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ABSTRACT. Let Ay be the rotation C*-algebra for angle 6. For § = p/q with
p and q relatively prime, Ag is the sub-C*-algebra of M,(C(T?)) generated by
a pair of unitaries u and v satisfying uv = e2™¥ypu. Let

hox=u-+u"t + N2 +v 1)
be the almost Mathieu operator. By proving an identity of rational functions
we show that for g even, the constant term in the characteristic polynomial of

hox is (=1)¥2(1+ (A/2)9) = (& + 21 T + (A/2)9(25 + 2, 7)).

1. INTRODUCTION

Let 6, A\, and v be real numbers with A positive. The second order difference
operator Hy » 4 on (*(Z) given by

Hoxp(§)(n) = E(n+1) +&(n — 1) + Acos(2mnb + ¢)¢(n)

for £ € ¢*(Z) is called the almost Mathieu operator. Hy » 4 is a discrete Schrodinger
operator which models an electron moving in a crystal lattice in a plane perpen-
dicular to a magnetic field.

An object of much study has been the spectrum o(6, A) = U, 0(Heo,x,y). In [H],
Hofstadter calculated o(6,2) for § = p/q and 1 < p < ¢ < 50. The remarkable
pattern he found is called Hofstadter’s butterfly. For irrational 6, a longstanding
concern has been the connectedness and Lebesgue measure of o(6,A) and the la-
belling of the gaps, about which quite a bit is now known (see [AJ], [AK], and [P]
for spectacular recent advances as well as [AVMS], [BS], [B, [CEY], [LT] for earlier
work). In addition there has been numerical work on computing the spectrum to
high accuracy for large ¢ [A;] [Ag) L.
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Let Ag be the rotation C*-algebra (see [B]). For § = p/q with p and ¢ relatively
prime and p = > let

0 1 0
0 1 p ?
Uug = 0o . and vy = ,
1 pt!
1 0 1

i.e. ug cyclically permutes the elements of the standard basis and vy is a diagonal
operator. Then define u,v : T? — My (C) by u(z1,22) = z1ug and v(z1, 22) = 2209.
Then uv = pvu and Ay is the C*-algebra generated by u and v (see [B]). The
operator hgx = u+ u~! + A\/2(v + v~!) contains all the spectral information of
Hy » . in that Sp(he.n) = o9\ = Ud’ Sp(H97A7w).

The main tool in the analysis of gy ) is Ay », the discrete analogue of the dis-
criminant. For § = p/q, Ag x(z) = Tr(A1(x) - - - Ay(z)) where

Ap(x) = <x — /\cos(2ﬁk1p/q +7/(2q)) —01> .

Below are the first few values of this polynomial. Note that the form of Ay y so
displayed depends only on the denominator ¢; however, £y = 2 cos(2mp/q) depends
on the numerator p.

q | Ag2(x) for 6 = p/q and & = 2 cos(270)

z2—4

2
3
4
5| 2® —102* +5
6
7
8

9 | 2° — 1827 + 9(11 — &p)a® — 9(31/3 — 6£p + 2626 4+ 9(14 — 8€p + 320)x

One can calculate for k = 1,2 the coefficient of 29-2; for k = 3 the formula is
conjectural (from numerical evidence). A deeper understanding of the structure of
Ay would be quite interesting.

k | coefficient of 972% in Ap s (1= A/2)

1] —q(1+p9)

2 | a (L (0t + (a4 - )i + 15 (5)

3| —a(gEs (376" + (14 (°37) — (4 — 6)8 + &ao )

+ (14 (15°) = (g = 6)& + &20)1” + 25(%5%)
The connection with the characteristic polynomial of hg ) is given by

(1) det(2ly — hox(21,22)) = Do (@) + 21 + 217 + (A/2)7(25 + 23 7)
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and thus op ) = A;}\[—2(1+(/\/2)‘1), 2(1+(A/2)9)]. Indeed, Ag x(x) can be written
as a determinant (cf. Toda [T} §4])

(651 1 1
1 (%) 1
@ A= P e o)
1
1 1 aq

where all the other entries are 0 and oy, = x — Acos(2wkp/q + 7/(2q)). Since
(3) Ap/q,k(_x) = (‘Dqu/q,)\(x)

the coefficient of ¢~ (21 is 0 for 0 < k < ¢/2.
The main result of the paper asserts that for a; = 2 cos(2wlp/q) and 1 < k < ¢q/2

we have
E ailaiQ e aiq_% =0

01,8250 g—2k
where the summation is over all subsets of {1,2,3,...,q} obtained by deleting
k pairs of adjacent elements — counting 1 and k as adjacent. This is proved by
establishing the following identity for & > 3 and ¢ > 2k — 1:

2k—2
) H (20 — 297)
q—2(k—1) q " i\ —1 (
(x7% + ") i=k+1
' Z H (6L +gbtl) & k—2
=1 ip=ip_1+2 j=1 H(x72i B $2i) H (l_quri +$q7i)
i=1 i=—1

R B N S = 2 4 i)
+ (272 4 22)(z—a1 + gatl) Z : Z H =i 4 gty

i1=3  igp—2=ip—3+2j=1

We then use this to show that for a; = 2 cos(2nlp/q)

aq 1 1
1 ay - 0 ¢=0 (mod4),
det =<4 ¢=1,3 (mod4),
) -8 ¢=2 (mod4).
1 1 a4

From this we show that the constant term (i.e. the coefficient of x°) in
det(zly; — hox(21,22)) is

(=1)722(14+ (\/2)7) = (] + 201+ (A/2)7(25 + 7))
when ¢ is even. When ¢ is odd it follows from (3] that the coefficient of 2°

—(af + 20 T+ (A/2)9(23 + 229)).
Similar, though simpler, reasoning shows that the coefficient of 2972 g
—q(1+ )\/2) and that the coefficient of 29=% is

(A/2)%q(q — 3)/2+ (A/2)%q(q — 4 — 2cos(270)) + q(q — 3)/2.
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2. THE MAIN THEOREM

Let us use the following notation: let ay,...,a, be elements of a commutative
ring and let
a1 1 0
1 as 1
(a1,a9,...,a,) as
1
0 1 a,
and
al 1 1
1 ag 1
lai,az,...,a4] as
. . 1
1 1 a,

The first matrix is a tridiagonal matrix with 1’s on the sub and super-diagonal and
0’s elsewhere. The second matrix is the same tridiagonal matrix with in addition
1’s in the upper right and lower left corners; all other entries are 0. Expanding
along the bottom row we have

(4) lai,az2,...,a,] = (a1,a9,...,a,) — (a2,as3,...,an-1) + 2(71)"*1
and
(5) [~a1,—az,...,—a,] = (=1)"[a1,az,...,a,] +2(—1)" 1.

Rewriting equation (2] we have
(6) Apjga(x) = [ar, ..., aq] +2((=1)7 + (A/2)?).

Notation 2.1. (i) For 0 < k < n/2, let S[}] = {I c {1,2,....,n} | |I| =
n — 2k and I is obtained from {1,2,...,n} by deleting k pairs of adjacent
elements}. S[*] = {0}, S = {{1}. 8} {5},.... {2k + 1}}, ...,
S[] = {{1,2,3,...,n}}.

(i) For 0< k< (n—1)/2,let §’[}] ={I € {2,3,...,n} | [I|=n—2k—1 and
I is obtained from {2,3,...,n} by deleting k pairs of adjacent elements}.

SRR = 0, SRR = {{2). {4}, {6},... {2k + 2}}, ..., S'[7] =
{2,3,...,n}.

(iii) For S a collection of subsets of {1,2,...,n — 1} let SV {n} = {ITU {n} |
I e S}

(iv) For 0 < k < n/2, let gm ={Ic{1,2,3,....n} | [I|]=n—2k and I is
obtained from {1,2,...,n} by deleting k pairs of adjacent elements, count-

ing {n, 1} as an adjacent pair}. g[%f] =0, g[%,jl] = {{1}, {2},..., {n}},
LS =11,2,3,...,n).
(v) For ay,as,as,...,a, elements of a commutative ring, and I = {iy,142,3,.. .,
iy €{1,2,3,...,n}, let ar = a;,a4,a;, - - - a;,. We shall adopt the conven-
tion that ag = 1.
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Part (4i) of the next proposition goes back to Sylvester’s original paper on con-
tinuants [S|; part (iv) is a straightforward extension of this. For the reader’s con-
venience we present a proof.

Proposition 2.2. (i) Suppose 1 < k < n/2; then S[}] = (S[";'] v {n}) U

ST
(i)
[n/2] [(n—=1)/2] [((n—2)/2]
Z Z ar = an Z (—1)* Z ar — Z (—1)* Z ar.
k=0 1es[] k=0 res[*Y] k=0 res[" ]

(i) S[p] =S[JUS'[f71] for1 <k <mn/2.
(iv) When n is odd,

[n/2] [n/2] [(n—1)/2]
NI IS I
k=0 1es[y 1€S[}] k=0 1€s'[" Y

When n is even,

[n/2] [n/2] [(n-1)/2]
D R D i A DR ) DR
k=0 1€3[7] res[r] k=0 res' [

Proof. (i) Let I € S[}]. Ifn ¢ I, thenn—1¢ I andso I € S[}”7]. Suppose n € I.
Let K = {1,2,3,...,n}\ T and I = I\ {n}. Then I = {1,2,3,...n — 1} \ K; so
Ie S[";l]. Hence [ = T U {n} € S[";l] vV {n}.

(ii) Let us assume that n = 2m is even. The same idea works for odd n, but the
proof is slightly simpler. Observe

[n/2] m—1
SEDEDY ar= D> ar+ > ()P Y ar+ (-
sl ey e
m—1
= Za;—i—anz k aI—I—Z Z ar+ (=)™
1€S[g] k=1 IES[" Y Ies[’; H
= an{ Z ar + Z_:(—l)k } + Z Z ar + (-1)™
res[y] k=1 res["'] k=1 Ies[’; 7]
~ WY a-Y Y W
S0 e R e
[(n—1)/2] [(n—2)/2]
= a, Z (—1)* Z ay — Z (—1)* Z ay.
k=0 1es[*: Y] k=0 1e8[*7]

(ifi) For I € S[7] let K1 = {1,2,3,...,n} \ I and K> = {2,3,...,n} \ I. Also,
min{i | i € K1} is odd if and only if I € S[}] and min{i | i € K,} is even if and
only if I € 8’ [Z:ﬂ
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(iv) Suppose n = 2m. Then

[n/2] m—1
SEDF Y ar= Y a+ Y DY at - Y a
= = = B =T =
m m
- ( PIRIEDICIDY ) YD Y art ()
1€S[g] k=1 1€S[}] k=1 1e8'[7 2]
m m—1
= > DF > ar= ) (D" > ar+(-1)™
k=0 1es(y] k=0 res' "]
The case of n odd is similar. (]
Corollary 2.3. Let a1,as,...,a, be elements of a commutative ring.
[n/2]
(i) (a1, an) = Y (=% > ar.
k=0 1es[y]
(i)
[n/2]
Z (—1)F Z ar+2, n odd,
k=0 1eS[y
lai,...,a,] = (n/2] [
Z(—l)k Z ar =2+ (=12, n even.
k=0 1€8][7]

Proof. (i) For n = 1 the left hand side and the right hand side equal a;. Both sides
satisfy the same recurrence relation.

(ii) By equation (@)
lat,...,an] = (a1,...,an) — (a2,...,an_1) — (—1)"2

so the result now follows from (i) and Proposition (ii). O

Proposition 2.4. Let 1 < p < q be relatively prime, 8 = p/q, and a, = 2 cos(2wk#).
Then

0 ¢g=0 (mod4),
a1ag - Qg = 2 ¢=1,3 (mod4),
—4 ¢g=2 (mod4).
Proof. Let T, be the gth Chebyshev polynomial of the first kind. The constant

term of T, is 0 for ¢ odd and (—1)%/2 for q even. The result now follows from the
identity (see e.g. Rl §1.2])

q

[[@ = ai) = 2(Ty(2/2) — 1). O

i=1

The statement of the main theorem follows. Its proof will be given at the end of
the next section.
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Theorem 2.5. Let 1 < p < q be relatively prime, ap = 2 cos(2wkf), and 0 = p/q.
For1<k<q/2,
ajy = 0.
1eS[f]

Corollary 2.6. Let 1 < p < q be relatively prime, 6 = p/q, X\ > 0, and ar =
Acos(2mkf). Then

0 ¢=0 (mod 4),
lai,az,...,a0] = ¢ 2(1+ (A/2)9) ¢=1,3 (mod 4),
—4(1+(N\/2)7) ¢=2 (mod 4)

and Ay (0) = (—1)7/22(1 + (A\/2)9) for q even.

Proof. Suppose ¢ is even. By Theorem all the terms of

la/2]
PRI
=0 e[y

are zero except the terms for k = 0 and k£ = ¢/2. The term for k = 0is aiaz-- - a4.
The term for k = ¢/2 is (—1)9/2. Thus when ¢ = 4m we have by Proposition 4]

[a1,az,...,a4] = a1ag---a, — (—=1)72 4 (=1)¥?2 =0,
and when ¢ = 4m + 2,
[a1,az,...,a,] = a1ag - -ag — (=1)72 + (=1)¥22 = —4(1 + (1/2)7).

To obtain the final claim we apply equation (@). (I

From the corollary and equation ({l) we have the theorem which corrects an error
in [CEY] p. 232].
Theorem 2.7. The coefficient of 2° in det(zI, — ho x(21,22)) is
= (o 2 T+ (V2)7(28 + 22 7)) + (~1)PP2(1 + (3/2)7)

when q is even and —(z] + z; * + (A\/2)9(2d + 25 7)) when q is odd.

3. PROOF OF THE MAIN THEOREM

Theorem 3.1. Suppose ai,as,...,a, are elements in a commutative ring and let
ag+1 = a1. For I C {1,2,...,q}, let I° = {1,2,...,q} \ I be the complement of I
in{1,2,...,q}. Then

q—2(k—1) g—2(k—2)

)SRTEED SRS DD SN | (X

[Eg[z] i1=1  dg=i1+2 ip=ik—1+2 j=1

q—2(k—2) q—2(k—3)

q—2 k—2
— a1as E E s E H aij aij_H GqQg41-

i1=3  da=i1+2 ig—2=l—3+2 j=1
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Proof. Recall that elements of S[?] are obtained by deleting k adjacent pairs {i, i+
1} from {1,2,...,q}, counting ¢ and 1 as adjacent. So if I° € g[g], then I =
{i1, 91,92, J2, - i, gy with 1 <iy, 51 =41+ 1 <'g, .. jpe—1 = ik—1 + 1 <ip < ¢
and either jp =i + 1 if i < qor jp =1 if ip = q.

Now let T[!] = {{i1, 1,42, 02, ik, ju} | 1 < i, h = i1 +1 <o, jpo1 =
ik—1+ 1 <ix < q,jk =i+ 1} Define ¢ : {1,2,...,9,q+ 1} — {1,2,...,9} by
¢(q+1)=1and ¢(i) =i for i < q. Then agy) = as for I € T[]].

If I ={i1,41,02,52,- ik, Jk} and i1 = 1 and i = ¢, then ¢(I)° & §[Z] because
¢(jr) = ¢(i1) = 1 and the pairs must be disjoint. So let 7"[{] = {{1,2,i1,41,...,
ih—1,Jk-1,¢, ¢+ 1} |3 < i1, 51 =i1+1 <o, ..., i1 < q—2,jp—1 = i1+ 1}

For I € T[]\ T[], p(I)¢ € S[1] and ¢ : T[1] \ T'[¢] — S[¢] is a bijection.
This with the identity ag) = ar proves the theorem. ([

Lemma 3.2. (i) Forq>1,
g —i iN—1/ —i—1 i1y —1 71—z
ZZ;(:zc +az) " (z +a ) = T )
(ii) Fork>1
2k k — i
—i iv—1 _ (27" —a")
E(x +z ) - 4t (x—Zi _ xzi)(x—(m-i) 4 xk+i)'

Proof. (i) One checks directly that the formula holds when ¢ = 1; then (i) follows
by induction on gq.
(ii) follows from the identity
7t — gt B 1 O
(x=2 — 220)(z= k7 + 2ht) (277 + 2¥)(zF—7 4 ghti)

Corollary 3.3. Forg>5
—2
(' 4 2) a2+ a?) 7! S —i iyl —i—1  it1y—1
(279 4 z9)(z—971 + zat1) Z;(x +at) (@ +a)
) (0% —a¥) (@~ —at4)
(it — ) (26 — 28) (et e (o 29) (e 4 gatl)”
Proof. By Lemma (1)
—2
(x+—i+a") o™t 2ttt

2

&
Il
w

r—4t2 _ pa—2 =2 — 2

(72 — 22)(z—at+l 4 ga-1) B (72 — 22)(z=3 + 2?)
(x794 — =) (271 4 1)

[ [P )

The result then follows by multiplying both sides by
(7t +z) (a2 +2?) (273 + 23) (27T 4 277, O
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Theorem 3.4. For k> 1 and q > 2k — 1,
q—2(k—1) q—2(k—2)

Z Z . Z H —ij +£B (x—ij—1+xij+1)_1

i1=1  dp=i;+2 ik=tig—11+2 j=1

2k—2 (g=i) _ pa—i
(7) — - Hz_k 1(.’1) — €z )
[Tz (@2 =22 [ 7 (2~ (@=0) 4 ga- 2)
Proof. We prove the equation by induction on k. When k = 1 the equation holds
by Lemma (1). Lemma [3.2] (ii) shows that for arbitrary k the formula holds for
q = 2k — 1; so we fix k and proceed by induction on ¢. Let S, and T} , denote
respectively the left hand and right hand sides of equation (7).
If we write Si 4 as a sum of two terms, the first in which 45, < ¢ and the second
when i, = g, we see that Sy , satisfies the recurrence relation

Sk = Skg—1 + (@71 +29) T @7 + 2T TS 4.
Thus we have only to show that T}, , satisfies the same relation. Now
[L5 @) —ar)
Hle(xf% — %) Hf 01(95 (a=1) 4 ga—i)

Tk:,qfl =

and - ' 4
Ty-1,4-2= [Ti=) (a9 — a7
»q Hf;ll (117721‘ _ in) Hf 11 (x (q—1) + xa— z)
The proof of the recurrence relation for T}, 4 is thus reduced to verifying that
(z,(q,(k,l)) — xq,(k,l))(x,(q,(k,l)) + xqf(kfl))
(x=a=1 4 zatl)(z—9 + 29)
x—(a=(2k=1)) _ 5q—(2k-1) 22k _ g2k
x4 + x4 (z-9 + 29)(z 91+ gat1)

Theorem 3.5. For k>3 and q > 2k — 1,
(I_l _1_1,1)—1( —2+$2)—1( _q—i-Iq)_l(I_q_l—l-.’L‘q_H)_l
q—2(k—2) ¢g—2(k—3)
A5 SND SID DI | (PRSI R
i1=3  dg=i;+2 ip_2=ip_3+2 j=1
— — — 2k—2 —qti —q
o ) i Pl ot )
[Ty (22 = @) T[22 (a0t 4 a0 )

Proof. Let us denote the left and right hand sides of the identity by Sk and T} 4
respectively. By Corollary B3] S3 , = T5 ,. We write Sy 4 as the sum of two terms:
in the first i_s < ¢ — 2 and in the second i,_5 — ¢ — 2. As in the proof of the
previous theorem we obtain a recurrence relation, in this case:

Stiq = Skg-1(27 11 + 2T T @7 4297

+ Sp1ga(x”?+29) @97 4 ety L

It is routine to verify that 7} , satisfies the same recurrence relation. O

Subtracting equation (8) from equation (7) yields.
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Corollary 3.6.
q—2(k—1) ¢—2(k—2)
SIS SN | (R R USRI
i1=1  ip= 11+2 ip=ip_1+2 j=1
_( _ +x ), ( —|—SC) (33 q+xq) l(l,qul _|_l,q+1),
q—2(k—2) q—2(k—3)

x Z Z } Z H i i) (gL g gt

i1=3 Gp=11+2 ip_o=ip_3+2 j=1
2k—2
(@t —a) [ (or )
i=k+1
(9) - q k—2 :
H(x% _ x—Zi) H (x—q+i + xq—i)
k=1 i=—1

Proof of Theorem [Z5. We recall that 1 < p < ¢ and p and ¢ are relatively prime.
We set 0 = p/q and a; = 2 cos(27j#). We shall split the proof into two cases.
Case 1: ¢ # 0 (mod 4). When ¢ # 0 (mod 4) a; # 0 for all j; moreover when
x = e*0 2% £ 1 and 22479 #£ —1 for all . Thus the denominator on the right
hand side of (@) does not vanish but the numerator does. Hence by Theorem [B1]

> (ar)" ' =0.

e[y

Upon multiplying by aias - - - a4 we obtain that

Z ar = a1az - - aq Z (ajc)_l =0.
= 15
Case 2: ¢ = 0 (mod 4). Again we wish to show that Zleg[q] ar = 0 and so
k
we must multiply both sides of equation [@) by [[Z,(z~" + 2*) and evaluate at
2mi6
x =™,

The denominator of the right hand side of (@) is zero when 29 = 1 or 22(4=7) =
—1, i.e. when i = j = ¢/4; the corresponding factors are ~9/2 — 29/ and z—39/4 4
x39/* respectively.

Apart from the factor 279 — 2%, the numerator of the right hand side of equation
@) is zero only when z2(¢=% = 1, i.e. when i = ¢/2. This produces the factor
%2 — 29/2 which cancels one of the zeros in the denominator. The other zero is
cancelled when we multiply by []{_, (z~*+z"). Hence the product of [["_, (z~*+x?)
and the right side of (@) is zero when z = €27, O

REFERENCES

[A1] W. Arveson, Improper Filtrations for C*-algebras: spectra of unilateral tridiagonal oper-
ators, Acta Sci. Math (Szeged), 57 (1993), 11-24. MR1243265| (94i:46071)

[A2]  W. Arveson, C*-algebras and numerical linear algebra, J. Functional Analysis, 122 (1994),
333-360. MR1276162//(951:46083)

[AJ] A. Avila, S. Jitomirskaya, The Ten Martini Problem, Ann. of Math. to appear, preprint:
math.DS/0503363.

[AK] A. Avila, R. Krikorian, Reducibility or non-uniform hyperbolicity for quasi-periodic
schrodinger co-cycles, Ann. of Math. to appear, preprint: math.DS/0306382.


http://www.ams.org/mathscinet-getitem?mr=1243265
http://www.ams.org/mathscinet-getitem?mr=1243265
http://www.ams.org/mathscinet-getitem?mr=1276162
http://www.ams.org/mathscinet-getitem?mr=1276162

ALMOST MATHIEU OPERATOR 3215

[AVMS] J. Avron, P. H. M. van Mouche, B. Simon, On the Measure of the Spectrum for the Almost

(BS]
[B]
[CEY]
(H]

L]

[LT]

[T]

Mathieu Operator, Comm. Math. Phy. 132 (1990) 103-118. MR1069202//(92d:39014a)

J. Bellissard and B. Simon, Cantor spectrum for the Almost Mathieu Operator, J. Func-
tional Analysis 48, (1982) 408-419. MR0678179//(84h:81019)

F-P. Boca, Rotation C*-algebras and Almost Mathieu Operators, Theta, Bucharest, 2001.
MR1895184//(2003e:47063)

M.-D. Choi, G. A. Elliott, and N. Yui, Gauss Polynomials and the rotation algebras,
Invent. Math. 99, (1990), 225 - 246. MR1031901 (91b:46067)

D. R. Hofstadter, Energy levels and wave functions of Bloch electrons in rational and
irrational magnetic fields, Phy. Rev. B, 14 (1976) 2239-2249.

M. Lamoureux, Reflections on the almost Mathieu operator, Integral Equations and Op-
erator Theory 28 (1997), 45 - 59. MR1446830(98d:47068)

Y. Last, Zero Measure Spectrum for the Almost Mathieu Operator, Comm. Math. Phy.,
164 (1994) 421-432. MR1289331|/(95f:47096)

J. Puig, Cantor spectrum for the almost mathieu operator, Comm. Math. Phy. 244 (2004),
297-234. MR2031032//(2004k:11129)

T. J. Rivlin, Chebyshev Polynomials, 2nd ed., Wiley, 1990. MR1060735|/(92a:41016)

J. J. Sylvester, On a remarkable modification of Sturm’s Theorem, Phil. Mag., 5 (1853),
446 - 456 (also pp. 609 - 619 in Mathematical Papers, vol. I, Cambridge University Press,
1904).

M. Toda, Theory of Nonlinear Lattices, 2"% ed., Springer Series in Solid-State Sciences,
vol. 20, Springer-Verlag, Berlin, (1989). MR0971987 (89h:58082)

DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY OF CALGARY, CALGARY, AL-

BERTA,

CANADA T2T 1A1

E-mail address: mikel@math.ucalgary.ca

DEPARTMENT OF MATHEMATICS AND STATISTICS, QUEEN’S UNIVERSITY, KINGSTON, ONTARIO,
CaNADA K7L 3N6
E-mail address: mingo@mast.queensu.ca


http://www.ams.org/mathscinet-getitem?mr=1069202
http://www.ams.org/mathscinet-getitem?mr=1069202
http://www.ams.org/mathscinet-getitem?mr=0678179
http://www.ams.org/mathscinet-getitem?mr=0678179
http://www.ams.org/mathscinet-getitem?mr=1895184
http://www.ams.org/mathscinet-getitem?mr=1895184
http://www.ams.org/mathscinet-getitem?mr=1031901
http://www.ams.org/mathscinet-getitem?mr=1031901
http://www.ams.org/mathscinet-getitem?mr=1446830
http://www.ams.org/mathscinet-getitem?mr=1446830
http://www.ams.org/mathscinet-getitem?mr=1289331
http://www.ams.org/mathscinet-getitem?mr=1289331
http://www.ams.org/mathscinet-getitem?mr=2031032
http://www.ams.org/mathscinet-getitem?mr=2031032
http://www.ams.org/mathscinet-getitem?mr=1060735
http://www.ams.org/mathscinet-getitem?mr=1060735
http://www.ams.org/mathscinet-getitem?mr=0971987
http://www.ams.org/mathscinet-getitem?mr=0971987

	1. Introduction
	2. The main theorem
	3. Proof of the main theorem
	References

