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THE LINK OF THE GERM
OF A SEMI-ALGEBRAIC METRIC SPACE

GUILLAUME VALETTE

(Communicated by David Preiss)

Abstract. In this paper we investigate the metric properties of semi-algebraic
germs. More precisely we introduce a counterpart to the notion of link for
semi-algebraic metric spaces, which is often used to study the topology. We
prove that it totally determines the metric type of the germ. We give a nice
consequence for semi-algebraically bi-Lipschitz homeomorphic semi-algebraic

germs.

0. Introduction

Several authors have manifested interest for the metric type of germs. The study
of the link can provide interesting metric invariants ([B], [M], [BB2]). Recently
L. Birbrair and J. P. Brasselet have introduced a metric homology [BB1] and studied
it in the case of a germ of an isolated singularity.

In [V1] the notion of Lipschitz triangulation is introduced. This tool has been
introduced in order to prove a bi-Lipschitz version of Hardt’s Theorem. This object
gives a counterpart to the notion of triangulations (which usually is devoted to the
topology) for the metric type. Here we come back to this notion to describe the
metric type of a semi-algebraic germ.

The local conic structure is a well known property of semi-algebraic germs (see
[BCR1], Theorem 9.3.5). It says that a representative of a semi-algebraic germ
is homeomorphic to a cone whose link is the intersection of a “sufficiently small
sphere” with our given set. Actually we know that the link is independent of the
considered (semi-algebraic) distance function and more generally that it can be
defined from the level surface of an arbitrary positive continuous semi-algebraic
function satisfying ρ−1(0) = {0} (see for instance [CK], Proposition 1). As a
matter of fact the link completely characterizes the germ up to a semi-algebraic
homeomorphism of the germ and two semi-algebraic homeomorphic subsets can be
related by a homeomorphism preserving the distance to the origin.

In this paper we investigate the metric point of view. It means that we will con-
sider the sets up to semi-algebraic bi-Lipschitz homeomorphisms. By considering
the two bi-Lipschitz inequivalent cusps {(x; y) ∈ R

2|y2 = x3} and {(x; y) ∈ R
2|y2 =

x5}, one sees that there may be two subsets not bi-Lipschitz homeomorphic with
links semi-algebraically bi-Lipschitz homeomorphic.
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Therefore we have to take the generic fiber of the distance function that lies in
the field of algebraic Puiseux series. The set is morally the same but in some sense
it attaches a valuation to points that also determines the metric vanishing of the
link on approach to the origin.

We will prove that this link is independent of the distance function (provided it
is semi-algebraic Lipschitz and comparable with the euclidian distance), completely
determines the metric type (Theorem 0.1) and as a consequence we will see that
two semi-algebraic subsets semi-algebraically bi-Lipschitz homeomorphic can be
related by a semi-algebraic bi-Lipschitz homeomorphism preserving the distance to
the origin (Corollary 0.2).

As the local conic structure of a simplicial complex is rather clear, the notion of
Lipschitz triangulation seems to be well adapted to our present problem.

The paper is organized as follows. We first fix the main notations and state
the main results. Then in Section 1 we recall the notion of Lipschitz triangulations
introduced in [V1] and prove a theorem of existence devoted to semi-algebraic germs
(Theorem 1.7). In the second section we prove that the link is independent of the
choice of the distance function and then we end by proving the main results.

0.1. Notations and main results. Given two germs of semi-algebraic sets A and
B we will write A � B if there exists a semi-algebraic bi-Lipschitz homeomorphism
between these two sets. Given two positive functions f and g we will write f ∼ g
if there exist two strictly positive constants c and C such that cg ≤ f ≤ Cg.

We will denote by k(0+) the field of real algebraic Puiseux series. We order this
field as usual, that is, making the indeterminate X(0+) smaller than any positive
real number. It is well known that it constitutes a real closed field (see [BCR1-
2], Example 1.1.2). This field is not archimedean, nevertheless all the Lipschitz
constants in this paper will be assumed to be positive real numbers.

As usual given a semi-algebraic subset A ⊆ R×R
n we will consider it as a family

with the first variable as a parameter. We will denote by Ak(0+) the corresponding
subset of k(0+) × k(0+)n defined by the same equations regarded in k(0+). Also
we set

A0+ = {x ∈ k(0+)n|(X(0+); x) ∈ Ak(0+)}
for the fiber at 0+ of the family A (again see [BCR1-2]) which is actually the fiber
at the parameter X(0+) of the family A.

Fix n ∈ N. We will denote by r the euclidian distance to the origin in R
n. For

C ∈ R let us set Cn(C) = {x = (x1; . . . ; xn) ∈ R
n/r(x) ≤ Cx1}.

Let ρ be a positive semi-algebraic Lipschitz function satisfying ρ−1(0) = {0} and

(0.1) ρ(x) ∼ r(x).

It will be convenient to replace R
n by the graph of r (which is bi-Lipschitz

homeomorphic). Thus given a semi-algebraic subset A of R
n we denote

Ã = {(x1; q) ∈ R × A/x1 = r(q)}

the graph of the function r over A. Note that Ã is a subset of Cn+1(
√

2).
We also define the link of a semi-algebraic subset A for a function ρ satisfying

(0.1) as

Lρ
A = {x ∈ Ak(0+)/ρ(x) = X(0+)} = Ã0+ .
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Whenever ρ = r we will write LA instead of Lr
A. We are going to see that

actually the metric type of Lρ
A is independent on ρ and completely determines that

of A. In particular we will prove

Theorem 0.1. Let A and B be germs of semi-algebraic subsets of R
n. We have

LA � LB iff A � B.

This result has the following interesting corollary:

Corollary 0.2. Two semi-algebraic subsets which are semi-algebraically bi-
Lipschitz homeomorphic can be related by a semi-algebraic bi-Lipschitz homeomor-
phism preserving the distance to the origin.

1. Lipschitz triangulations

In this section we recall the notion of “Lipschitz triangulation”. As we shall need
to triangulate only germs of semi-algebraic sets the definition will be a bit simpler
than that of [V1]. Namely the functions ϕi,σ in (1.3) do not depend on q′.

The object is very natural. It is impossible to construct a triangulation that
is a bi-Lipschitz homeomorphism. This is because the notion of contact is crucial
to describe the metric type. This contact is expressed by contractions operating
on coordinates over each simplex. These contractions are just sums of products of
powers of distances to faces. That is a finite sum of functions of the following form:

(1.1) d(q; σ1)α1 · . . . · d(q; σk)αk

where σ1, . . . , σk are simplices of K and α1, . . . , αk are real numbers.
We call a finite sum of such functions a “standard simplicial function”.
The second thing we shall need is what we call the tame systems of coordinates,

in order to express the directions along which contractions operate:

Definition 1.1. A tame system of coordinates on R
n is a family of functions

(ψ1; . . . ; ψn) of the following form:

(1.2) ψi(q) =
qi − θi(πi−1(q))

θi(πi−1(q)) − θ′i(πi−1(q))

(and 0 whenever θi ◦ πi−1(q) = θ′i ◦ πi−1(q)) where θi and θ′i are piecewise linear
functions on R

i−1.

Definition 1.2. A Lipschitz triangulation of a germ (Rn; 0) is the data of a germ of
a finite simplicial complex K together with a germ of homeomorphism h : |L| → R

n,
where L is a union of open simplices of K, such that for every σ ∈ L there exist
ϕσ,1 , . . . , ϕσ,k , standard simplicial functions over σ × σ satisfying for any q and q′

in σ:

(1.3) |h(q) − h(q′)| ∼
n∑

i=1

ϕσ,i(q) · |qi,σ − q′i,σ|

where (q1,σ, . . . , qn,σ) is a piecewise linear system of coordinates of R
n. Let A1, . . . ,

Ak be germs of subsets of R
n. A Lipschitz triangulation of A1, . . . , Ak is a Lipschitz

triangulation of R
n such that each h−1(Ai) is a union of open simplices.
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1.1. Regular directions. The main difficulty in the construction of such an object
is to find a regular direction. This means that we need to find a line that is not
contained in any limit of tangent space. This is impossible in general but in [V1] it
is proved that we can obtain it up to a bi-Lipschitz homeomorphism. We improve
it in the particular setting of the present paper by proving that, for a subset of
Cn(C), we may find a homeomorphism that preserves the first coordinate as well.
In the case of LA this will enable us to construct a homeomorphism preserving the
distance to the origin.

Definition 1.3. Let A be a semi-algebraic set of R
n+1. An element λ of Sn is said

to be regular for A if there is a strictly positive real number α such that

d(λ; TxA) ≥ α

for all x in the regular locus of A.

In the following proposition R denotes a real closed field. This proposition is
proven in [V1].

Proposition 1.4 ([V1]). Let A be a semi-algebraic subset of Rn+1 of empty inte-
rior. Then there exists a semi-algebraic bi-Lipschitz homeomorphism h : Rn+1 →
Rn+1 such that en+1 is regular for h(A).

In the present setting we can extend the previous proposition into the following
lemma (which is actually deduced from the previous proposition).

Lemma 1.5. Let (A; 0) be the germ of a semi-algebraic subset Cn+1(C), for some
C, of empty interior. Then there exists a germ of semi-algebraic bi-Lipschitz home-
omorphism h such that en+1 is regular for h(A),

(1.4) π1(h(x)) = x1.

Proof. Apply Proposition 1.4 to A0+ where R = k(0+). This provides a germ
of homeomorphism h : R

n+1 → R
n+1 satisfying (1.4) such that en+1 is regular for

h(Ax1), for x1 small enough. We now have to check that en+1 is regular for the germ
of h(A). Suppose not. Then there exists a semi-algebraic arc γ : [0; ε[→ Areg with
γ(0) = 0 and en+1 ∈ τ = limTγ(t)Areg. But as en+1 is regular for the fibers of Ax1

we have en+1 /∈ limTγ(t)Aγ1(t). This implies that τ ∩〈e1〉⊥ = lim(Tγ(t)Areg∩〈e1〉⊥)
and so τ is not transverse to 〈e1〉⊥ which means that τ ⊆ 〈e1〉⊥. This implies that
the limit of the secant to the origin lim γ

|γ| = lim γ′

|γ′| is orthogonal to e1. Therefore

lim
γ1(t)
|γ(t)| = 0,

in contradiction with γ(t) ∈ Cn(C). �

1.2. Lipschitz triangulations: A local version. In this section we give a proof
of existence of Lipschitz triangulations for semi-algebraic germs. As our study is
local we are able to give a more precise result than in [V1]. Actually we will trian-
gulate Ã preserving the first coordinate. This implies that the link is triangulated
(it is the section by the plane {x1 = X(0+)}) which is important in the point of
view of the local conic structure.

First we recall a proposition, proved in [V1]:
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Proposition 1.6. Let ξ : R
n → R be a positive semi-algebraic function. Then there

exists a partition of R
n such that over each element of this partition the function ξ

is ∼ to a product of powers of distances to semi-algebraic subsets of R
n.

Semi-algebraic subsets turn out to present the significant advantage of being
triangulable in our meaning. Here we present a result for germs with a specific
property.

Theorem 1.7 (compare with [V1]). Let (A; 0) be semi-algebraic germ of R
n+1.

Then there exists a semi-algebraic Lipschitz triangulation of Ã satisfying

(1.5) π1(h(x)) = x1.

Proof. The proof is modeled on the proof of [V1], Theorem 5.1.3 (the reader who
needs more details may refer to this article). We have just to check that (1.5) can
be obtained in the present setting. More precisely we shall prove inductively on n
the following statements:
(Hn) Given a finite number of semi-algebraic sets A1, . . . , Am of Cn(C) there

exists a Lipschitz triangulation of the sets Ai satisfying (1.4). Moreover given a
finite number of semi-algebraic functions ηl this can be obtained in such a way that
each of these functions is ∼ to a sum of products of powers of distances to faces on
each simplex.

As Ã is a subset of Cn+1(
√

2), the conclusion follows.
The assertion (H0) is obvious. Assume that it is true at n. We may assume

that the subsets A1, . . . , Ak are of empty interior since it is enough to construct a
triangulation of their boundaries. Apply Proposition 1.5 to the set

⋃m
i=1 Ai. We

thus get a subset L′
A ∈ Cn+1(C), for some C, which can be included into a finite

number of graphs of some semi-algebraic Lipschitz functions ξ1 ≤ · · · ≤ ξm. Then
we construct our Lipschitz triangulation as in [V1]. We denote by π : R

n+1 → R
n

the canonical projection.
Apply Proposition 1.6 to each function ηl to have a partition (Vi)i∈I of Cn(C)

such that, over each Vi, each function ηl is equivalent to a product of powers of
distances to semi-algebraic subsets (Wj)j∈J of Cn(C). By Proposition 1.5 we may
assume that all the boundaries of the elements of the families (Vi)i∈I , (Ai)1≤i≤k and
(Wi)i∈J are included in the union of a finite number of graphs of some Lipschitzian
functions θ1 ≤ · · · ≤ θµ.

Consider a cylindrical semi-algebraic cell decomposition of R
n+1 adapted to the

graphs of the functions ξi and the sets Wi. This provides a partition X1, . . . , Xs of
R

n.
Apply the induction hypothesis to get a Lipschitz triangulation (h; K) of the sets

Xi, 1 ≤ i ≤ s.
Also, again by the induction hypothesis, we may do it in such a way that over each

simplex, each function |ξj − θi| ◦ h and all the functions q → d(h(x); π(∂Wj ∩ Γθi
))

are ∼ to standard simplicial functions, where Γθi
is the graph of θi.

The simplicial complex is constructed as for topological triangulations (see [C],
[S]). Let ζ1 ≤ · · · ≤ ζm be piecewise linear functions over |K| such that ζi = ζi+1

whenever ξi ◦ h = ξi+1 ◦ h. Let

N = {(x; qn+1) ∈ R
n × R / ζ1(x) ≤ qn+1 ≤ ζm(x)}.

We obtain a polyhedral decomposition of N by taking the inverse image by π|N
of the simplices of K of dimension n − 1 on the one hand, and by taking all the
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images of |K| by the mappings x → (x; ζi(x)) on the other hand. After a barycentric
subdivision of this polyhedral we obtain a simplicial complex K̃.

The union of the graphs gives a simplicial complex. Let L̃ be the union of open
simplices σ lying over |K| and included in N .

Now define over L̃ the desired homeomorphism h̃ in the following way:

h̃(x; t ζi(x) + (1 − t)ζi+1(x)) = (h(x); t ξi(h(x)) + (1 − t)ξi+1(h(x)))

for 1 ≤ i ≤ m, x ∈ R
n and t ∈ [0; 1].

This defines a homeomorphism h̃ : |L̃| → R
n+1.

It remains to check that over each simplex σ the mapping h̃ fulfills an inequality
of type (1.3). This can be done exactly as in [V1]. As the subsets Wi have been
triangulated, it can also be seen (see again [V1]) that the functions x → d(h(x); Wi)
(and so the functions ηl) are ∼ to standard simplicial functions. �

Remark 1. In the situation of the above proposition it is possible to assume the
following extra property: the angle between the tangent line to the rays h(0q)
and the secants 0h(q) tends to zero when q tends to zero. This will be useful for
Corollary 2.2.

2. On the link of a semi-algebraic germ

In this section we start to investigate the metric type of a semi-algebraic germ.
We prove that the link is independent on the function ρ (provided it is Lipschitz
and it satisfies (0.1)). Then we deduce Theorem 0.1 and Corollary 0.2. We first
prove a preliminary lemma.

For simplicity we set Sρ
0+

= ρ−1(X(0+)).

Lemma 2.1. Let ρ be a Lipschitz semi-algebraic function satisfying (0.1). Suppose
that for a couple (p; q) ∈ Sρ

0+
we have

|p − q| ≤ ε|p|
for any strictly positive real constant ε. Then the angle between the secant pq and
the ray 0q is bounded below by a strictly positive element of R.

Proof. We have to be careful since the function ρ is not necessarily smooth. We
thus will consider its derivative as existing generically. We first note that, thanks to
the assumptions we made on this function, the limit of ∂ρ

|∂ρ| along an analytic path
tending to zero cannot be orthogonal to the limit of the secant (of the considered
path). Otherwise parameterizing γ by the distance to the origin we would have

dρ(γ(r))
dr

= ∂γ(t)ρ.γ′(r)

which would tend to zero. This would contradict (0.1).
This implies that the inner product ∂qρ.q is around the origin bounded away

from zero and so is positive since ρ is positive and ρ(0) = 0.
Now we assume that the conclusion of the proposition fails. So we get two semi-

algebraic arcs p(t) and q(t) ending at the origin such that the secant between them
has the same limit (in the projective space) as the secant to the origin. Slightly
moving q to q1 we may assume that ρ is differentiable (almost everywhere) on the
secant pq1. Note that by the above observation the inner product ∂xρ.pq1 is bounded
below from zero (by a constant independent on the choice of q1 sufficiently closed
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to q) for x (almost everywhere) on the segment pq1 and so ρ is strictly monotonic
on the secant. This contradicts that the points p(t) and q(t) belong to the same
level surface of ρ. �
Corollary 2.2. Up to a semi-algebraic bi-Lipschitz homeomorphism, the link LA

is independent of the semi-algebraic Lipschitz function ρ used to define it (provided
(0.1) is fulfilled).

Proof. It is enough to construct a bi-Lipschitz map g : S̃ρ
0+

→ S̃(n−1) preserving

Ãk(0+).
Let h : |K| → R

n+1 be the mapping given by Theorem 1.7 applied to the germ
A. First we define a linear retraction onto the fiber at X(0+) µ : k(0+)∗×k(0+)n →
k(0+)n+1 by setting µ(x1; x′) = (X(0+); X(0+)

x1
x′). Note that µ preserves the germs

of simplicial complexes and, in the situation of Theorem 1.7, the tame coordinates
qi,σ for i ≥ 2.

Now for every c, C ∈ R there exists a semi-algebraic homeomorphism

Φ : Cn(
√

2)k(0+) \ {0} → [cX(0+); CX(0+)] × k(0+)n

preserving the points of Ãk(0+). It suffices to set Φ(x) = (x1; h ◦ µ ◦ h−1(x)). As µ
preserves the tame coordinates, by (1.3) and (1.4), Φ is a Lipschitz map and that
Φx1 (the restriction of the mapping for a fixed x1) is bi-Lipschitz with a uniform
constant.

Now write Φ(x1; y) = (θ; x1) in [cX(0+); CX(0+)]×k(0+)n. Let g = θ|S̃ρ(X(0+)).
Clearly g is a Lipschitz homeomorphism and as µ preserves the simplices g preserves
Ã. Let q = (x1; y) and q′ = (x′

1; y′) satisfy ρ̃(h(q)) = ρ̃(h(q′)) = X(0+). Let x = x1
x′
1
.

We claim that for such points q and q′

|h(q) − h(q′)| ∼ |h(q) − h(xq′)|.
By Remark 1 we know that the angle between h(q)h(xq) and 0h(q) is less than

any positive element of R. As h(q) and h(q′) are in S̃ρ
0+

, by Lemma 2.1, we deduce
that the secant lines h(q)h(q′) and h(q)h(xq) have an angle bounded below from
zero by an element of R. The claim follows.

Since the image of xq by µ is that of q′ and Φx1 is bi-Lipschitz we see that the
above claim implies that g is bi-Lipschitz. �
Remark 2. The mapping Φ constructed in the previous proof is actually a semi-
algebraic bi-Lipschitz homeomorphism.

Proof of Theorem 0.1 and Corollary 0.2. “if.” Let h : A → B be a bi-Lipschitz
homeomorphism. Let ρ = r ◦ h. Then Lρ

A � LB and by the above proposition
LB � LA.

“only if.” Let h : k(0+)n → k(0+)n such that h(LA) = LB is a bi-Lipschitz
homeomorphism. Then by the Tarski-Seidenberg principle this induces a germ
homeomorphism g : R

n → R
n, preserving the distance to the origin, sending A onto

B and which is bi-Lipschitz on each sphere (with a uniform Lipschitz constant).
We have to check that it is also Lipschitz with respect to x1 (by symmetry it is
enough to prove it is Lipshitz). Suppose not. Then we can find two arcs in A, say
p(t) and q(t), tending to zero along which it is not Lipschitz.

In particular we have

(2.1) ||p| − |q|| � |h(p) − h(q)|.
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Recall that h preserves the distance to the origin. We may parameterize p(t)
(and so h(p(t))) by its distance to the origin. As the tangent to the two curves p(t)
and h(p(t)) has the same limit as their respective secant lines to the origin we have

(2.2) |h(p(r))− h(p(r′))| ∼ |r − r′|
and

(2.3) |p(r) − p(r′)| ∼ |r − r′|.
Therefore by (2.1) and (2.2) we have |h(p(r)) − h(q(r))| ∼ |h(p(r′)) − h(q(r))|,

where r′ denotes the distance of q to the origin, and now we get a contradiction
from (2.3) and from the Lipschitzness of h in restriction to the the spheres.

By Theorem 0.1 when two sets are semi-algebraically bi-Lipschitz homeomorphic
they have semi-algebraically bi-Lipschitz homeomorphic links and by the same ar-
guments as in the proof of the “only if” condition the homeomorphism induces
a bi-Lipschitz homeomorphism preserving the distance to the origin. This proves
Corollary 0.2. �
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