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HILBERT FUNCTIONS OF GORENSTEIN MONOMIAL CURVES

FEZA ARSLAN AND PINAR METE

(Communicated by Bernd Ulrich)

Abstract. It is a conjecture due to M. E. Rossi that the Hilbert function
of a one-dimensional Gorenstein local ring is non-decreasing. In this article,
we show that the Hilbert function is non-decreasing for local Gorenstein rings
with embedding dimension four associated to monomial curves, under some
arithmetic assumptions on the generators of their defining ideals in the non-
complete intersection case. In order to obtain this result, we determine the
generators of their tangent cones explicitly by using standard basis computa-
tions under these arithmetic assumptions and show that the tangent cones are
Cohen-Macaulay. In the complete intersection case, by characterizing certain
families of complete intersection numerical semigroups, we give an inductive
method to obtain large families of complete intersection local rings with arbi-
trary embedding dimension having non-decreasing Hilbert functions.

1. Introduction

In this article, we study the Hilbert function of a one-dimensional Gorenstein
local ring of embedding dimension four associated to a Gorenstein monomial curve.
The Hilbert function of a local ring R with maximal ideal m is the numerical
function defined as HR(n) = dimR/m(mn/mn+1) for all n ≥ 0, while the embedding
dimension of R is HR(1). In other words, the Hilbert function of a local ring R
with maximal ideal m is defined as the Hilbert function of its associated graded ring
with respect to m (which is grm(R) =

⊕∞
i=0 mi/mi+1). In general, very little is

known about the behavior of the Hilbert function of a Cohen-Macaulay local ring,
since its associated graded ring can be very bad [19]. The main open problem in
the one-dimensional case was Sally’s conjecture [18]:

Sally’s conjecture. If R is a one-dimensional Cohen-Macaulay local
ring with small enough embedding dimension, then HR(n) is non-
decreasing.

The conjecture is obvious for embedding dimension one, in which case R is reg-
ular and HR(n) = 1 for all n. Matlis proved Sally’s conjecture for embedding
dimension two by showing that HR(n) = min{n + 1, e(R)}, where e(R) is the
multiplicity of the local ring R [14]. Finally, Elias proved the conjecture for the
embedding dimension three case [5]. In the literature, there are several examples
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showing that Cohen-Macaulayness of a one-dimensional local ring does not nec-
essarily assure the non-decreasing behavior of its Hilbert function for embedding
dimensions greater than three. The first examples of local rings with decreasing
Hilbert function were given by Herzog-Waldi [12] and Eakin-Sathaye [7]. Further-
more, Orecchia showed that for all b ≥ 5 there exists a reduced one-dimensional
local ring of embedding dimension b with decreasing Hilbert function [16]. In the
remaining case of embedding dimension four, similar examples were given by Gupta
and Roberts in [10]. Thus, the Cohen-Macaulayness of a one-dimensional local ring
with embedding dimension greater than three does not guarantee that its Hilbert
function is non-decreasing. However, it is a conjecture due to M. E. Rossi, that
a one-dimensional Gorenstein local ring (a Cohen-Macaulay ring of type 1) has a
non-decreasing Hilbert function, and this problem is open even for Gorenstein local
rings with embedding dimension four associated to Gorenstein monomial curves in
affine 4-space [6]. These curves are our main geometric objects of interest in this
article.

We recall that a monomial affine curve C has a parametrization

(1.1) x1 = tn1 , x2 = tn2 , . . . , xd = tnd

where n1, n2, . . . , nd are positive integers with gcd(n1, n2, ..., nd) = 1. A numer-
ical semigroup denoted by 〈n1, n2, ..., nd〉 is given as 〈n1, n2, ..., nd〉 = {n | n =
∑d

i=1 aini, ai’s are non-negative integers} where gcd(n1, n2, ..., nd) = 1. A nu-
merical semigroup 〈n1, n2, ..., nd〉 is symmetric if and only if the number of gaps
is equal to the number of nongaps (n /∈ 〈n1, n2, ..., nd〉 with 0 < n ≤ c is called a
gap, while n ∈ 〈n1, n2, ..., nd〉 with 0 ≤ n < c is called a nongap, where c is the
greatest integer not in the semigroup). The algebraic characterization of symmetric
semigroups given by Kunz implies that 〈n1, n2, ..., nd〉 is symmetric if and only if
k[[tn1 , tn2 , ..., tnd ]] is Gorenstein, where k is the underlying field of the affine space,
see [13]. A monomial curve given by the parametrization in (1.1) is called a Goren-
stein monomial curve if the associated local ring k[[tn1 , tn2 , ..., tnd ]] is Gorenstein,
or equivalently, if 〈n1, n2, ..., nd〉 is symmetric.

Let C be a monomial curve having the parametrization

(1.2) x1 = tn1 , x2 = tn2 , x3 = tn3 , x4 = tn4

for which the symmetric numerical semigroup 〈n1, n2, n3, n4〉 is minimally gene-
rated by n1, n2, n3, n4. (Clearly, this assures that the Gorenstein local ring
k[[tn1 , tn2 , tn3 , tn4 ]] has embedding dimension four.) Thus, in this case, we also
say that C is a Gorenstein monomial curve with embedding dimension four. In
1975, Bresinsky not only showed that the ideal I(C) of the curve C is minimally
generated by either 3 (complete intersection case) or 5 (non-complete intersection
case) elements, but also gave an explicit description of the defining ideal I(C), see
[3]. Knowing the defining ideal I(C) explicitly by the work of Bresinsky, we inves-
tigate the generators of the ideal I(C)∗, which is generated by the polynomials f∗
for f in I(C), where f∗ is the homogeneous summand of f of least degree. I(C)∗,
which is the defining ideal of the tangent cone of C at 0 can be used to find the
Hilbert function of k[[tn1 , tn2 , tn3 , tn4 ]], since grm(k[[tn1 , tn2 , tn3 , tn4 ]]) is isomorphic
to the ring k[x1, x2, x3, x4]/I(C)∗. Based on the standard basis theory, we find the
generators of the tangent cone of a Gorenstein monomial curve C with embedding
dimension four, under some arithmetic conditions on the generators of its defining
ideal. Showing the Cohen-Macaulayness of the tangent cones of these families of
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Gorenstein monomial curves gives us the opportunity to obtain families of Goren-
stein local rings with non-decreasing Hilbert function in the embedding dimension
four case.

2. Non-complete intersection case

In this section, we first recall Bresinsky’s theorem, which gives the explicit de-
scription of the defining ideal of a Gorenstein monomial curve with embedding
dimension four in the non-complete intersection case [3, Theorem 3].

Theorem 2.1 (Bresinsky’s Theorem). Let C be a monomial curve having the
parametrization

x1 = tn1 , x2 = tn2 , x3 = tn3 , x4 = tn4

where S = 〈n1, n2, n3, n4〉 is a numerical semigroup minimally generated by
n1, n2, n3, n4. The semigroup 〈n1, n2, n3, n4〉 is symmetric and C is a non-complete
intersection curve if and only if I(C) is generated by the set

G = {f1 = xα1
1 − xα13

3 xα14
4 , f2 = xα2

2 − xα21
1 xα24

4 , f3 = xα3
3 − xα31

1 xα32
2 ,

f4 = xα4
4 − xα42

2 xα43
3 , f5 = xα43

3 xα21
1 − xα32

2 xα14
4 }

where the polynomials fi are unique up to isomorphism and 0 < αij < αj. Here αi

is the smallest integer such that αini ∈ 〈n1, . . . , n̂i, . . . , n4〉, where n̂i denotes that
ni /∈ 〈n1, . . . , n̂i, . . . , n4〉.

Remark 2.2. Moreover, in the same article, Bresinsky also shows that the semigroup
S = 〈n1, n2, n3, n4〉 is symmetric and the defining ideal is as in Theorem 2.1 if and
only if n1 = α2α3α14 + α32α13α24, n2 = α3α4α21 + α31α43α24, n3 = α1α4α32 +
α14α42α31, n4 = α1α2α43 + α42α21α13 with gcd(n1, n2, n3, n4) = 1, αi > 1, 0 <
αij < αj for 1 ≤ i ≤ 4 and α1 = α21 + α31, α2 = α32 + α42, α3 = α13 + α43,
α4 = α14 + α24 [3, Theorem 5].

Remark 2.3. Theorem 2.1 implies that for any non-complete intersection Gorenstein
monomial curve with embedding dimension four, the variables can be renamed to
obtain generators exactly of the given form, and this means that there are six
isomorphic possible permutations which can be considered within three cases:

(1) f1 = (1, (3, 4))
(a) f2 = (2, (1, 4)), f3 = (3, (1, 2)), f4 = (4, (2, 3)), f5 = ((1, 3), (2, 4))
(b) f2 = (2, (1, 3)), f3 = (3, (2, 4)), f4 = (4, (1, 2)), f5 = ((1, 4), (2, 3))

(2) f1 = (1, (2, 3))
(a) f2 = (2, (3, 4)), f3 = (3, (1, 4)), f4 = (4, (1, 2)), f5 = ((2, 4), (1, 3))
(b) f2 = (2, (1, 4)), f3 = (3, (2, 4)), f4 = (4, (1, 3)), f5 = ((1, 2), (4, 3))

(3) f1 = (1, (2, 4))
(a) f2 = (2, (1, 3)), f3 = (3, (1, 4)), f4 = (4, (2, 3)), f5 = ((1, 2), (3, 4))
(b) f2 = (2, (3, 4)), f3 = (3, (1, 2)), f4 = (4, (1, 3)), f5 = ((2, 3), (1, 4))

Here, the notation fi = (i, (j, k)) and f5 = ((i, j), (k, l)) denote the generators
fi = xαi

i − x
αij

j xαik

k and f5 = xαki
i x

αlj

j − x
αjk

k xαil

l . Thus, given a Gorenstein
monomial curve having parametrization as in (1.2), if we have the extra condition
n1 < n2 < n3 < n4, then the generator set of its defining ideal is exactly given by
one of these six permutations.
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From our computations with Macaulay [2] and Singular [9], we have observed
that there are many non-complete intersection Gorenstein monomial curves with
embedding dimension four having Cohen-Macaulay tangent cones generated by ex-
actly five elements, and moreover, the generator set of each of these curves turned
out to be a standard basis with respect to at least one local degree ordering. Thus,
by determining the common arithmetic conditions satisfied by the generators of
the defining ideals of these monomial curves, we apply the standard basis algo-
rithm in [8] to the set of generators given by Bresinsky satisfying these arithmetic
conditions and show that there is a large family of non-complete intersection Goren-
stein monomial curves having Cohen-Macaulay tangent cones, which guarantees a
non-decreasing Hilbert function.

Proposition 2.4. Let C be a non-complete intersection Gorenstein monomial
curve having parametrization as in (1.2) with n1 < n2 < n3 < n4, and let the
generators of I(C) be given by the set G in Theorem 2.1. If α2 ≤ α21 + α24, then
the defining ideal I(C)∗ of the tangent cone is generated by a set G∗ consisting of
the least homogeneous summands of the fi’s in G for 1 ≤ i ≤ 5.

Remark 2.5. The condition n1 < n2 < n3 < n4 implies the following three inequal-
ities. Since n1α1 = n3α13 + n4α14 > n1α13 + n1α14 = n1(α13 + α14), we have
α1 > α13 + α14. In the same manner, α4 < α42 + α43 and α3 < α31 + α32.

Remark 2.6. The extra condition α2 ≤ α21 +α24 in Proposition 2.4 implies another
condition on the generator f5 in the following manner:

α2 = α32 + α42 ≤ α21 + α24,

α32 + α42 + α14 ≤ α21 + α24 + α14 = α21 + α4,

(since α4 < α42 + α43) α32 + α14 < α43 + α21.

In order to prove Proposition 2.4, we need the following lemma. For the defini-
tions of local orderings, normal form, ecart of a polynomial, standard basis and the
description of the standard basis algorithm, see [8].

Lemma 2.7. The set G = {f1, f2, f3, f4, f5}, where the polynomials fi are as in
Proposition 2.4 with α2 ≤ α21 + α24 is a standard basis with respect to the negative
degree reverse lexicographical ordering with x1 > x2 > x3 > x4.

Proof. We apply the standard basis algorithm to the set G = {f1, f2, f3, f4, f5}.
By using the notation in [8], we denote the leading monomial of a polynomial f by
LM(f), the s-polynomial of the polynomials f and g by spoly(f, g) and the Mora’s
polynomial weak normal form of f with respect to G by NF (f |G). We need to
show that NF (spoly(fi, fj)|G) = 0 for all i, j with 1 ≤ i < j ≤ 5.

By using the inequalities in Remarks 2.5 and 2.6 with the extra condition α2 ≤
α21+α24 and recalling that the ordering is the negative degree reverse lexicographi-
cal ordering, we have LM(f1) = xα13

3 xα14
4 , LM(f2) = xα2

2 , LM(f3) = xα3
3 , LM(f4) =

xα4
4 and LM(f5) = xα32

2 xα14
4 . Since lcm(LM(f1), LM(f2)) = LM(f1) · LM(f2),

then NF (spoly(f1, f2)|{f1, f2}) = 0. This implies that NF (spoly(f1, f2) |G) =
0. In the same manner, NF (spoly(f2, f3) |G) = 0, NF (spoly(f2, f4) |G) = 0,
NF (spoly(f3, f4) |G) = 0 and NF (spoly(f3, f5) |G) = 0.

Next, we compute spoly(f1, f3) = xα1
1 xα43

3 − xα31
1 xα32

2 xα14
4 . From Remark 2.6,

α32 + α14 < α43 + α21 and adding α31 to both sides of the inequality, we have
α1+α43 > α31+α32+α14, which implies LM(spoly(f1, f3)) = xα31

1 xα32
2 xα14

4 . Among
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the leading monomials of the elements of G, only LM(f5) divides LM(spoly(f1, f3)).
(Also, ecart(f5) = ecart(spoly(f1, f3)).) The computation spoly(f5, spoly(f1, f3)) =
0 implies NF (spoly(f1, f3) |G) = 0.

Then, we compute spoly(f1, f4) = xα1
1 xα24

4 −xα42
2 xα3

3 . The following inequalities

α2 ≤ α21 + α24,

α2 + α31 ≤ α21 + α31 + α24 = α1 + α24,

(since α3 < α31 + α32) α2 + α3 − α32 < α1 + α24,

α3 + α42 < α1 + α24

(2.1)

imply that LM(spoly(f1, f4)) = xα42
2 xα3

3 . Among the leading monomials of the ele-
ments of G, only LM(f3) divides LM(spoly(f1, f4)). (Also, we check that ecart(f3)
≤ ecart(spoly(f1, f4)).) We compute spoly(f3, spoly(f1, f4)) = xα1

1 xα24
4 − xα31

1 xα2
2 .

From (2.1), we have α2+α31 ≤ α1+α24, which gives LM(spoly(f3, spoly(f1, f4))) =
xα31

1 xα2
2 . Once again, only LM(f2) divides LM(spoly(f3, spoly(f1, f4))) among the

leading monomials of the elements of the set G. (Notice also that ecart(f2) =
ecart(spoly(f3, spoly(f1, f4))).) Since spoly(f2, spoly(f3, spoly(f1, f4))) = 0, we
have NF (spoly(f1, f4) |G) = 0.

Similarly, we compute spoly(f1, f5) = xα1
1 xα32

2 − xα21
1 xα3

3 . Since α3 < α31 + α32,
adding α21 to both sides of the inequality gives α3+α21 < α32+α31+α21 = α32+α1,
which implies that LM(spoly(f1, f5)) = xα21

1 xα3
3 . Among the leading monomials

of the elements of G, only LM(f3) divides LM(spoly(f1, f5)). (Also, ecart(f3) =
ecart(spoly(f1, f5)).) Since spoly(f3, spoly(f1, f5)) = 0, NF (spoly(f1, f5) |G) = 0.

In the same manner, spoly(f2, f5) = xα21
1 xα42

2 xα43
3 − xα21

1 xα4
4 . Since α4 < α42 +

α43 implies α4 + α21 < α42 + α43 + α21, then LM(spoly(f2, f5)) = xα21
1 xα4

4 . Among
the leading monomials of the elements of G, only LM(f4) divides LM(spoly(f2, f5)).
(Also, again ecart(f4) = ecart(spoly(f2, f5)).) Since spoly(f4, spoly(f2, f5)) = 0,
NF (spoly(f2, f5) |G) = 0.

Finally, spoly(f4, f5) = xα21
1 xα43

3 xα24
4 −xα2

2 xα43
3 and since α2 ≤ α21 +α24 implies

α2 + α43 ≤ α21 + α24 + α43, LM(spoly(f4, f5)) = xα2
2 xα43

3 . Among the leading
monomials of the elements of G, only LM(f2) divides LM(spoly(f4, f5)). (Also,
ecart(f2) = ecart(spoly(f4, f5)).) Since spoly(f2, spoly(f4, f5)) = 0, again we have
NF (spoly(f4, f5) |G) = 0.

Therefore, we conclude that the set G is a standard basis with respect to the
negative degree reverse lexicographical ordering with x1 > x2 > x3 > x4. �

We can now prove Proposition 2.4.

Proof of Proposition 2.4. By Lemma 2.7, G = {f1, f2, f3, f4, f5}, where the fi are as
in Theorem 2.1, is a standard basis of I(C) with respect to a local degree ordering
(negative degree reverse lexicographic ordering with x1 > x2 > x3 > x4). Then,
from [8, Lemma 5.5.11], I(C)∗ is generated by the least homogeneous summands
of the elements in the standard basis. Thus, I(C)∗ is generated by

G∗ = {xα13
3 xα14

4 , xα2
2 , xα3

3 , xα4
4 , xα32

2 xα14
4 }

for α2 < α21 + α24 and by
G∗ = {xα13

3 xα14
4 , xα2

2 − xα21
1 xα24

4 , xα3
3 , xα4

4 , xα32
2 xα14

4 }
for α2 = α21 + α24.

�
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Now, we can show that the Hilbert function of the Gorenstein local ring associ-
ated to the monomial curve C, with its defining ideal I(C) as in Proposition 2.4
under the restriction given in the same proposition is non-decreasing.

Theorem 2.8. The Gorenstein monomial curve C having parametrization as in
(1.2) with n1 < n2 < n3 < n4 and the defining ideal I(C) as in Proposition
2.4 under the restriction α2 ≤ α21 + α24 has Cohen-Macaulay tangent cone at
the origin. Therefore, the Hilbert function of the associated Gorenstein local ring
k[[tn1 , tn2 , tn3 , tn4 ]] is non-decreasing.

Proof. The Cohen-Macaulayness of the ring k[x1, x2, x3, x4]/I(C)∗ is obvious for the
case α2 < α21 + α24, since in this case, the generators of I(C)∗ are all monomials
not divisible by x1 from Proposition 2.4. For the case α2 = α21 +α24, we can apply
the theorem in [1, Theorem 2.1] to the generators of I(C)∗ given by

G∗ = {xα13
3 xα14

4 , xα2
2 − xα21

1 xα24
4 , xα3

3 , xα4
4 , xα32

2 xα14
4 }

in Proposition 2.4. This is a Gröbner basis with respect to the reverse lexicographic
order with x1 > x4 > x2 > x3. Since x1 does not divide the leading monomial of
any element in G∗, we conclude from [1, Theorem 2.1] that x1 is not a zero-divisor
and thus, the ring k[x1, x2, x3, x4]/I(C)∗ is Cohen-Macaulay. Therefore, since
grm(k[[tn1 , tn2 , tn3 , tn4 ]]) ∼= k[x1, x2, x3, x4]/I(C)∗ is Cohen-Macaulay, the Hilbert
function of the Gorenstein local ring k[[tn1 , tn2 , tn3 , tn4 ]] is non-decreasing. �
Remark 2.9. Since we have the condition n1 < n2 < n3 < n4 in Proposition 2.4
and Theorem 2.8, we have to consider the other permutations of the defining ideal
to generalize this result. The same method can be applied to the following cases in
Remark 2.3 to obtain similar results. By using the same algorithm in Lemma 2.7,
we have a standard basis with respect to the negative degree reverse lexicographical
ordering with x1 > x2 > x3 > x4:

• In Case 1(b) with the restriction α2 ≤ α21 + α23, α3 ≤ α32 + α34;
• In Case 2(b) with the restriction α2 ≤ α21 + α24, α3 ≤ α32 + α34;
• In Case 3(a) with the restriction α2 ≤ α21 + α23, α3 ≤ α31 + α34.

Thus, in all these cases, I(C)∗ is generated by a set of five elements, which are the
homogeneous summands of least degree of the five generators of I(C). By using
the same method in Theorem 2.8, we show that the Gorenstein monomial curves
having the defining ideals as in these cases with the given conditions have Cohen-
Macaulay tangent cones. We do not have a similar result in Cases 2 (a) and 3 (b),
since f2 = xα2

2 −xα23
3 xα24

4 is an element of the generator set in both cases, and thus,
n1 < n2 < n3 < n4 implies α2 > α23 + α24.

As a result, we can now give the general theorem:

Theorem 2.10. Let C be a Gorenstein monomial curve with embedding dimension
four having parametrization

x1 = tn1 , x2 = tn2 , x3 = tn3 , x4 = tn4

where n1 < n2 < n3 < n4 and let the generators of the defining ideal I(C) (given by
one of the cases in Remark 2.3) be denoted as f1 = xα1

1 − m1, f2 = xα2
2 − m2, f3 =

xα3
3 −m3, f4 = xα4

4 −m4 and f5, where m1, m2, m3 and m4 are monomials. If α2 ≤
total degree of m2 and α3 ≤ total degree of m3, then the Hilbert function of the local
Gorenstein ring k[[tn1 , tn2 , tn3 , tn4 ]] is non-decreasing.
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Proof. The proof is a direct consequence of Theorem 2.8 and Remark 2.9. �

2.1. A family of examples. We can now construct a family of Gorenstein mono-
mial curves satisfying the conditions of Theorem 2.8, and thus having associated
Gorenstein local rings with non-decreasing Hilbert function. The construction is
done by using Bresinsky’s characterization of the ni’s in terms of the αi’s and αij ’s
given in Remark 2.2 and considering the extra conditions in Theorem 2.8.

Let Cm be a monomial curve having parametrization

x1 = tn1(m), x2 = tn2(m), x3 = tn3(m), x4 = tn4(m)

with n1(m) = m3 + m2 − m, n2(m) = m3 + 2m2 + m − 1, n3(m) = m3 + 3m2 +
2m − 2, n4(m) = m3 + 4m2 + 3m − 2 where m ≥ 2 is an integer.

It is trivial to check that n1(m) < n2(m) < n3(m) < n4(m) for m ≥ 2.
Also, gcd(n1(m), n2(m), n3(m), n4(m)) = 1 for m ≥ 2, since n4(m) − 2n3(m) +
n2(m) = 1. By using Bresinsky’s characterization of the ni’s in terms of the
αi’s and αij ’s given in Remark 2.2, we conclude that the numerical semigroup
Sm = 〈n1(m), n2(m), n3(m), n4(m)〉 is symmetric, and moreover I(Cm) is gener-
ated by the set

Gm = {f1 = xm+3
1 − x3x

m−1
4 , f2 = xm+2

2 − xm+2
1 x4, f3 = xm

3 − x1x
m
2 ,

f4 = xm
4 − x2

2x
m−1
3 , f5 = xm−1

3 xm+2
1 − xm

2 xm−1
4 }.

It is obvious that I(Cm) satisfies the conditions of Theorem 2.8 for all integers
m ≥ 2, and thus, the defining ideal of the tangent cone I(Cm)∗ is generated by the
set

Gm∗ = {x3x
m−1
4 , xm+2

2 , xm
3 , xm

4 , xm
2 xm−1

4 }.
Since grm(k[[tn1(m), tn2(m), tn3(m), tn4(m)]]) ∼= k[x1, x2, x3, x4]/I(Cm)∗ is Cohen-

Macaulay, the Gorenstein local ring k[[tn1(m), tn2(m), tn3(m), tn4(m)]] has a non-
decreasing Hilbert function for all m ≥ 2.

By using the characterization in Remark 2.2, many families can be constructed
in the same manner, and thus, we can obtain large families of Gorenstein local rings
with embedding dimension four having non-decreasing Hilbert functions.

3. Complete intersection case

In this section, we give a general result for the complete intersection case, which
gives a constructive method to obtain large families of complete intersection local
rings with arbitrary embedding dimension having non-decreasing Hilbert functions.
To do this, we first generalize the family of numerical semigroups given in [3].

Definition 3.1. Let H = 〈n1, ..., nd〉 be a numerical semigroup minimally gener-
ated by n1, ..., nd. A numerical semigroup H ′ is an extension of H if there is an
element nd+1 = a1n1 + ... + adnd ∈ H other than n1, ..., nd and an integer p with
gcd(p, nd+1) = 1 such that

H ′ = 〈pn1, ..., pnd, nd+1〉.

H ′ is a nice extension of H if in addition p ≤ a1 + ... + ad.

Remark 3.2. The conditions gcd(p, nd+1) = 1 and nd+1 is different than the gener-
ators of H imply that H ′ is minimally generated by pn1, ..., pnd, nd+1.
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Lemma 3.3. Let H ′ be an extension of the numerical semigroup H with the asso-
ciated monomial curves C ′ and C. If I(C) is generated by the set G, then I(C ′) is
generated by G∪{xp

d+1−xa1
1 · · ·xad

d }. In particular, if C is a complete intersection,
so is C ′.

Proof. The proof is a direct consequence of the two lemmas of Morales in [15,
Lemmas 1.3 and 1.5]. �
Definition 3.4. A numerical semigroup H is obtained by a sequence of (nice)
extensions if there are numerical semigroups H0, ..., Hd such that H0 = N, Hd = H
and Hi+1 is a (nice) extension of Hi for i = 0, ..., d − 1.

Obviously, every monomial curve associated with a numerical semigroup ob-
tained by a sequence of extensions is a complete intersection from Lemma 3.3. In
fact, we can give the generators explicitly as in the following lemma.

Lemma 3.5. Let H = Hd with d ≥ 2 be a numerical semigroup obtained by a
sequence of extensions and C be the associated monomial curve. Then I(C) is
generated minimally by a set of the form

{xp2
2 − m2, ..., x

pd

d − md}
where mi is a monomial in x1, ..., xi−1 for i = 2, ..., d. Moreover, if H is obtained
by a sequence of nice extensions, then pi ≤ total degree of mi for i = 2, ..., d.

Proof. The proof can be done easily by induction on d and using Lemma 3.3. The
second part follows from the definition of a nice extension. �

By using the definitions given, we recall the results concerning the structure of
complete intersection numerical semigroups. Every complete intersection numerical
semigroup with 3 generators is obtained by a sequence of extensions [11], but for 4
generators, this is no longer true [3], and the complete intersection monomial curves
given in [3, Theorem 2] are exactly the ones associated to numerical semigroups
with 4 generators obtained by a sequence of extensions. Also, the general structure
of complete intersection numerical semigroups was given by Delorme [4].

We can now give our main result.

Theorem 3.6. Let H = 〈n1, ..., nd〉 be a numerical semigroup obtained by a se-
quence of nice extensions, and let C be the associated monomial curve. Then the
tangent cone of C at the origin is Cohen-Macaulay, and hence the Hilbert function
of the Gorenstein local ring k[[tn1 , ..., tnd ]] is non-decreasing.

Proof. The proof is very similar to the proof of Theorem 2.8. If d = 1, the result
is obvious. If d ≥ 2, then from Lemma 3.5, I(C) is generated minimally by the
set G = {xp2

2 − m2, ..., x
pd

d − md}, where mi is a monomial in x1, ..., xi−1 and
pi ≤ total degree of mi for i = 2, ..., d. The conditions on the integers pi imply
that n1 is the smallest integer among the generators of H, so we must show that x1 is
not a zero-divisor in k[x1, ..., xd]/I(C)∗. The set G is a standard basis with respect
to the negative degree reverse lexicographical ordering with xd > ... > x1, since
LM(xp2

2 − m2) = xp2
2 , ..., LM(xpd

d − md) = xpd

d and no two of them have a common
divisor of total degree greater than or equal to 1. Thus, I(C)∗ is generated by
the set G∗ consisting of the least homogeneous summands of the elements in G.
The set G∗ is a Gröbner basis with respect to the reverse lexicographic order with
x1 > ... > xd, and since x1 does not divide the leading monomial of any element in



HILBERT FUNCTIONS OF GORENSTEIN MONOMIAL CURVES 2001

G∗, we conclude from [1, Theorem 2.1] that x1 is not a zero-divisor, which shows
that k[x1, ..., xd]/I(C)∗ is Cohen-Macaulay. Therefore, the Hilbert function of the
Gorenstein local ring k[[tn1 , ..., tnd ]] is non-decreasing. �

By using Theorem 3.6 and constructing families of numerical semigroups ob-
tained by a sequence of nice extensions, we can present large families of complete
intersection local rings with arbitrary embedding dimension having non-decreasing
Hilbert functions.
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