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(Communicated by Mei-Chi Shaw)

Abstract. Let X be a Stein manifold, dimC X ≥ 2, K a compact subset of X,
and Ω an open subset of X containing K such that Ω�K is connected. Suppose
that Ω�K carries a complete Kähler metric of bounded bisectional curvature,
and locally of finite volume near K. If K admits a Stein neighborhood V ,
V ⊆ Ω, such that V �K is connected and H2 (V, R) = 0, then K is a complex
analytic subvariety of X, hence reduced to a finite number of points.

1. Introduction

In [4], H. Grauert constructed complete Kähler metrics on X�A, where X is a
Stein manifold, dimC X ≥ 2, and A is a closed analytic subvariety of X. In [7],
T. Ohsawa proved that if X is a complex manifold and A is a C1–submanifold of X
of real codimension 2, such that X�A admits a complete Kähler metric, then A is a
complex submanifold of X. Later, K. Diederich and J. Fornaess, [3], considered the
higher codimension case of Ohsawa’s result. They proved that if A is a closed real
analytic subvariety of a complex manifold X, dimC X ≥ 2, of real codimension ≥ 3,
and if X�A is the support of a complete Kähler metric, then A is complex analytic.
In the same paper [3] they constructed, for each integer k ≥ 3, a C∞–submanifold
A of the unit ball Bn in Cn of codimension k, which is not complex analytic, and
for which Bn�A carries a complete Kähler metric. Note that by Grauert’s result,
[4], the existence of a complete Kähler metric on a complex manifold M does not
imply the Steinness of M , for, it is enough to take M = X�A, where X is a
Stein manifold, dimC X ≥ 2, and A is a closed analytic subvariety of X satisfying
codimC A ≥ 2.

The aim of this paper is to give a sufficient condition for the analyticity of a
compact subset of a Stein manifold of dimension ≥ 2. More precisely, we prove the
following:

Theorem 1.1. Let X be a Stein manifold, dimC X ≥ 2, K a compact subset of X,
and Ω an open subset of X containing K such that Ω�K is connected. Suppose
that Ω�K carries a complete Kähler metric g, of bounded bisectional curvature, and
locally of finite volume near K; i.e., for every x ∈ K and for every neighborhood U
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of x such that U is relatively compact in Ω, we have∫
U\K

ωn
g < ∞,

where ωg is the (1, 1) form associated with the Kähler metric g. If K admits a Stein
neighborhood V, V ⊆ Ω, such that V �K is connected and H2 (V, R) = 0, then K is
a complex analytic subvariety of X, hence reduced to a finite number of points.

The proof of this result follows very closely the scheme developed by Mok and
Zhong in [6]. We prove first that certain d−closed positive (1, 1) forms associ-
ated with the Kähler metric extend across some closed sets as d−closed positive
(1, 1) currents. By comparing the potentials of the extended currents and by using
the completeness of the metric, combined with Bombieri’s lemma (see Lemma 4.1
below), we deduce the theorem.

2. Extension of the Kähler (1, 1) form

In this section we will prove that the (1, 1) form ωg, associated with the Kähler
metric g, seen as a d−closed positive (1, 1) current, extends as a d−closed positive
(1, 1) current across the set K. Let us first recall the following:

Lemma 2.1 (Yau’s Maximum Principle, [8]). Let (M, g) be a complete Riemannian
manifold with Ricci curvature bounded from below, and let v be a C2−function which
is bounded on M . Then for any ε > 0, there exists a point xε ∈ M such that

|∇gv (xε)| ≤ ε, ∆gv (xε) ≤ ε, and v (xε) ≤ inf v + ε,

where ∇g (resp. ∆g) is the gradient (resp. Laplacian) with respect to the metric g.

In what follows, the notation is that of Theorem 1.1. Since X is a Stein manifold,
there exists an embedding

j : X ↪→ CN ,

for some positive integer N (N can be taken to be 2 dimC X + 1) such that j (X)
is a closed submanifold of CN . Let Ω0 be a relatively compact open subset of Ω
such that K ⊂ Ω0, Ω0�K is connected and ∂Ω0 is smooth, and let BN

0 (R) be the
Euclidean ball of CN with center zero and radius R such that j (Ω0) is relatively
compact in BN

0 (R).

Proposition 2.2. Let

f = j|Ω0�K : (Ω0�K, g) ↪→
(
BN

0 (R) , gBerg

)
,

where gBerg is the Bergman metric on the Euclidean ball BN
0 (R). Then there exists

a positive constant C such that

f∗gBerg ≤ Cg in Ω0�K.

Proof. Let u := Trg (f∗gBerg) . Proving the proposition is equivalent to proving that
u is bounded from above in Ω0�K. To achieve that, we apply Yau’s Maximum
Principle (Lemma 2.1) to the function v = 1√

χu+1
, where χ is a cutoff function

which will be defined below. Fix an open subset Ω1 of Ω such that K ⊂ Ω1 � Ω0.
Since the metric g|Ω0�K is not complete, and since Yau’s result is Riemannian in
nature, by perturbing the metric g we will construct a complete Riemannian metric
g̃ in Ω0�K, of bounded sectional curvature, hence of Ricci curvature bounded
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from below, satisfying g̃|Ω1�K = g|Ω1�K . The construction goes as follows: by
assumption, there exists a function ρ ∈ C∞ (Ω) such that

Ω0 = {x ∈ Ω | ρ (x) < 0} and dρ|∂Ω0 	= 0.

Choose a tubular neighborhood T of ∂Ω0 such that T ∩ Ω1 = ∅, and let χ ∈
C∞

0 (Ω0) , 0 ≤ χ ≤ 1, be such that χ|Ω1 ≡ 1 and χ|T∩(Ω0�K) ≡ 0. Put

g̃ := χg +
(1 − χ)

ρ2
g.

Then g̃ is a metric which satisfies all the properties mentioned above.
By Lemma 2.1, for each positive integer n, there exists a point xn in Ω0�K such

that

|∇g̃v (xn)| ≤ 1
n

, ∆g̃v (xn) ≤ 1
n

, and v (xn) ≤ inf v +
1
n

,

where ∇g̃ (resp. ∆g̃) is the gradient (resp. Laplacian) with respect to the metric
g̃. Since v achieves its maximum outside supp (χ), there are two possibilities for
the sequence (xn)n∈N : either i) there exists a subsequence

(
xnj

)
j∈N

converging to
a point x0 ∈ Ω0�K, or ii) all accumulation points of the sequence (xn)n∈N are
in K. Suppose that case i) holds. Then v has a minimum at x0 with χ (x0) > 0
(since v has a maximum outside supp (χ)), and for any point x ∈ Ω0�K, we have
v (x) ≥ v (x0) , i.e.,

(2.1)
1√

χ (x)u (x) + 1
≥ 1√

χ (x0)u (x0) + 1
.

From the definition of χ and the inequality 2.1 we deduce that

u (x) = χ (x)u (x) ≤ χ (x0)u (x0) for all x ∈ Ω1�K.

It is obvious that there exists a positive constant c such that u (x) ≤ c for all
x ∈ Ω0�Ω1. Hence there exists a positive constant C such that

u (x) ≤ C for all x ∈ Ω0�K.

In case ii), since the accumulation points of the sequence (xn)n∈N are in K, by
ignoring at most a finite number of points of the sequence (xn)n∈N we can assume
that xn ∈ Ω1 for all n. Since g̃|Ω1�K = g|Ω1�K , following the proof in [9], we deduce
that there exists a positive constant C such that

u (x) ≤ C for all x ∈ Ω1�K.

The same argument as before implies the boundedness from above of u in Ω0�K.
Hence the proposition follows. �

Corollary 2.3. Under the assumptions of Theorem 1.1, the (1, 1) form ωg extends
to Ω as a positive (1, 1) current, denoted by ω̃g.

Proof. The notation is as above. Consider the map

f = j|Ω0\K : (Ω0 \ K, ωg) ↪→
(
BN

0 (R) , ωBerg

)
,

where ωBerg is the (1, 1) form associated with the Bergman metric gBerg on BN
0 (R).

Then by Proposition 2.2, there exists a positive constant c such that

(2.2) f∗ωBerg ≤ c ωg.
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Let W be an open subset of BN
0 (R) such that j (Ω0) � W � BN

0 (R). Then there
exists a positive constant c̃ such that

(2.3) ωec ≤ c̃ ωBerg in W,

where ωec stands for the Kähler form associated with the Euclidean metric on CN .
Let x ∈ K and let U be an open neighborhood of x such that U ⊆ Ω1. Then, the
inequalities (2.2) and (2.3) and the fact that g̃|Ω1�K = g|Ω1�K imply that

(2.4)
∫

U�K

ωg ∧ (f∗ωec)
n−1 ≤ (cc̃)n−1

∫
U�K

ωg
n < ∞.

We conclude that the (1, 1) form ωg is of finite mass near K, hence extends (trivial
extension) as a positive (1, 1) current, denoted by ω̃g. �

Proposition 2.4. Under the assumptions of Theorem 1.1, the (1, 1) form ωg ex-
tends to Ω as a d−closed positive (1, 1) current, denoted by ω̃g.

Proof. Since we have already proved that the trivial extension ω̃g of ωg exists
(Corollary 2.3), the proposition will follow if we prove that the extended positive
(1, 1) current ω̃g is d−closed. By definition of the trivial extension, we have

ω̃g = lim
r−→∞

ρr(x)ωg as currents,

where ρr(x) is a cutoff function. Since the trivial extension of ω̃g does not depend on
the choice of the cutoff function, we will prove that ω̃g is d−closed by an appropriate
choice of ρr(x). Let x0 be a fixed point of Ω�K, and let

ρr(x) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1 if x ∈ Bg(x0, r);

− 1
3rdg(x0, x) + 4

3 if x ∈ Bg(x0, 3r)�Bg(x0, r);

0 if x /∈ Bg(x0, 4r),

where dg(x0, x) is the geodesic distance from x0 to x, and Bg(x0, t) is the geodesic
ball of center x0 and radius t in terms of the metric g. To prove that ω̃g is d−closed
is equivalent to proving that

dω̃g = lim
r−→∞

dρr(x) ∧ ωg = 0, as currents.

For this it suffices to prove that

lim
r−→∞

∫
Ω�K

||dρr(x) ∧ ωg ∧ ψ|| = 0,

where ψ is a (2n−3) smooth form, with compact support in Ω. Following Mok and
Zhong, [6], we can assume without loss of generality that ψ = ψ1 ∧ (f∗ωec)

n−2 and
support ψ1 ⊂ V , where V is a neighborhood of K, V ⊆ Ω0. As a consequence of
the elementary inequality

2ab ≤ ra2 +
1
r
b2, r > 0,
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we get

(2.5)

2
∫

V �K

||
√
−1∂̄ρr ∧ ωg ∧ ψ1 ∧ (f∗ωec)

n−2 ||

≤ r

∫
V �K

||ωg ∧
√
−1∂ρr ∧ ∂̄ρr ∧ (f∗ωec)

n−2 ||

+
1
r

∫
V �K

||ωg ∧
√
−1ψ1 ∧ ψ̄1 ∧ (f∗ωec)

n−2 ||.

But

(2.6)
√
−1∂ρr ∧ ∂̄ρr ≤ 1

9r2
ωg and

√
−1ψ1 ∧ ψ̄1 ≤ cf∗ωec.

By combining the inequalities (2.4) , (2.5) , and (2.6) we obtain

2
∫

V �K

||
√
−1∂̄ρr ∧ ωg ∧ ψ1 ∧ (f∗ωec)

n−2 || ≤ 1
9r

∫
V �K

ω2
g ∧ (f∗ωec)

n−2

+
c

r

∫
V �K

ωg ∧ (f∗ωec)
n−1

≤ C

r

∫
V �K

ωn
g ≤ C ′

r
,

where the constant C ′ is independent of r. The result is obtained by taking the
limit as r goes to infinity. Hence the proposition follows. �

3. Extension of the tautological (1.1) form

Let (E, h) be a Hermitian vector bundle of rank r over a complex manifold of di-
mension n. To (E, h) is associated a Hermitian holomorphic line bundle (L (E) , ĥ),
on the projectivisation P(E) of E, called the tautological line bundle. The line
bundle L(E) is the subbundle of π∗E whose fiber L(E)[ξ] at the point [ξ] ∈ P(E) is
the line in Eπ([ξ]) represented by [ξ], where π : P(E) −→ M is the projection onto
M . The map π induces a biholomorphism outside of the trivial sections of L (E)
and E, i.e., L(E)�P(E) ∼= E�M. Hence the metric h on E induces a metric ĥ on
L(E).

In what follows, we calculate the curvature of the metric ĥ in terms of that of
h. Let x0 ∈ M , (U, z1, ..., zn) be a chart centred at x0, i.e., zi(x0) = 0, and let
(e1(z), ..., er(z)) be a special holomorphic basis of E, i.e., h(ei, ej)(0) = δij and
dh(ei, ej)(0) = 0. Let η0 be a unitary vector in the fiber Ex0 and [η0] = v0 ∈ P (E).
By applying a unitary transformation to the vector (e1(z), ..., er(z)) we can assume
that η0 = er(0). For η =

∑r
j=1 ηjej ∈ E we take (z1, ..., zn, η1, ..., ηr) as local

holomorphic coordinates on E, and since L(E) coincides with E outside of their
trivial sections, (z1, ..., zn, η1, ..., ηr) may be used as a local holomorphic coordinate
for L(E) outside of the trivial section. At the point η0 we have η1 = ... = ηr−1 =
0, ηr = 1. Put wα = ηα/ηr, α = 1, ..., r − 1. Then (z1, ..., zn, w1, ..., wr−1) is
a system of holomorphic coordinates in an open neighborhood Ũν0 of the point
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v0 = [η0] ∈ P (E), and the map

(3.1) s : P(E) ⊃ Ũv0 −→ L(E)
(z1, ..., zn, w1, ..., wr−1) �−→ (z1, ..., zn, w1, ..., wr−1, 1)

is a special holomorphic basis of L(E) at the point v0 denoted by ê. Using (3.1) ,

it can be proved that the curvature Θ(L(E), ĥ) of the metric ĥ on L (E) , induced
from the metric h on E, is given by1

(3.2)

Θ(L(E), ĥ) = −
√
−1
2π

∂∂̄ log

⎡
⎣ r−1∑

α,β=1

hαβ̄(z)wαwβ + 2 Re
r−1∑
α=1

hαr̄(z)wα + hrr̄(z)

⎤
⎦ .

If (M, g) is a Kähler manifold, of bounded bisectional curvature, then there exists
a positive constant k such that

(3.3) T g,k = −Θ(L(TM), ĝ) + kπ∗ωg

is a (1, 1) positive form, where Θ(L (TM) , ĝ) is the curvature of the tautological
line bundle associated to the holomorphic tangent bundle (TM, g) of the manifold
M , ωg is the (1, 1) form associated to the metric g and π : PTM −→ M is the
projection onto M . Hence (PTM, Tg,k) is a Kähler manifold.

In what follows, we take M = Ω�K and choose a constant k such that the
“tautological” (1, 1) form Tg,k is a Kähler form defined on PT (Ω�K). Since X is
Stein, the tangent bundle TX is trivial, and therefore PT (Ω�K) ∼= (Ω�K)× Pn−1.

Proposition 3.1. Under the assumptions of Theorem 1.1, the tautological (1, 1)
form Tg,k extends to PTΩ as a d−closed positive (1, 1) current, denoted by T̃g,k.

Proof. Fix [ξ] ∈ Pn−1, and consider the following (1, 1) form (Tg,k)|(Ω�K)×[ξ] . From
the definition of Tg,k, we deduce that there exists a constant C such that

(Tg,k)|(Ω�K)×[ξ] ≤ C (π∗ωg)|(Ω�K)×[ξ] as (1, 1) forms.

Since (π∗ωg)|(Ω�K)×[ξ] is locally of finite volume near K, by the same arguments
as in section 2, we deduce that (Tg,k)|(Ω�K)×[ξ] extends to Ω × [ξ] as a d−closed
positive current. Since [ξ] ∈ Pn−1 is arbitrary, we deduce that Tg,k, seen as a
d−closed positive (1, 1) form, extends to PTΩ as a d−closed positive (1, 1) current,
denoted by T̃g,k. Hence the proposition follows. �

4. Proof of the Main Theorem

Recall first the following very well-known result of Bombieri.

Lemma 4.1 (E. Bombieri, [1],[2]). Let M be a complex manifold, let  be a pluri-
subharmonic function on M , and let

A =
{
z ∈ M | e−	 is not integrable in a neighborhood of z

}
.

Then A is an analytic subset of M .

Since analyticity is a local property, to prove that K is complex analytic it is
enough to prove it locally in a neighborhood of each point x in K. By comparing
the potentials of the d−closed positive (1, 1) currents ω̃g and T̃g,k, we construct a
plurisubharmonic function in a neighborhood of x ∈ K. The completeness of the

1For more details, see [5], Chapter III.
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metric reduces the problem of the analyticity of K in a neighborhood of x ∈ K to
a straightforward application of Bombieri’s lemma.

Proposition 4.2. Let x0 ∈ K and let  be a potential for the d−closed positive
(1, 1) current ω̃g in some neighborhood V ⊂ Ω of x0. Then there exists a positive
constant γ (independent of the point x0) such that for every neighborhood V ′ ⊆ V
of x0, we have ∫

V ′
e−γ	(x)dλ(x) = ∞,

where dλ is the Lebesgue measure. As a consequence, K is an analytic subvariety
of X, hence reduced to a finite number of points.

Proof. Let x0 ∈ K, and let (z1, ..., zn) be global holomorphic coordinates centred
at x0, i.e., zj (x0) = 0 for j = 1, ..., n. Consider the point P = (z1, ..., zn, [∂/∂zn])
of PTΩ ∼= Ω × Pn−1, and let v =

∑n
i=1 vi∂/∂zi be a holomorphic vector field in Ω,

where vn 	= 0. Then ((zi)1≤i≤n, (wα)1≤α≤n−1) constitutes a system of holomorphic
coordinates in a neighborhood U ′ = Ω×U of P, where wα = vα/vn, α = 1, ..., n−1,
and U is a polydisc, in the coordinates (wα), which is a neighborhood of [∂/∂zn]
in Pn−1. Recall that we have proved that the (1, 1) form Tg,k (resp. ωg) defined
in PT (Ω�K) ∼= (Ω�K) × Pn−1 (resp. in Ω�K) extends to PTΩ (resp. Ω) as a
positive d−closed (1, 1) current denoted by T̃g,k (resp. ω̃g). By assumption, there
exists a Stein subset V of Ω such that K ⊂ V , V �K is connected, H2 (V ; R) =
0, and H2 (V × U ; R) = 0. Therefore there exists in U ′ = V × U (resp. V ) a
plurisubharmonic function ψ (resp. ) such that

(4.1) T̃g,k =
√
−1∂∂̄ψ,

resp.

(4.2) ω̃g =
√
−1∂∂̄.

From (3.2) , (3.3) , (4.1), and (4.2), we deduce that
(4.3)

√
−1∂∂̄

⎛
⎝ 1

2π log

⎡
⎣ n−1∑

i,j=1

gij̄(z)wiwj + 2 Re
n−1∑
i=1

gin̄(z)wi + gnn̄ (z)

⎤
⎦+ kπ∗ − ψ

⎞
⎠= 0,

in (V \K) × U . Hence

(4.4) 1
2π log

⎡
⎣ n−1∑

i,j=1

gij̄(z)wiwj + 2 Re
n−1∑
i=1

gin̄(z)wi + gnn̄ (z)

⎤
⎦ + kπ∗ = ψ + h,

where h is a pluriharmonic function on (V �K) × U .
Since V �K is connected, every holomorphic function on V �K extends to a

holomorphic function on V. Hence H((V �K) × U) = H(V �K) × U = V × U,
where H((V �K) × U) (resp. H(V �K)) means the envelope of holomorphy of
(V �K)×U (resp. V �K). We deduce by standard arguments that h extends to a
plurisubharmonic function h̃ on V × U . After shrinking V (resp. U ′) if necessary,
we can assume that  (resp. ψ, h̃) is bounded from above in V (resp. U ′). If we
restrict the equation (4.4) to the unit disc ∆ defined by

∆ = {(zi, wα) ∈ V × U | z1 = ... = zn−1 = w1 = ... = wn−1 = 0},
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we get

(4.5)
1
2π

log [gnn̄(0, zn)] = ψ(0, zn, 0) + h(0, zn, 0) − k(0, zn).

The completeness of the metric g in a neighborhood of x0 ∈ K implies that

(4.6)
∫ ε

0

√
gnn̄(0, reiθ)dr = ∞,

where ε > 0 is small enough. Combining equations (4.5) and (4.6) we can show, as
was done by Mok and Zhong in [6], that there exists a positive constant γ which is
independent of x0 ∈ K such that for every neighborhood Υ of x0, we have

(4.7)
∫

Υ

e−γ	(z)dλ(z) = ∞.

In other words, e−γ	 is not locally integrable in a neighborhood of x0 ∈ K. But x0

is arbitrary, and then by Lemma 4.1, K is a complex analytic subvariety of V and
hence reduced to a finite number of points. �
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