PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 135, Number 11, November 2007, Pages 3621–3630
S 0002-9939(07)08893-4
Article electronically published on August 1, 2007

SOME EXACT SEQUENCES FOR TOEPLITZ ALGEBRAS
OF SPHERICAL ISOMETRIES
BEBE PRUNARU
(Communicated by Joseph A. Ball)
Abstract. A family {Tj }j∈J of commuting bounded operators on a Hilbert

space H is said to be a spherical isometry if j∈J Tj∗ Tj = 1 in the weak operator topology. We show that every commuting family F of spherical isometries
is jointly subnormal, which means that it has a commuting normal extension
 ⊃ H. Suppose now that the normal extension F
F on some Hilbert space H
is minimal. Then we show that every bounded operator X in the commutant
 in the comof F has a unique norm preserving extension to an operator X
mutant of F . Moreover, if C is the commutator ideal in C ∗ (F ), then C ∗ (F )/C
is *-isomorphic to C ∗ (F ). We also show that the commutant of the minimal
normal extension is completely isometric, via the compression mapping, to the
space of Toeplitz-type operators associated to F . We apply these results to
construct exact sequences for Toeplitz algebras on generalized Hardy spaces
associated to strictly pseudoconvex domains.

1. Introduction
Consider a complex Hilbert space H and let B(H) denote the algebra of all
bounded linear operators on H. A commutative family
 S = {Tj }j∈J of bounded
operators on H is said to be a spherical isometry if j∈J Tj∗ Tj = 1 in the weak
operator topology. For instance, the multiplication operators {Tz1 , . . . , Tzn } on the
Hardy space H 2 (S 2n−1 ) of the unit sphere in Cn form a spherical isometry which
is called the Szegő n-tuple on S 2n−1 .
Spherical isometries, mostly with a ﬁnite number of components, have been recently studied in a number of papers; see [At90], [At98], [AL96], [Did05], [Es99],
[Es01], [Es06], [EsP01]. In [At90] it was proved that every spherical isometry with
a ﬁnite number of terms is subnormal in the sense that it has a commuting normal
extension. The main purpose of the present paper is to extend this result to an
arbitrary family of commuting spherical isometries with a ﬁnite or even an inﬁnite
number of components. Our approach is completely diﬀerent from that in [At90],
and it is mainly based on the study of the space of Toeplitz-type operators associated to spherical isometries. We show that this space is the range of a completely
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positive idempotent mapping on B(H) and use the properties of this mapping to
construct simultaneous normal extensions via the Stinesprig Dilation Theorem. On
the way, we also obtain some exact sequences that relate the C ∗ -algebras generated
by spherical isometries to those generated by their minimal normal extensions.
Our main object of study in what follows is a commuting family of spherical
isometries F = {Sα }α∈Γ on some Hilbert space H. Thismeans that if α ∈ Γ, then
Sα = {Tj,α }j∈Jα is a spherical isometry and the union α∈Γ Sα is a commutative
set of operators. To each such family we associate its space of Toeplitz operators
as follows.
Deﬁnition 1.1. Given a commuting family F = {Sα }α∈Γ of spherical isometries on
H we deﬁne, using the notations above, the space T (F) of all F-Toeplitz operators
to be the set of all operators X ∈ B(H) such that

∗
Tj,α
XTj,α = X
j∈Jα

for all α ∈ Γ.



This terminology is inspired from the classical case of the unilateral shift S on
the Hardy space H 2 of the unit circle, where by a well-known result of A. Brown
and P. Halmos (see [BH63]) the solutions of the operator equation S ∗ XS = X
are precisely the Toeplitz operators on H 2 . The main result of this paper is the
following:
Theorem 1.2. Let F = {Sα }α∈Γ be a commuting family of spherical isometries
on some Hilbert space H with Sα = {Tj,α }j∈Jα for each α ∈ Γ, and let T (F) be
the space of all F-Toeplitz operators (see Deﬁnition 1.1 above). Also let C ∗ (T (F))
denote the C ∗ -subalgebra of B(H) generated by T (F). Then we have:
(1) There exists a completely positive unital mapping Φ : B(H) → B(H) such
that Φ ◦ Φ = Φ and RanΦ = T (F). Moreover, for every X ∈ B(H)
and every operator A, B in the commutant of F we have Φ(A∗ XB) =
A∗ Φ(X)B.
 ⊃ H and a commuting family F̃ = {Sα }α∈Γ
(2) There exist a Hilbert space H
 with Sα = {Tj,α }j∈J which leaves H
of normal spherical isometries on H
α
invariant and whose restriction to H coincides with F.
 is the small(3) Suppose now that the normal extension F̃ is minimal, i.e. H
est reducing subspace for F̃ containing H. Then there exists a unital * with the following properties:
representation π : C ∗ (T (F)) → B(H)

(3a) π(Tj,α ) = Tj,α for all α ∈ Γ and j ∈ Jα .
 onto H, then
(3b) If PH is the orthogonal projection of H
Φ(X) = PH π(X)|H
∗

for every X ∈ C (T (F)).
 of
(3c) Its image π(C ∗ (T (F))) coincides with the commutant in B(H)
∗
∗

the unital C -algebra C (F̃ ) generated by F̃ in B(H), so it is a type I von
Neumann algebra.
(3d) Its kernel coincides with the two-sided closed ideal of C ∗ (T (F))
generated by all operators of the form XY − Φ(XY ) with X, Y ∈ T (F).
(3e) The mapping ρ : π(C ∗ (T (F))) → B(H) deﬁned by
ρ(π(X)) = PH π(X)|H
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is a complete isometry onto the space T (F) such that π ◦ ρ is the identity
on π(C ∗ (T (F))).
(3f) Let C ∗ (F) denote the unital C ∗ -algebra generated by F in B(H),
and let C be the closed ideal of C ∗ (F) generated by all the commutators
XY − Y X with X, Y ∈ T (F) ∩ C ∗ (F). Let π0 be the restriction of π to
C ∗ (F) and let ρ0 denote the restriction of ρ to C ∗ (F̃ ). Then there exists a
short exact sequence
0
C ∗ (F̃) → 0
0 → C → C ∗ (F) −→

π

for which ρ0 is a completely isometric cross section.
(3g) An operator X ∈ B(H) belongs to the commutant of F if and only if
both X and X ∗ X belong to T (F). In this case there exists a unique operator
 in the commutant of F̃ which leaves H invariant and whose restriction
X
 is norm preserving.
to H coincides with X. Moreover the map X → X
This paper is organized as follows. The next section contains some preliminary
results concerning completely positive projections. The proof of Theorem 1.2 will
be given in the third section. In the last section we use Theorem 1.2 in order to
construct exact sequences for Toeplitz algebras on strictly pseudoconvex domains.
2. Some preliminary results
We begin by recalling for later use the following well-known result from [CE77].
Theorem 2.1. Let Φ : B(H) → B(H) be a completely positive and completely contractive mapping such that Φ ◦ Φ = Φ. Then for all X, Y ∈ B(H)
Φ(Φ(X)Y ) = Φ(XΦ(Y )) = Φ(Φ(X)Φ(Y )).
In [CE77] this result is used to show that when Φ is also unital, its range RanΦ
can be endowed with a C ∗ -algebra structure for which the identity mapping on
RanΦ is completely isometric. The multiplication is deﬁned by the rule
Φ(X) ◦ Φ(Y ) = Φ(Φ(X)Φ(Y )).
For our purposes we need a concrete realization of this C ∗ -algebra as an operator
algebra on some Hilbert space. This is quite obviously provided through the use of
the Stinespring Dilation Theorem [St55] as follows.
Lemma 2.2. Let Φ : B(H) → B(H) be a completely positive, unital mapping such
that Φ ◦ Φ = Φ, let E = RanΦ and let Φ0 : C ∗ (E) → B(H) be its restriction to the
C ∗ -algebra generated by E in B(H). Suppose that π : C ∗ (E) → B(K) is its minimal
Stinespring dilation so that Φ0 (X) = V ∗ π(X)V for some isometry V : H → K and
for all X ∈ C ∗ (E). Then Ker Φ0 = Ker π and the mapping ρ : π(C ∗ (E)) → B(H)
deﬁned by ρ(π(X)) = V ∗ π(X)V for X ∈ C ∗ (E) is a complete isometry such that
π◦ρ is the identity on π(C ∗ (E)) and Ranρ = Ran Φ. Moreover, if Ran Φ is σ-weakly
closed, then π(C ∗ (E)) is also σ-weakly closed, hence a von Neumann subalgebra of
B(K), and the map ρ deﬁned above is a σ-weak homeomorphism.
Proof. To begin with, one can see from Theorem 2.1 above that Ker Φ0 is an ideal in
C ∗ (E). Now, it is a general fact, and easy to prove, that if the kernel of a completely
positive map deﬁned on a C ∗ -algebra is an ideal, then it equals the kernel of its
minimal Stinespring dilation. We now show that ρ is a complete isometry. First, ρ
is one-to-one because Kerπ = KerΦ0 . Moreover, since Φ0 ◦ Φ0 = Φ0 , we have that
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ρ ◦ π ◦ ρ ◦ π = ρ ◦ π hence π ◦ ρ is the identity on π(C ∗ (E)). It then follows, since
both π and ρ are completely contractive, that ρ is actually completely isometric.
Suppose now that E is σ-weakly closed. In this case, it turns out that π(C ∗ (E))
is isometric with a dual Banach space, namely E, therefore it is a W ∗ -algebra whose
weak* topology is the one induced from E via the mapping X → π(X). Therefore
a net {Yλ } in π(C ∗ (E)) converges to zero in this topology if and only if ρ(Yλ ) → 0
weak* in B(H). Moreover, since the multiplication in a W ∗ -algebra is separately
weak* continuous, it follows in this case that for every Z1 , Z2 ∈ C ∗ (E) we also have
that ρ(π(Z1 )Yλ π(Z2 )) → 0 weak* in B(H). In order to prove that π(C ∗ (E)) is σweakly closed it suﬃces to show that the mapping X → π(X) (which is an isometry
on E) is continuous when both E and B(K) are endowed with their corresponding
weak* topologies. Moreover, it is enough to check this continuity only on bounded
subsets of E. Let {Xλ } be a bounded net weak* convergent to 0. By what we have
already shown above, it follows that for each Z1 , Z2 ∈ C ∗ (E) and h1 , h2 ∈ H we
have that
(π(Xλ )π(Z1 )V h1 , π(Z2 )V h2 ) → 0
which shows that π(Xλ ) → 0 weak* in B(K) because π(Xλ ) is bounded and π is
minimal. This completes the proof.

The following lemma is a particular case of a more general result proved in
[BP05].
Lemma 2.3. Let {φα }α∈Γ be a set of commuting completely positive unital and
normal mappings acting on B(H) for some Hilbert space H. Then there exists a
completely positive mapping Φ : B(H) → B(H) whose range is precisely the set
{X ∈ B(H) : φα (X) = X, α ∈ Γ}
and such that Φ ◦ Φ = Φ.
Sketch of the proof. Let S denote the semigroup generated by the set {φα }α∈Γ .
Each element s ∈ S correspond to a completely positive unital and normal mapping
ψs : B(H) → B(H) which is a ﬁnite product of φα . It is obvious that the ﬁxed point
set of {φα }α∈Γ is the same as that of {ψs }s∈S . We thus obtain an action
γ : S × B(H) → B(H)
deﬁned by γ(s, X) = ψs (X) for all s ∈ S and X ∈ B(H). Since S is commutative, a
well-known result of Dixmier [Dix50] shows that S is amenable, which means that
there exists a state µ on the C ∗ -algebra ∞ (S) of all bounded complex functions on
S which is invariant under all translations with elements from S. Given T ∈ B(H),
for each pair of vectors ξ, η ∈ H deﬁne [ξ, η]T = µ(γ(·, T )ξ, η) and observe that this
is a bounded sesquilinear map; therefore, there exists an operator Φ(T ) ∈ B(H)
such that
(Φ(T )ξ, η) = [ξ, η]T
for all ξ, η ∈ H. The rest of the proof is a matter of routine, and it will be left to
the reader.
3. Proof of the main result
Proof of Theorem 1.2. For each α ∈ Γ let φα : B(H) → B(H) be deﬁned by

∗
φα (X) =
Tj,α
XTj,α
j∈Jα

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use

EXACT SEQUENCES FOR TOEPLITZ ALGEBRAS

3625

for all X ∈ B(H). It is not diﬃcult to see that φα is a completely positive unital
and normal mapping. It follows that T (F) is precisely the set of common ﬁxed
points of the commuting family of mappings {φα }α∈Γ . Therefore we can apply
Lemma 2.3 to infer the existence of an idempotent completely positive mapping
Φ : B(H) → B(H) whose range is precisely T (F). Moreover, if A, B are operators
in the commutant of F, then obviously φα (A∗ XB) = A∗ φα (X)B for all X ∈ B(H)
and all α ∈ Γ. Therefore, as the proof of Lemma 2.3 shows, this holds true for Φ as
well. This proves item (1).
Let Φ be as in item (1) and let Φ0 denote its restriction to C ∗ (T (F)). Denote
 the minimal Stinespring dilation of Φ0 . Therefore there
by π : C ∗ (T (F)) → B(H)
 such that
exists an isometry V : H → H
Φ0 (X) = V ∗ π(X)V
for all X ∈ C ∗ (T (F)). We see that we are precisely in the situation of Lemma 2.2
above, and moreover the range of Φ is also σ-weakly closed because it is the set
of all common ﬁxed points of a family of normal mappings. The conclusion that
follows is that the mapping
ρ : π(C ∗ (T (F))) → B(H)
deﬁned by ρ(π(X)) = V ∗ π(X)V for X ∈ C ∗ (T (F)) is a complete isometry onto
the space of all F-Toeplitz operators such that π ◦ ρ is the identity on π(C ∗ (T (F)))
 Let Tj,α = π(Tj,α ) for all
and the latter is a von Neumann subalgebra of B(H).


α ∈ Γ and j ∈ Jα , and also let Sα = {Tj,α }j∈Jα and let F̃ = {Sα }α∈Γ . Our next
aim is to show that each family Sα is a spherical isometry and that

∗
Tj,α
π(X)Tj,α = π(X)
j∈Jα
∗

for all X ∈ C (T (F)). For this purpose, ﬁx α ∈ Γ and observe that

∗ 
Tj,α
Tj,α ≤ 1
j∈F

for each ﬁnite subset F ⊂ Jα . Therefore

∗ 
Tj,α
Tj,α ≤ 1.
j∈Jα
∗

Now, let X ∈ C (T (F)), let
Z=



∗
Tj,α
π(X)Tj,α

j∈Jα

and let F ⊂ Jα be a ﬁnite set. Then we see that, since π(X) = π(Φ(X)) and since,
∗
∗
XTj,α ) = Tj,α
Φ(X)Tj,α , we have that
by item (1), Φ(Tj,α


∗
∗
Tj,α
ρ(
π(X)Tj,α ) =
Tj,α
Φ(X)Tj,α .
j∈F

j∈F

Taking weak*-limits in both sides, over the directed set of all ﬁnite subsets of Jα , we
get ρ(Z) = φα (Φ(X)) = Φ(X) = ρ(π(X)). Since ρ is one-to-one, we get Z = π(X)
which means that indeed

∗
Tj,α
π(X)Tj,α = π(X)
j∈Jα
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for all X ∈ C ∗ (T (F)). Now, if π(X) is an orthogonal projection, the previous identity implies that Kerπ(X) is an invariant subspace for all Tj,α . Since
π(C ∗ (T (F))) is a von Neumann algebra, this shows that all Tj,α belong to the
center of π(C ∗ (T (F))); in particular they are commuting normal operators. Since
Tj,α = V ∗ Tj,α V and both Sα and Sα are spherical isometries it is easy to see that
Tj,α V H ⊂ V H for all α ∈ Γ and j ∈ Jα . This shows that the family F is subnormal,
which proves item (2).
We will show now that F̃ is in fact the minimal normal extension of F. For this
purpose let K be the smallest reducing subspace for π(C ∗ (F)) containing V H so we
 Let πK : C ∗ (F) → B(K) be the *-representation deﬁned
need to show that K = H.
 onto K.
by πK (X) = PK π(X)|K where PK denotes the orthogonal projection of H
We will show that the map deﬁned by ρK (π(X)) = PK π(X)|K is a *-isomorphism
of π(C ∗ (T (F))) onto the commutant πK (C ∗ (F)) of πK (C ∗ (F)). In particular, this

would imply, via the minimality of π, that K = H.
To begin with, it is clear that ρK is a completely positive and completely contractive mapping. It takes values in πK (C ∗ (F)) because each Tj,α is in the center
of π(C ∗ (T (F))) and because the space K is reducing for all Tj,α . Let
ρH : πK (C ∗ (F)) → B(H)
be deﬁned by ρH (Y ) = V ∗ Y V for Y ∈ πK (C ∗ (F)) . Then it is obvious that
RanρH ⊂ T (F) and moreover ρ = ρH ρK where ρ was deﬁned above as ρ(Y ) =
V ∗ Y V for Y ∈ π(C ∗ (T (F))). Recall now that we already proved that ρ is completely isometric which implies that the mapping ρK is completely isometric. Therefore in order to show that ρK is onto, it suﬃces to observe that ρH is one-to-one on
πK (C ∗ (F)) , and the latter follows easily from the minimality of πK . What we have
now is that ρK is a unital complete isometry between two unital C ∗ -algebras. Since,
by a well known result of Kadison [Kad51], any such mapping is multiplicative, it
follows that ρK is indeed a *-isomorphism of π(C ∗ (T (F))) onto πK (C ∗ (F)) ; in
particular the space K is invariant under π(C ∗ (T (F))). Since π is minimal, this
 hence F̃ is the minimal normal extension of F. So we have
shows that K = H
proved (3a), (3b), (3c) and (3e).
The proof of (3d) that Kerπ is the ideal generated by all operators of the form
XY − Φ(XY ) with X, Y ∈ T (F) follows by an easy induction argument on the
length of an arbitrary product of elements from T (F) using the fact that
Kerπ = {X − Φ(X) : X ∈ C ∗ (T (F))}
together with Theorem 2.1.
We now begin to prove (3f). For this purpose, we ﬁrst show that Φ(C ∗ (F)) =
∗
C (F) ∩ T (F). Since Φ2 = Φ it is enough to show that Φ(C ∗ (F)) ⊂ C ∗ (F). This
inclusion follows easily from the fact that Φ takes any ﬁnite product of Tj,α and
∗
∗
into a permutation of the same product having all the Tj,α
’s at the left and
Tj,α
∗
∗
all the Tj,α ’s at the right. Since Φ(C (F)) ⊂ C (F) we obtain that Kerπ0 =
{X − Φ(X) : X ∈ C ∗ (F)}. Now we can easily prove that the kernel of π0 coincides
with the closed ideal of C ∗ (F) generated by all commutators XY − Y X with
X, Y ∈ C ∗ (F) ∩ T (F). First, since π0 (C ∗ (F)) is commutative, we have that any
such commutator is in Ker (π0 ). Now, if X ∈ C ∗ (F) is a ﬁnite product of Tj,α and
∗
it becomes obvious from the above description of Φ(X) that X − Φ(X) belongs
Tj,α
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to the ideal generated by all commutators XY − Y X with X, Y ∈ C ∗ (F) ∩ T (F).
This completes the proof of (3f).
We now prove (3g). If X ∈ B(H) is such that X commutes with all operators
from F, then obviously X and X ∗ X belong to T (F). Suppose now that X ∈ B(H)
 = π(X), then X
 commutes
is such that both X and X ∗ X belong to T (F). If X
∗ 

with all the normal extensions from F̃ and V XV = X. Moreover X = X , so
 H ⊂ V H. For this purpose, we observe that since
all we need to show is that XV
∗
∗
 ∗ XV.
 Therefore if ξ ∈ H, then
X X ∈ T (F), then X X = V ∗ π(X ∗ X)V = V ∗ X
∗ 
 ξ which implies that indeed XV
 H ⊂ V H. This ﬁnishes
V XV ξ = Xξ = XV
the proof of (3f) and the proof of the theorem as well.

Projections onto the space of Toeplitz operators on the Hardy space of the unit
circle appear in several places; see for instance [Ar75]. Exact sequences for Toeplitz
algebras associated to the unilateral shift S on H 2 (T) have been constructed by
L.A. Coburn and R.G. Douglas (see Chapter VII in [Do98]). Similar results for
the Szegő n-tuple on the unit sphere in Cn were proved in [Co73] and [DJ77]. For
the case of a commuting family of isometries, the existence of a commuting unitary
extension was proved in [Ito58] and the commutant lifting was proved by S. Brehmer
and R.G. Douglas (see [Do69]). Exact sequences for C ∗ -algebras generated by
ﬁnite families of commuting isometries have been studied in [BCL78]. C ∗ -algebras
generated by isometric representations of commuting semigroups have been studied
mainly for semigroups of positive elements in ordered abelian groups; see [BC70],
[Do72], [Mu87]. For the case of a single ﬁnite spherical isometry the existence of a
normal extension along with a commutant lifting theorem were proved in [At90]; see
also [AL96] for alternate proofs. A completely diﬀerent proof of the subnormality
of a spherical isometry appears in [Ar98].

4. Applications to uniform algebras
In this section we shall apply Theorem 1.2 to construct exact sequences for
Toeplitz operators associated to uniform algebras on compact spaces. The following
general framework is frequently used when dealing with Toeplitz operators on Hardy
spaces; see for instance [TY78] or [Mu92]. Let K be a compact Hausdorﬀ space and
let C(K) denote the Banach algebra of all complex-valued continuous functions on
K. Let M (K) = C(K)∗ be the space of all complex-valued regular Borel measures
on K and let M (K)+
1 be the set of all probability measures in M (K). Let A ⊂ C(K)
be a norm-closed subalgebra containing the constants and separating the points of
K. Such algebras are called function algebras or uniform algebras (see [Ga69] for
basics of uniform algebras). If m ∈ M (K)+
1 , then the generalized Hardy space
H 2 (m) associated to A is the L2 (m) closure of A. For any function φ ∈ L∞ (m) the
Toeplitz operator Tφ : B(H 2 (m)) → B(H 2 (m)) is deﬁned by Tφ h = PH 2 (m) (φh)
for h ∈ H 2 (m) where PH 2 (m) is the orthogonal projection of L2 (m) onto H 2 (m).
We shall also consider the usual multiplication operators Mφ deﬁned on L2 (m)
by Mφ f = φf for all f ∈ L2 (m). Let H ∞ (m) denote the intersection H 2 (m) ∩
L∞ (m) which is a weak*-closed subalgebra of L∞ (m). If B ⊂ L∞ (m) is any unital
subalgebra, we shall denote by T (B) the C ∗ − subalgebra of B(H 2 (m)) generated
by all Toeplitz operators Tφ with φ ∈ B. We also denote by C(B) the closed ideal
in T (B) generated by all operators of the form Tφ Tψ − Tψ Tφ for arbitrary φ, ψ ∈ B
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and by SC(B) the closed ideal in T (B) generated by all operators of the form
Tφ Tψ − Tφψ with φ, ψ ∈ B.
For our purposes we need to introduce the following deﬁnition. We shall say
that a family of functions 
F = {φj }j∈J ⊂ C(K) is a spherical multifunction if it is
at most countable and if j∈J |φj (x)|2 = 1 for every x ∈ K. We are now able to
state the main result of this section.
Theorem 4.1. Let K be a compact Hausdorﬀ space and let A ⊂ C(K) be a unital
norm-closed subalgebra. Suppose there exists a family {Fα }α∈Γ of spherical multifunctions in C(K) where each Fα is of the form Fα = {φj,α }j∈Jα with each φj,α ∈ A
and such that for each pair of distinct points x, y ∈ K there exist an index α ∈ Γ and
an index j ∈ Jα such that φj,α (x) = φj,α (y). Then for any regular Borel probability
measure m on K the following assertions hold true:
(1) A bounded operator X ∈ B(H 2 (m)) is a Toeplitz operator with symbol in
L∞ (m) if and only if it satisﬁes the following equations for all α ∈ Γ :

Tφ∗j,α XTφj,α = X.
j∈Jα

(2) A bounded operator X ∈ B(H 2 (m)) is of the form X = Tψ for some ψ ∈
H ∞ (m) if and only if it commutes with Tφj,α for all α ∈ Γ and all j ∈ Jα .
(3) There exists a short exact sequence of C ∗ −algebras
0 → SC(L∞ (m)) → T (L∞ (m)) −
→ L∞ (m) → 0
π

such that π(Tφ ) = φ for all φ ∈ L∞ (m). In particular the spectral inclusion
essran(φ) ⊂ σ(Tφ ) holds true for all φ ∈ L∞ (m).
(4) There exists a short exact sequence of C ∗ -algebras
π

0 → C(C(K)) → T (C(K)) −
→ C(supp(m)) → 0
such that π(Tφ ) = φ on supp(m).
Conversely, if A ⊂ C(K) is a function algebra such that the spectral inclusion
∞
essran(φ) ⊂ σ(Tφ ) holds true for every m ∈ M (K)+
1 and for every φ ∈ L (m),
then A contains a separating family of spherical multifunctions as deﬁned above.
Proof. Let us denote, for each α ∈ Γ and each j ∈ Jα by Tj,α the Toeplitz operator with symbol φj,α . Since each tuple {φj,α }j∈Jα is a spherical multifunction it
follows easily that in this case Sα = {Tj,α }α∈Γ is a spherical isometry and that
F = {Sα }α∈Γ is a commuting family of spherical isometries in B(H 2 (m)). The separation property imposed on these spherical multifunctions implies via the StoneWeierstrass theorem that the C ∗ −algebra generated in C(K) by the union of all
families Fα with α ∈ Γ equals C(K) itself. In turn this implies that the set F̃
of all the corresponding multiplication operators Mφj,α on L2 (m) is the minimal
normal extension of F. Therefore, using Theorem 1.2 we infer that every operator
X ∈ B(H 2 (m)) satisfying the equation in (1) is the compression of a bounded operator Y in the commutant of all operators Mφj,α . Therefore, Y commutes with
all multiplication operators Mφ with φ ∈ C(K) which implies that Y itself is a
multiplication operator with some function ψ ∈ L∞ (m) which shows that X is a
Toeplitz operator i.e. X = Tψ . Conversely, any Toeplitz operator obviously satisﬁes
these equations because H 2 (m) is invariant for all operators Mφj,α . This completes
the proof of (1). Now, the proofs of (2), (3) and (4) follow easily from the previous
considerations combined with Theorem 1.2.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use

EXACT SEQUENCES FOR TOEPLITZ ALGEBRAS

3629

In order to prove the last assertion of the theorem we shall use a result from
[Jan88] which says the following. If a function algebra A ⊂ C(K) satisﬁes the
Toeplitz spectral inclusion essran(φ) ⊂ σ(Tφ ) for every m ∈ M (K)+
1 and every
function
on
K
can
be
uniformly
φ ∈ L∞ (m), then every continuous non-negative

approximated on K by ﬁnite sums of the form nk=1 |gk |2 with gk ∈ A for 1 ≤ k ≤ n.
Let Γ be the set of all f ∈ A with |f | < 1 on K. It then follows from the above
mentioned result from [Jan88]
 that for each f ∈ Γ there exists a sequence {gj,f }j≥1
in A such that 1 − |f |2 = j≥1 |gj,f |2 on K. If we denote g0,f = f , then it follows
that Ff = {gj,f }j≥0 is a spherical multifunction. Moreover, since Γ is separating,
{Ff }f ∈Γ is separating as well. This concludes the proof of Theorem 4.1.

This theorem applies in particular when K is the dual of a discrete partially
ordered abelian group G and A ⊂ C(K) is the uniform algebra generated by the
evaluations on positive elements of G. For this case, items (1), (2), (4) from Theorem
4.1 and the spectral inclusion from (3) have already been proved in [Mu87] for the
normalized Haar measure on K. As a matter of fact, the validity of the spectral
inclusion at (3) is equivalent to the existence of the short exact sequence in (3); see
[Sun87].
Another example of function algebras that ﬁt into the framework of Theorem 4.1
is the following. Let Ω ⊂ Cn be a bounded strictly pseudoconvex domain, and let
A(Ω) be the Banach algebra of all continuous functions on Ω which are holomorphic
on Ω. It then follows from an embedding theorem for such domains (see Theorem 3
in [Lo85]) that there exist a natural number N > 1 and functions f1 , . . . , fN in A(Ω)
such that the function F : ∂Ω → CN deﬁned by F (z) = (f1 (z), . . . , fN (z)) is oneto-one and takes ∂Ω into the unit sphere in CN . This shows that A(Ω) satisﬁes the
hypothesis of Theorem 4.1 when restricted to ∂Ω. In particular this applies to any
bounded domain with C 2 boundary in the complex plane. For the case of ﬁnitely
connected domains in C with analytic boundary, exact sequences of the form (3)
and (4) were constructed in [Ab74]. Toeplitz operators on strictly pseudoconvex
domains have been extensively studied over the past decades; see [BG81], [Up96]
and the references therein.
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