ω
lf-Σ12 -id
reﬂecting
reﬂecting
reﬂecting
The proof uses (among other things) a coding technique developed in [HS85,
theorem C], which we adapt to our needs in section 4. Also, the proof uses a bit of
ﬁne structure theory; as we are making an eﬀort to make this paper very accessible,
we will review some of the facts we rely on in the next section.
2. Notation, facts, definitions
To deﬁne the large cardinal property hinted at, we need a bit of second-order
logic. We diﬀerentiate second-order from ﬁrst-order variables or constant symbols
by using uppercase for the former and lowercase for the latter. We remind the
reader that Φ(X0 , . . . Xk ) is a Σ1n -formula if Φ starts with a block of existential
quantiﬁers over second-order variables, with n changes of quantiﬁer, followed by
an arbitrary number of ﬁrst-order quantiﬁers. Π1n means negation of Σ1n . Remember that for a ﬁrst-order formula Φ (mentioning some second-order variables
Y0 , . . . , Yr , X0 , . . . , Xr )
M, X0 , . . . , Xk   ∃Y0 . . . QYr Φ(Y0 , . . . , Yr , X0 , . . . , Xr )
(where Q denotes ∃ or ∀) exactly if
∃Y0 ∈ P(M ) . . . QYr ∈ P(M )
such that M, X0 , . . . , Xk , Y0 , . . . , Yr   Φ(Y0 , . . . , Yr , X0 , . . . , Xr ).
For an elaborate deﬁnition, see [Kan03, p. 7ﬀ ].
Let (φi )i∈ω enumerate all ∆0 formulas. Now we deﬁne the value of the i-th Σ1 α
Skolem function for Lα (α a limit ordinal), denoted by hL
i : if Lα  ∃v∃wφi (v, w, x)
Lα
we say hi (x) = y just if (y, z) is the ≤L -least pair such that Lα  φi (y, z, x);
1 This material was part of the author’s thesis [Sch04] and was sketched during a talk at the
Summer Workshop in Fine Structure Theory (SWIFT) in Bonn, July 2003, and was the content
of a talk given in Münster in February 2004. The author thanks Ralph Schindler for his kind
invitation and hospitality.
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Lα
α
hL
i (x) = ∅ otherwise. By the Σ1 -Skolem hull of M inside Lα , denoted by hΣ1 (M ),
Lα
we mean the least set containing M and closed under all hi . In this case,

Lα
α
hL
Σ1 (M ) =
i∈ω hi [M ]. Most importantly, Σ1 -Skolem functions are uniformly
α
Σ1 -deﬁnable, i.e. there is a ∆0 formula Φ such that hL
i (x) = y if and only if
Lα  ∃zΦ(i, x, y, z). We will make use of simple facts about Skolem hulls, such as:
ᾱ
2.1. Fact. If Lα , x is isomorphic to hL
Σ1 (M ∪ {x̄}), x̄ and M is transitive, then
Lα
Lα , x = hΣ1 (M ∪ {x}), x.

L

β
α
2.2. Fact. If Lα = hL
Σ1 (M ) and σ : Lα →Σ1 Lβ , then ran(σ) = hΣ1 (σ[M ]).

For details, see [Dev84, II, 6]).
3. Lightface Σ12 -indescribable cardinals
3.1. Deﬁnition. We say that a cardinal κ has the Σ12 reﬂection property if whenever
Vκ  ∃X∀Y Φ(X, Y, p),
where Φ is ﬁrst order in the language of set theory with X and Y as additional
predicates, and p ∈ Vκ , then there is ξ < κ such that Vξ  ∃X∀Y Φ(X, Y, p). We
say κ is (lightface) Σ12 -indescribable if in addition κ is inaccessible.
3.2. Fact. κ is lightface Σ12 -indescribable ⇐⇒ κ is inaccessible and Hκ ≺Σ2 Hκ+ .
Proof. First assume indescribability. Let Hκ+  ∃x∀yφ(x, y, p), where p ∈ Hκ .
Pick a witness x0 in Hκ+ . For any transitive M ∈ Hκ containing x0 and p, we have
M  ∀yφ(x0 , y, p). So Hκ+  ∃x∀yφ(x, y, p) is equivalent to a Σ12 assertion over Hκ ,
and thus is reﬂected by some Hξ , for inaccessible ξ < κ. Thus Hξ+  ∃x∀yφ(x, y, p),
and as Σ2 formulas are upward absolute for members of the H-hierarchy,
Hκ  ∃x∀yφ(x, y, p).
For the other direction, let Hκ  ∃X∀Y φ(X, Y, p). Then Hκ+ thinks “there is an
ordinal θ such that ∃x ⊆ Vθ ∀y ⊆ Vθ Vθ , x, y  φ(x, y, p)”. As “z = Vθ ” is Π1 in z
and θ, this is seen to be a Σ2 statement in the parameter p and so holds in Hκ . 
3.3. Fact. (1) If κ has the Σ12 reﬂection property, it is a limit cardinal and is not
equal to 2λ for any λ < κ.
(2) There is a stationary set of Σ12 -indescribable cardinals below any Mahlo
cardinal. The least Mahlo is not Σ12 -indescribable.
(3) Reﬂecting implies Σ12 -indescribable, which in turn implies the existence of
many inaccessibles.
(4) If P is a partial ordering of size less than κ, then forcing with P preserves
the Σ12 -indescribability of κ.
Proof. (1) If κ = λ+ , the Π11 sentence (with λ as a parameter) “there is no function
from λ onto the ordinals” holds in Vκ . But this sentence cannot hold in any Vξ
containing λ, ξ < κ.
If κ = 2δ , look at the sentence “there is a bijection between P(δ) and the
ordinals”. Argue as above.
(2) Let κ be Mahlo. Consider the function that assigns to each ordinal η < κ
the least ξ such that: if Φ is Σ12 with a parameter from Vη and there is α < κ
such that Vα  Φ, then there is α < ξ such that Vα  Φ. Any closure point under
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this function has the Σ12 reﬂection property, and by replacement in Vκ , the closure
points under this function form a cub subset of κ. This proves the ﬁrst assertion.
To see that the least Mahlo cannot have the reﬂection property, observe that κ
being Mahlo is expressible by a Π11 statement over Vκ .
(3) The ﬁrst assertion follows from Fact 3.3, as Σ2 sentences are upward absolute
for members of the H-hierarchy. Second, being inaccessible is expressible as a Π11
statement (for example the power set of any set exists and can be mapped injectively
into some ordinal, and there is no function with a set as domain but unbounded
range).
(4) By Fact 3.2, it suﬃces to proove Hκ ≺Σ2 Hκ+ holds in the extension, assuming it holds in the ground model. Observe that for a partial order P and a regular α
P
such that P ∈ Hα , every element of (Hα )V has a P -name in Hα (straightforwardly
check, constructing names by induction on the rank; in fact, it suﬃces to assume
that P is a subset of Hκ and has the κ-cc). Recall that for any given ∆0 formula φ
and for any transitive ZF − -model M such that P ∈ M , the forcing relation for φ
on P × (P -names in M ) is uniformly ∆1 -deﬁnable over M (i.e. the deﬁnition is the
same for all such M ). Thus P “Hκ+  ∃x∀yφ(y, y, ṗ)” is equivalent to a statement
of the form
∃ẋ ∈ Hκ+

∀ẏ ∈ Hκ+

Hκ+  φ (ẋ, ẏ, ṗ, P ),

where φ is ∆1 . As Hκ ≺Σ2 Hκ+ , the above holds with κ+ replaced by κ. As

P ∈ Hκ , P “Hκ  ∃x∀yΦ(x, y, ṗ)”.
Lightface Σ12 -indescribability does imply a certain fragment of Mahloness, as we
observed in [Sch04]. For an application of the following notion see [BB04, §5].
3.4. Deﬁnition. Let us call a cardinal κ Σn -Mahlo (resp. Πn -Mahlo) iﬀ it is
inaccessible, and every cub subset C of κ with a Σn (resp. Πn ) deﬁnition in Hκ ,
with parameters, contains an inaccessible cardinal. Lightface Σn -Mahlo (resp. Πn Mahlo) is deﬁned analogously, but without allowing parameters in the deﬁnition of
C.
3.5. Fact. If κ is lightface Σ12 -indescribable, then it is Σ2 -Mahlo. In fact, κ is an
inaccessible limit of Σ2 -Mahlo cardinals. Any lightface Π2 -Mahlo cardinal is an
inaccessible limit of Σ12 -indescribable cardinals.
Proof. First, assume κ is Σ12 -indescribable. To prove that κ is Σ2 -Mahlo, let C be
a cub subset of κ such that x ∈ C ⇐⇒ Hκ  φ(ξ), where φ(ξ) is Σ2 . Hκ+ “there
¯
is an inaccessible θ such that Hθ  ∀ξ∃ξ¯ > ξφ(ξ)”.
This statement is itself Σ2 , so
¯
it also holds in Hκ . So there is an inaccessible θ < κ such that Hθ  ∀ξ∃ξ¯ > ξφ(ξ).
By upward absoluteness of φ(ξ) for members of the H-hierarchy and closedness of
C, θ ∈ C. This completes the proof of the ﬁrst assertion. It is straightforward
to check that “κ is Σ2 -Mahlo” is Π11 over Vκ , so since κ is Σ12 -indescribable, there
are unboundedly many Σ2 -Mahlo cardinals below κ. For the last assertion, assume
κ is lightface Π2 -Mahlo. We follow the proof of Fact 3.3(2). Check that the cub
set mentioned there, consisting of ξ < κ having the Σ12 reﬂection property, has
a Π2 deﬁnition, without parameters, over Vκ . So there are unboundedly many

Σ12 -indescribable cardinals below κ.
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4. Coding using an Aronszajn-tree
We ﬁx the following notation: for a tree T , we denote by <T (or ≤T ) the tree
order, Tα denotes the α-th level of T and T  α denotes the subtree of T consisting
of all levels of height less than α. By pred(t) we mean of course {t ∈ T |t <T t}.
The following works for any Aronszajn-tree T , that is, a tree of height ω1 with
countable levels and without any coﬁnal branches (i.e. linearly ordered sets of type
ω1 ). Aronszajn trees can be “specialized” by a ccc forcing: that is, one adds an
order preserving function from the tree into the rationals (a so-called specializing
function). This ensures that one cannot add, by further forcing, coﬁnal branches
without at the same time collapsing ω1 . Applying this forcing to code a subset of
ω1 by a real, [HS85] proves that M A together with “ω1 is inaccessible to reals”
implies ω1 is weakly compact in L. We present a slight variation.
4.1. Fact. Let S = (sα )α<ω1 be a sequence of reals. There is a ccc forcing P
that adds a real r such that in the extension the following holds: whenever M is a
transitive model of ZF − such that r ∈ M , T, ≤T  ∈ M , we have (sα )α<ω1 ∈ M .
Proof. To achieve this, we iterate the following notion of forcing: ﬁx Q0 , Q1 , two
disjoint dense sets whose union is all rational numbers. For any sequence S =
(sα )α<ω1 consider PTS consisting of all conditions f such that
(1) f is a function with domain a ﬁnite subset of T × ω.
(2) For each n ∈ ω, the function t → f (t, n) is a partial order preserving
mapping from (T, <T ) into the rationals.
(3) For any α < ω1 , t at the α-th level of T and n ∈ ω, if (t, n) ∈ dom(f ), then
f (t, n) ∈ Q0 if and only if n ∈ sα .

4.2. Lemma. Let F = G, where G is generic. Then F is a function from T × ω
into the rationals which is order preserving and continuous at limit nodes of T ;
moreover, for any α < ω1 and any t ∈ Tα , { n ∈ ω | F (t, n) ∈ Q0 } = sα .
Proof. Clearly, D(t,n) := { p ∈ PTS | (t, n) ∈ dom(p) } is dense for any (t, n) ∈ T ×ω:
given a condition p, there is an interval of possible values for p at (t, n) (since
p has ﬁnite domain), so if t is at level α of T , we can choose a value from Q0
or Q1 , depending on whether n ∈ sα or not. So F is a total, order-preserving
function on T × ω, and the “moreover” clause holds by deﬁnition. F is continuous
as D(t,n), := { p ∈ PTS | ∃t ∈ T |p(t , n) − p(t, n)| < } is dense for any n ∈ ω,
> 0 and t at a limit level of T (again, by the ﬁniteness of the domain of any
condition).

4.3. Lemma. PTS is ccc.
Proof. Assume (pα )α<ω1 is an uncountable antichain; then {dom(pα )|α < ω1 } is
an uncountable subset of [T × ω]<ω , so we can apply the delta-systems lemma and
assume that for each α, dom(pα ) = r ∪ dα , where r, (dα )α<ω1 are pairwise disjoint.
Let us also assume that the dα all have the same cardinality k. There are only
countably many possibilities for the values of the pα on r, so we assume that all the
conditions agree on r. So for any α, α < ω1 , there is t ∈ dα , t ∈ dα and n ∈ ω such
that pα ∪ pα is not order preserving on {(t, n), (t , n)}, whence in particular t and t
are comparable in the tree order. As any node of the tree has only countably many
predecessors in the tree order, by thinning out (pα )α<ω1 we can further assume
that for all α < α < ω1 , there are t ∈ dα , t ∈ dα such that t <T t . Let us now
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enumerate the dα as t0α , . . . , tk−1
α . We know that all the conditions in the antichain
have comparable nodes in their domain; we will now ﬁnd a suﬃciently coherent
subset of conditions to get a branch through T . Enlarge (using Zorn’s lemma) the
ﬁlter of co-initial subsets of ω1 to an ultraﬁlter U (U contains only sets of size ω1 ,
i.e. U is uniform). For any α < ω1 , we have { β < ω1 | ∃i, j tiα <T tjβ } ∈ U . So by
ﬁnite additivity of U , for each α there are i, j such that { β < ω1 | tiα <T tjβ } ∈ U .
Moreover, there is an uncountable set I and i, j such that the above holds for all
α ∈ I and this particular pair i, j. So for any α, α ∈ I, as elements of U have
non-empty (in fact large) intersection, there is β such that tiα <T tjβ and tiα <T tjβ ,
so tiα and tiα are comparable and (tiα )α∈I is an uncountable branch through T . 
Now we can prove Fact 4.1. We build P as the ﬁnite support iteration of (Pk )k∈ω .
Let s0α = sα ; P0 is the forcing coding this sequence of reals into a specializing
be
function for T . At stage n, we have added a specializing function Fn ; let sn+1
α
a real coding (in some absolute way) Fn restricted to (T  α + 2) × ω. Pn+1 is the
forcing for coding the sequence (snα )α<ω1 .
Let r be a real coding all reals (sk0 )k∈ω ; we check by induction on η ≤ ω1 that
r has the property promised in Fact 4.1: assume that for all k, (skξ )ξ<η ∈ M (this
codes Fk restricted to T  ζ + 2,
holds by assumption if η = 1). If η = ζ + 1, as sk+1
ζ
k
for an arbitrary t ∈ Tζ+1 , sζ+1 = {n|Fk (t, n) ∈ Q0 } ∈ M . For limit η, using
(skξ )k∈ω,ξ<η we have Fk restricted to T  η inside M , and therefore, picking an
arbitrary t ∈ Tη , n ∈ skη exactly if sup({F (t , n)|t <T t}) ∈ Q0 ; so skη ∈ M for all
k.
5. An equiconsistency
“ Σ13 -Abs(ccc)

5.1. Theorem.
and ω1 inaccessible to reals” has the consistency
strength of a Σ12 -indescribable.
Proof. First, observe that in order to prove that an inaccessible cardinal κ has the
Σ12 reﬂection property, it suﬃces to prove the seemingly weaker property where
we treat all second-order quantiﬁers as ranging over sets of ordinals, rather than
over arbitrary subsets of a structure. For notational reasons, we shall sometimes
identify sets (those denoted by X, X̄, X , etc.) with their characteristic functions,
and therefore write “X  ξ” for “X ∩ ξ”. Let κ denote ω1 V , and work in L. Observe
that κ is inaccessible. Let Φ be some ﬁrst-order formula (with parameter in Lκ ,
which we suppress), and let X ∈ L be some function from κ into 2, such that
Lκ , X   ∀AΦ(X , A).
We may naturally assume that for all ξ < κ there is A ⊆ ξ such that
Lξ , X  ξ, A  ¬Φ(X  ξ, A),
for otherwise, we are done.2 Varying the well-known construction of an Aronszajntree whose height is an inaccessible cardinal which is not weakly compact in L, we
now deﬁne a tree T and its ordering ≤T :
Elements of T are tuples (β, X), where β < κ and X ∈ δ 2, for some δ, and
L

(1) Lβ = hΣβ1 (|X| ∪ {X}) (in particular, X ∈ Lβ ),
(2) X  |X| = X  |X|,
2 In

other words, we may assume κ is not weakly compact in L, as witnessed by X  and Φ.
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(3) for all ξ ≤ dom(X), there is A ∈ Lβ , a subset of ξ, such that
Lξ , X  ξ, A  ¬Φ(X  ξ, A).
Deﬁne (β, X) ≤T (β̄, X̄) ⇐⇒ X ≤L X̄, and there is a Σ1 -elementary embedding
σ : Lβ → Lβ̄ such that σ(X) = σ(X̄) and σ is the identity on |X|. This can be
motivated by observing that branches correspond to a failure of reﬂection, as will
become clear in a moment.
Let us check ≤T is a tree order. Clearly, ≤T is transitive and reﬂexive. Also,
≤T is antisymmetric: assume (β, X) ≤ (β  , X  ) and (β  , X  ) ≤ (β, X). As X =
X  , the embedding witnessing (β, X) ≤T (β  , X  ) shows that Lβ is isomorphic to
L 
hΣβ1 (|X  |∪{X  }) (by Fact 2.2); but the latter is just Lβ  , by item (1) in the deﬁnition
of T . It remains to check that any two predecessors of a node are comparable: say
(β, X), (β  , X  ) ≤T (β̄, X̄), as witnessed by embeddings σ and σ  . Without loss of
generality assume X ≤L X  , whence also |X| ≤ |X  | (if not, since X  is a function
on an ordinal, X  ∈ L|X  |+ ⊆ L|X| , a contradiction). So (once more using Fact
L

L

2.2) ran(σ) = hΣβ̄1 (|X| ∪ {X̄}) ⊆ hΣβ̄1 (|X  | ∪ {X̄}) = ran(σ  ), whence (σ  )−1 ◦ σ is a
well-deﬁned elementary embedding and so (β, X) ≤T (β  , X  ).
We now show T is a κ-Aronszajn tree. First observe that for a node (β̄, X̄) of T
and a cardinal α ≤ β̄, there is exactly one t ≤T (β, X) of cardinality α. Existence:
L
look at the transitive collapse Lβ of hΣβ̄1 (α ∪ {X̄}) and let X denote the image of
X̄ under the collapsing map (let σ denote the inverse of this map). Then |X| = α,
L
so Lβ = hΣβ1 (|X| ∪ {X}), by Fact 2.1. Item (3) holds for (β̄, X̄), so by a Skolem
hull argument, it also holds for (β, X). So (β, X) ∈ T . If α < |X̄|, X ≤L X̄,
and σ witnesses (β, X) ≤T (β̄, X̄). If α = |X̄|, by item (1), X = X̄ and β = β̄.
Uniqueness: say (β, X), (β  , X  ) ≤T (β̄, X̄), and α = |β| = |β  |. By Fact 2.2,
L
both Lβ , X and Lβ  , X   are isomorphic to hΣβ̄1 (α ∪ {X̄}), so they are identical.
As a corollary we obtain that if (β, X) ∈ T and |β| = ωα , (β, X) has exactly α
predecessors in ≤T , i.e. the height of (β, X) in T is α. So T  α ⊆ Lωα (T has
small levels). T has height at least κ: let any α < κ be given. Let X := X  ωα
κ
and let Lβ be the transitive collapse of H := hL
Σ1 (ωα ∪ {X}). It is easy to check
that (β, X) ∈ T (for item (3), observe that dom(X) = ωα ∈ H), and we have seen
its height is exactly α. To conclude that T is Aronszajn (in V ), it remains to check:
5.2. Lemma. T does not have a branch of order-type κ in V .
Proof. Let (β(α), X(α))α<κ be such a branch. Let σαᾱ : Lβ(α) →Σ1 Lβ(ᾱ) be the
embedding witnessing (β(α), X(α)) ≤T (β(ᾱ), X(ᾱ)). A straightforward argument

involving the Σ1 -deﬁnable Skolem functions shows that for α < α < ᾱ, σαᾱ ◦ σαα =
σαᾱ . As κ has uncountable coﬁnality, the direct limit of this chain of models is
well founded and a model of V = L, therefore isomorphic to some Lδ . Each Lβ(α)
is Σ1 -elementarily embeddable into Lδ via a map that is the identity on |β(α)|L ,
and all the X(α) are mapped to one X0 which must therefore end-extend X (in
the sense that X0  κ = X ). So δ > κ (as X0 ∈ Lδ ). By elementarity (and
condition (3) in the deﬁnition of T ), there is A ∈ Lδ , a subset of κ, such that

Lκ , X0  κ, A  ¬Φ(Xδ  κ, A), a contradiction.
Let us go back to working in L again, for yet a little while. T is not pruned (there
are dying branches and branches that do not split), and T need not even have unique
limit nodes (in the sense that for t and t at a limit level Tλ , if t and t have the
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same predecessors, then t = t ). The latter shortcoming has to be remedied, and

= Tα
this is easily accomplished by replacing T by T  , where T   ω = T  ω, Tα+1

for any inﬁnite ordinal α < κ, while for limit ordinals λ we set Tλ = {pred(t)|t
in Tλ }. T  carries the obvious order (t ≤T  t exactly if either t ⊆ t or t ∈ t or
t ⊆ pred(t ) or t ≤T t ).
Fix δ such that X ∈ Lδ . Pick E, a binary relation on κ, such that
(1) κ, E ∼
= Lδ , ∈, and
(2) X (ξ) = 1 ⇐⇒ (ξ + 1) E ∅.
Deﬁne C := {ξ < κ|ξ is a cardinal and Lξ , X  ξ, E ∩ (ξ × ξ) ≺ Lκ , X , E}. By
inaccessibility of κ this is a cub set. Let C be enumerated as (cξ )ξ<κ .
Now we work in V : let sξ be a real coding, in some absolute manner, the tuple
(Tξ+1 , X  cξ , E ∩ (cξ × cξ )).
Apply the forcing just described (Fact 4.1) to code the sequence S = (sξ )ξ<ω1 into
a single real r, using T .
Consider any β < κ such that Lβ [r] is a model of “ZF − and ω1 exists”. Let
L [r]
α denote ω1 β . We claim that for some ξ ≤ α, there is x ∈ Lβ ∩ P(ξ) such that
for all a ∈ Lβ ∩ P(ξ), Lξ , x, a  Φ(x, a), i.e. that from the point of view of Lβ ,
reﬂection occurs before or at ω1 . Assume otherwise; we show how to recursively
reconstruct (sξ )ξ<α inside Lβ [r], and then obtain a contradiction. We construct
(sξ )ξ<η by recursion on η ≤ α. s0 ∈ Lβ [r] is immediate. Now say η = γ + 1: by
induction hypothesis (sξ )ξ≤γ ∈ Lβ [r], so T  γ + 2 ∈ Lβ [r]. As in the proof of Fact
4.1, utilizing the specializing functions on that tree (coded recursively by r), we
obtain sγ+1 ∈ Lβ [r].
We shall now consider two cases simultaneously, since the next few steps of the
argument are identical for both:
(1) η < α is a limit ordinal; in this case, we must show how to continue the
construction of (sξ )ξ<α .
(2) we have constructed (sξ )ξ<α and η = α; this leads to a contradiction.
In any case, we may assume (sξ )ξ<η ∈ Lβ [r], whence X  cη , E ∩ (cη × cη ) ∈ Lβ [r].
E ∩ (cη × cη ) is of course a well-founded relation, and by the deﬁnition of C and
elementarity, its transitive collapse is equal to some Lζ  such that X  cη ∈ Lζ 
and ζ < β.
To be sure the construction of (sξ )ξ<α takes place entirely in Lβ [r], we feel we
should mention the triviality that since (ωη )L < β, (ωη )L = (ωη )Lβ . Work in L.
Since cη ≥ ωη , X  ωη ∈ Lβ . For each ξ < η, look at the transitive collapse
L
Lβ(ξ) of hΣβ1 (ωξ ∪ {X  ωη }), and let X(ξ) be the image of X  ωη under the
collapsing map. By deﬁnability of the Skolem-hull operator and by replacement in
Lβ , the sequence (β(ξ), X(ξ))ξ<η is an element of Lβ . Observe that for ξ < η, cξ
is countable in Lβ [r], so cη ≤ α and thus ωη ≤ α. Hence, by assumption, for each
ξ ≤ ωη there is a ∈ Lβ , a ⊆ ξ, such that Lξ , X  ξ, a  ¬Φ(X  ξ, a). This
ensures that item (3) in the deﬁnition of T holds for each (β(ξ), X(ξ)), so arguing
just as in the proof showing T is Aronszajn, we have (β(ξ), X(ξ)) ∈ T and its height
is ξ. So we have found a branch b of order-type η in T  η, b ∈ Lβ .
We work in V again. Once more, as in the proof of Fact 4.1, we may recover,
for all k, Fk  (b × ω) from b and r, inside Lβ [r] (observe only one node on each
level suﬃces for the construction). Now we proceed to argue by cases: in case (1),
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b has order-type α = ω1 Lβ [r] , contradicting F0  (b × ω) ∈ Lβ [r], as F0 yields an
order-preserving function from b into the rationals. For case (2), we must show
sη ∈ Lβ [r], and indeed, this holds as n ∈ sη ⇐⇒ sup{F0 (t, n)|t ∈ b} ∈ Q0 . This
ﬁnishes the proof of the claim.
So we have found, after forcing with a ccc partial order, a real r with the Π1
property
∀β < ω1 , if Lβ [r]  “ZF − and ω1 exists”, then
∃ξ ≤ (ω1 )Lβ [r] such that (Lξ  ∃X∀AΦ(X, A))Lβ .
By Σ13 -absoluteness, we may assume that r is in the ground model. But since ω1
is inaccessible to reals, we may look at β := (ω2 )L[r] . By the above, for some
ξ ≤ (ω1 )Lβ [r] , (Lξ  ∃X∀AΦ(X, A))Lβ , and therefore (Lξ  ∃X∀AΦ(X, A))L. This
completes one direction of the proof.
For the other direction, assume κ is Σ12 -indescribable. We show that after forcing
with the Lévy-collapse of κ, Σ13 -absoluteness for ccc forcing holds and κ is inaccessible to reals. The latter is clear, as any real in the extension can be absorbed into
an intermediate model where κ is still inaccessible.
In V Coll(ω,κ) , let P be a ccc partial order which forces a Σ13 (r) statement φ(r),
r ∈ V Coll(ω,{α}) , for some α < κ.
First, we can assume that |P | = ω1 : using the tree representation of Σ12 sets,
write φ(r) as “there is a real x such that T (x) is well-founded”. Here, T is a tree
on ω1 which is ∆0 deﬁnable in the parameters r and ω1 . So P “∃ẋ such that T (ẋ)
ˇ
is well-founded”. As P has the ccc, there is ξ < ω2 such that P rank(T (ẋ)) < ξ,

and there is a name Ḟ for a ranking function on T (ẋ), |Ḟ | = ω1 . Now let M
be an elementary submodel of Hω2 such that ẋ, Ḟ and P are elements of M and
ω1 + 1 ⊆ M . As the forcing relation for ∆0 sentences is uniformly ∆0 deﬁnable for
transitive models of ZF − , we can take the transitive collapse of M , and we have
P  “Ḟ  is an order preserving function from T (ẋ ) into the ordinals”, where ẋ , Ḟ 
and P  are the images of ẋ, Ḟ and P under the collapsing map. Thus, since P 
preserves ω1 , P  φ(r). This proves we can assume P has size ω1 .
For the moment, we work in W := V Coll(ω,{α}) . Let Ṗ be a Coll(ω, κ)-name for
P . As Coll(ω, κ) ∈ Hκ+ , we may assume Ṗ ∈ Hκ+ , whence
Hκ+  ∃Q Q φ(r),

(1)

as witnessed by Q := Coll(ω, κ) ∗ P . In W Q ,
φ(r) ⇐⇒ Hκ+  ∃u∀wψ(u, w, r)
for a suitable ∆0 formula ψ (e.g. such that ∀wψ(u, w, r) says that a certain tree
T (u, r) on ω is ill-founded, i.e. has no ranking function; use the tree representation
for Π11 sets). Using this equivalence and arguing as in Fact 3.3(3), in W (1) is
equivalent to
(2)

∃Q ∈ Hκ+

∃u̇ ∈ Hκ+

∀ẇ ∈ Hκ+

Hκ+  ψ  (u̇, ẇ, r, Q),

where ψ  is ∆1 . By Σ12 -indescribability of κ, (2) holds with κ+ replaced by κ. As (1)
and (2) are still equivalent when κ+ is replaced by κ, there is Q ∈ Hκ , Q φ(r).
In V Coll(ω,κ) , there is H which is generic for Q over W , as |P(Q )|W is collapsed
to ω. φ(r) holds in W [H], and φ(r) is upward absolute between W [H] ⊆ V Coll(ω,κ)
and V Coll(ω,κ) . So φ(r) holds in V Coll(ω,κ) , whence Σ13 -absoluteness holds between
this model and any subsequent ccc extension.
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Open questions
What are other applications of lightface indescribable cardinals? E.g. what
is the consistency strength of “two-step” Σ13 -absoluteness for ccc forcing plus ω1
inaccessible to reals? Two-step Σ13 -absoluteness for ccc forcing means that for any
ccc forcing P and a P -name Q̇ such that P forces “Q̇ is a ccc partial ordering”,
P
P Q̇
P
Hω1 V ≺Σ2 Hω1 V and HωV1 ≺Σ2 Hω1 V
.
References
[Bag]
[Bag00]
[BB04]
[BF01]
[Dev84]
[Fri04]
[GS95]
[HS85]
[Kan03]
[Sch04]

J. Bagaria, Axioms of generic absoluteness, Available online at http://www.icrea.es/
ficheros/Proyectos/treb 8449.pdf.
, Bounded forcing axioms as principles of generic absoluteness, Arch. Math. Logic
39 (2000), 393–401. MR1773776 (2001i:03103)
J. Bagaria and R. Bosch, Solovay models and forcing extensions, Journal of Symbolic
Logic 69 (2004), no. 3, 741–766. MR2078919 (2005e:03103)
J. Bagaria and S. D. Friedman, Generic absoluteness, Annals of Pure and Applied Logic
108 (2001), 3–13. MR1819046 (2002g:03098)
K. J. Devlin, Constructibility, Springer-Verlag, 1984. MR0750828 (85k:03001)
S. D. Friedman, Generic Σ13 absoluteness, Journal of Symbolic Logic 69 (2004), 73–80.
MR2039346 (2004m:03180)
M. Goldstern and S. Shelah, The bounded proper forcing axiom, Journal of Symbolic
Logic 60 (1995), 58–73. MR1324501 (96g:03083)
L. Harrington and S. Shelah, Some exact equiconsistency results in set theory, Notre
Dame Journal of Formal Logic 26 (1985), no. 2, 178–188. MR0783595 (86g:03079)
A. Kanamori, The higher inﬁnite, second edition ed., Springer, 2003. MR1994835
(2004f:03092)
D. Schrittesser, Σ13 -absoluteness in forcing extensions, Master’s thesis, Universität Wien,
2004, available at http://www.logic.univie.ac.at/~david/papers/mthesis.pdf.
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