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ON NON-UNIFORM RAMANUJAN COMPLEXES

BETH SAMUELS

(Communicated by Wen-Ching Winnie Li)

1. Introduction

Ramanujan graphs were defined in [LPS] as finite connected k-regular non-
directed graphs for which

(1.1) specAX ⊆ {±k} ∪ [−2
√

k − 1, 2
√

k − 1],

where AX is the adjacency matrix of the graph X. Such graphs were constructed
there as quotients of the Bruhat-Tits tree associated to G = PGL2(Qp), modulo
congruence subgroups of uniform (i.e. cocompact) lattices of G, where Qp is the field
of the p-adic integers. More examples were given by Morgenstern [M1] by replacing
Qp by a local field F of characteristic p > 0, such as Fq((t)). One significant
difference is that unlike PGL2(Qp), PGL2(Fq((t))) has a non-uniform lattice ∆ =
PGL2(Fq[1/t]), which is of finite covolume but not cocompact. For congruence
subgroups of ∆, the quotient graphs are infinite, but the edges and vertices come
with weights, so that the total weight is finite. Morgenstern [M2] went ahead to
define Ramanujan diagrams as such weighted objects satisfying Equation (1.1),
where this time AX is the ‘weighted adjacency matrix’ (see Section 2 for more
details). He constructed explicit examples and even showed a surprising application
of them to the theory of networks [M3].

Recently, the concept of Ramanujan graphs was generalized to higher dimen-
sional complexes [Li, LSV1, Sa] (see Remark 4.5.(2)) by replacing PGL2(F ) by
PGLd(F ) for d > 2. This time one requires bounds on the simultaneous spectrum
of d − 1 ‘Hecke operators’, which are ‘colored adjacency matrices’; see Section 3
below.

Such complexes were constructed (see [LSV2, Sa]) as quotients of the Bruhat-Tits
building Bd associated with PGLd(F ), modulo congruence subgroups of uniform
lattices of PGLd(F ), assuming the Jacquet-Langlands correspondence in positive
characteristic.

The current work started from an attempt to construct non-uniform Ramanujan
quotients of Bd, generalizing the finite (uniform) Ramanujan complexes of [LSV2],
just like Morgenstern extended the theory of (finite) Ramanujan graphs to (non-
uniform) Ramanujan diagrams. Quite surprisingly, we prove the opposite:
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Theorem 1.1. Let G = PGLd(Fq((t))), ∆ = PGLd(Fq[1/t]), and Bd be as before,
where d > 2. Then, for any finite index subgroup Γ of ∆, Γ\Bd is not Ramanujan.

We refer the reader to Section 3 for details.
In retrospect, this theorem is not that surprising. The Ramanujan conjecture

(proved for PGL2 over Q by Deligne and in positive characteristic by Drinfeld,
and for PGLd (d > 2) in positive characteristic by Lafforgue [La]) gives bounds on
the cuspidal spectrum. But this is not the complete story: the other parts of the
spectrum are easier to understand, but they do not satisfy the same bounds as the
cuspidal spectrum, at least for d > 2. See Section 4 for more on this.

While from the point of view of representation theory there are significant dif-
ferences between the cuspidal spectrum and the other parts of the spectrum, the
combinatorial meaning of the distinction is not clear. A better combinatorial char-
acterization of the various parts of the spectrum may lead to an interesting theory of
non-uniform weakly Ramanujan complexes in spite of our theorem (see Section 5).

The paper is organized as follows. In Section 2 we review the 1-dimensional
case—the Ramanujan graphs and the Ramanujan diagrams in their combinatorial
and representation-theoretic forms. In Section 3 we extend these definitions to
the higher-dimensional case, while in Section 4 we show that actually the natural
candidates for non-uniform Ramanujan complexes are not so. In Section 5 we
discuss some other potential examples and the property of being weakly Ramanujan.

This work, published posthumously, is based on Chapter 3 of the author’s thesis
[S]. Thanks are due to Jonathan Rogawski and Erez Lapid for their help in the
preparation of this paper.

2. Ramanujan graphs and diagrams

Let X = (V, E) be a finite non-oriented graph; i.e. V is a set of vertices and
E a set of edges between the vertices V , which we view as a (multi)set of pairs of
elements of V .

Let L2(X) be the space of complex-valued functions on V , and let AX : L2(X)→
L2(X) denote the operator defined by (AXf)(v) =

∑
(v,u)∈E f(u).

Assume X is k-regular for some integer k; i.e. for every v ∈ V , the number
of edges (multiplicities counted) containing v is k. Then the spectrum of X is
contained in the real segment [−k, k]. The endpoint k is an eigenvalue of AX with
the constant functions being the eigenvectors; it is an eigenvalue of multiplicity 1
iff X is connected. On the other hand, −k is an eigenvalue iff X is bipartite.

Note that the adjacency operator A acts also on L2(Tk), where Tk is the infinite
k-regular tree, which is the universal cover of the finite k-regular graph X. The
spectrum of A on L2(Tk) is [−2

√
k − 1, 2

√
k − 1] (notice that the constant function

is not in L2(Tk)).

Definition 2.1. A connected k-regular graph is called a Ramanujan graph if

spec(AX) ⊆ {±k} ∪ [−2
√

k − 1, 2
√

k − 1].

Thus, the finite graph is Ramanujan iff all its eigenvalues are either trivial (i.e.
±k) or in the spectrum of the universal cover (see [Lu] for more on that). By
the Alon-Boppana theorem, this is asymptotically the smallest possible interval
containing the spectrum (see [LPS] and [Lu]).

We say that Γ is a congruence lattice in PGLd(F ) if Γ is a congruence subgroup
in some form G′ of PGLd(F ). Specifically in the case of PGL2, every such form
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is the group of invertible elements in a quaternion algebra defined over a global
subfield of F , modulo the center.

The following result presents examples of Ramanujan graphs. See [Lu, Chapter 7]
and the references therein for more explanations.

Theorem 2.2. Let F be a non-Archimedean local field with q =
∣∣F̄ ∣∣ the cardinality

of the residue field, G = PGL2(F ), and T = Tq+1 the Bruhat-Tits tree associated
with G. Then, for every congruence uniform lattice Γ of PGL2(F ), the quotient
Γ\T is a (q + 1)-regular Ramanujan graph.

In [M2], Morgenstern introduced the notion of Ramanujan diagrams in order to
study Γ\T , when this time Γ is a non-uniform lattice of G. More precisely:

Definition 2.3. A diagram is a triple D = (V, E, ω), where (V, E) is a connected
undirected graph, finite or countable, and ω : V ∪ E→[0, 1] is the weight function.

Call ω(e)/ω(u) the entering degree of e = (u, v) to u, and for a vertex u,
in-deg(u) =

∑
(u,v)∈E

ω(u,v)
ω(u) . We say that D is k-regular if, for every u ∈ V ,

in-deg(u) = k.

The measure on D is defined by µ(S) =
∑

u∈S ω(u) for any S ⊆ V , and we
assume that µ(V ) < ∞.

An inner product is defined on the space of functions V →C by

(2.2) 〈f, g〉 =
∫

D

fgdµ =
∑
u∈V

ω(u)f(u)g(u).

The norm ‖f‖ is defined as usual, and we obtain the space L2(V ). Let A = AD be
the adjacency operator on L2(V ), defined by

(2.3) (ADf)(u) =
∑

(u,v)∈E

ω(u, v)
ω(u)

f(v).

It is worth noting that the measure and the norm only depend on weights of vertices,
while AD is tuned further by the weight of edges.

It is not difficult to see that A is a bounded operator, and when D is k-regular,
we have that spec(A) ⊆ [−k, k].

Definition 2.4. A k-regular diagram D is a Ramanujan diagram if

spec(AD) ⊆ {±k} ∪ [−2
√

k − 1, 2
√

k − 1].

Note that if D is infinite, the spectrum has a continuous part in addition to its
discrete part. Finally, if F , G and T = G/K are as in Theorem 2.2, and Γ ≤ G
is a (possibly non-uniform) lattice, then Γ\T becomes a diagram when the weights
are defined by ω(u) = |{γ ∈ Γ : γu = u}|−1 and ω(e) = |{γ ∈ Γ : γe = e}|−1 for
any vertex u and edge e. Under this definition, the Laplacian A of T induces the
weighted AD on the quotient.

Morgenstern then shows:

Theorem 2.5. Let F , G and T be as in Theorem 2.2, and ∆ = PGL2(Fq[1/t]). If
Γ is a congruence subgroup of ∆, then Γ\T is a Ramanujan diagram.

Note that such a non-uniform lattice ∆ in G exists only when F is of positive
characteristic.

The proofs of Theorems 2.2 and 2.5 are quite similar. Both are based on the
following representation-theoretic reformulation:
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Proposition 2.6. In the notation above, if Γ is a lattice in G (whether uniform or
not), then Γ\X is Ramanujan if and only if all the infinite-dimensional spherical
irreducible G-representations, which are weakly contained in L2(Γ\G), are tempered
(which in the case of G = PGL2(F ) means not from the complementary series).

Again, we refer to [Lu] and the appendix there for explanations of the notions
used here. Now, the Ramanujan conjecture (or, more precisely, the Ramanujan-
Peterson conjecture), which was proved for PGL2 by Deligne for F = Qp and by
Drinfeld for char(F ) > 0, indeed ensures that the representation-theoretic condition
of Proposition 2.6 is satisfied, and thus Theorems 2.2 and 2.5 follow.

3. Ramanujan complexes

The work of Lafforgue [La], who proved higher-dimensional analogs of the Ra-
manujan conjecture for PGLd(F ), where F is of positive characteristic, opened the
door for higher-dimensional analogs of Ramanujan graphs, the so-called Ramanu-
jan complexes [Li], [LSV1]. We recall here briefly the definition, sending the reader
to [LSV1, Section 2] for more details.

Let d ≥ 2 and G = PGLd(F ). The affine building B = Bd(F ) associated with
G is a (d− 1)-dimensional simplicial complex, which can be constructed as follows.
Let O denote the valuation ring in F . The set of vertices B0 in B is composed of the
equivalence classes of full O-submodules of F d, where two modules are equivalent
if they are obtained from each other by multiplication by a constant. The natural
action of GLd(F ) on bases of F d defines an action of G on B0, which can be
identified with G/K for K = PGLd(O), as in the case d = 2.

Two classes α and α′ are connected by an edge if there are representatives M ∈ α
and M ′ ∈ α′ such that πM ⊂ M ′ ⊂ M , where π ∈ O is a (fixed) uniformizer.
Higher-dimensional cells are formed by chains πM0 ⊂ M�−1 ⊂ · · · ⊂ M1 ⊂ M0.
Thus, maximal cells in which the vertex [M ] participates correspond to maximal
chains inside the d-dimensional vector space M/πM .

The d-coloring (sometimes called ‘labelling’) of the vertices is obtained by com-
paring vertices to the fixed submodule Od: by definition, the color �([M ]) of the
vertex [M ] is the logarithmic index logq [M :πiOd] (mod d) for i large enough,
where q = |O/πO|. Under this coloring, every maximal cell contains a unique ver-
tex of each color. The action of G on B0 induces an action on the complex B, which
preserves the difference of colors of vertices, modulo d.

Let Ai, i = 1, . . . , d − 1, be the d − 1 colored adjacency operators acting on
L2(B0). (The Ai are also called the Hecke operators.) These are defined by summing
over colored edges: (Aif)(u) =

∑
(u,v)∈B1, �(u)−�(v)=i f(v). As explained there,

these operators commute with each other and are bounded and normal. Their
simultaneous spectrum, denoted Sd, is a subset of Cd−1 which is explicitly described
in [LSV1, Subsection 2.3]. Similarly to the case d = 2, where ±k are the trivial
eigenvalues, there is a set of d ‘trivial eigenvalues’ in Cd−1.

If Γ is a cocompact lattice in G, then the action of A1, . . . , Ad−1 on L2(B) induces
an action also on L2(Γ\B). We have:

Definition 3.1. The finite simplicial complex Γ\B is called a Ramanujan complex
if the eigenvalues of every non-trivial simultaneous eigenfunction f ∈ L2(Γ\B),
Aif = λif , satisfy (λ1, . . . , λd−1) ∈ Sd.

Similarly to Proposition 2.6, we have:
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Proposition 3.2 ([LSV1, Prop. 1.5]). Let Γ be a cocompact lattice in PGLd(F ).
Then Γ\B is a Ramanujan complex iff every irreducible spherical infinite dimen-
sional G-representation of L2(Γ/G) is tempered.

Combining this with results from representation theory and assuming the
Jacquet-Langlands correspondence in positive characteristic, we proved:

Theorem 3.3 ([LSV1, Theorems 1.2, 1.3]). Let F be a local field of positive char-
acteristic and G = PGLd(F ). Let Γ be a congruence subgroup in an arithmetic
uniform lattice of inner type in G.

Then: when d is prime, Γ\B is a Ramanujan complex. When d is not a prime,
Γ\B is Ramanujan infinitely often and non-Ramanujan infinitely often.

See [LSV1] for more details. As for arithmetic lattices of outer type (which exist
when d > 2), we do not know if their respective quotients are Ramanujan; see
[LSV1, Section 6].

4. Non-uniform complexes

Fix d ≥ 2, and let F be a non-Archimedean local field, G = PGLd(F ), and
B = Bd the associated affine building, on which G acts. Let K denote the stabilizer
of a point in the action of G on B0; e.g. K = PGLd(O). Then K is a maximal
compact subgroup of G, and B0 can be identified with G/K.

Let Γ ≤ G be a non-uniform lattice and consider the quotient Γ\G/K = Γ\B,
which is an infinite complex. One may adjoin weight functions on cells in the com-
plex, just as in the case of diagrams. As in Section 2, the weight ω(p) of a vertex p

is defined as |{γ ∈ Γ : γp = p}|−1, and likewise we have ω(s) = |{γ ∈ Γ : γs = s}|−1

for any cell s. Then ω is a well-defined weight function on Γ\B, as in Definition 2.3.
Since Γ\G has finite volume, it follows that the total weight of Γ\B0 is finite.

Recall the definition of the inner product on L2(Γ\B0) from (2.2). The colored
operators are defined on Γ\G similarly to (2.3), by setting (Aif)(u) =∑

(u,v)∈B1, �(u)−�(v)=i
ω(u,v)
ω(u) f(v). We remark that if Γ is color-preserving, or if d

is odd, then every element γ ∈ Γ which stabilizes an edge will certainly stabilize
the corresponding vertices, so then ω(u,v)

ω(u) is the index of the stabilizer of (u, v) in
the stabilizer of u, both being subgroups of Γ.

Remark 4.1. The adjacency operators are adjoint in pairs, namely 〈Aif, g〉 =
〈f, Ad−ig〉 for every f, g ∈ L2(B0).

Proof. For a vertex u ∈ B0, we denote by
∑

(u,v)∈iB1 the sum over edges of color
�(u) − �(v) = i. Then

〈Aif, g〉 =
∑

u∈B0

ω(u)(Aif)(u)g(u)

=
∑

u∈B0

ω(u)
∑

(u,v)∈iB1

ω(u, v)
ω(u)

f(v)g(u)

=
∑

u∈B0

∑
(u,v)∈iB1

ω(u, v)f(v)g(u)

=
∑

u,v:(u,v)∈iB1

ω(u, v)f(v)g(u)



2874 BETH SAMUELS

=
∑

u,v:(v,u)∈d−iB1

ω(v, u)f(v)g(u)

=
∑

u,v:(v,u)∈d−iB1

ω(v)f(v)
ω(v, u)
ω(v)

g(u)

=
∑
v∈B0

ω(v)f(v)
∑

u,v:(v,u)∈d−iB1

ω(v, u)
ω(v)

g(u)

=
∑
v∈B0

f(v)ω(v)(Ad−ig)(v) = 〈f, Ad−ig〉.

�
The operators A1, . . . , Ad−1 are normal and commute. Consequently, they have

a simultaneous spectrum, defined as the vectors (λ1, . . . , λd−1) in Cd−1 for which
there exists a sequence of unit vectors xn ∈ L2(Γ\B0) such that limn→∞(Aixn −
λixn) = 0 for i = 1, . . . , d− 1. As in the uniform case, there are d one-dimensional
spherical representations whose K-fixed vectors are considered trivial eigenvectors
in L2(Γ\B0). These do not appear in L2(B0), since their L2-norm is not finite. All
other representations are infinite-dimensional.

Similarly to Proposition 3.2, we now have

Proposition 4.2. Let Γ be a non-uniform lattice in G. Then Γ\B is a Ramanujan
complex if and only if every irreducible spherical infinite-dimensional representation
which is weakly contained in the spectrum of L2(Γ\G) is tempered.

We can now prove:

Theorem 4.3. Assume d ≥ 3 and F = Fq((t)). Then for any congruence subgroup
Γ of PGLd(Fq[1/t]), Γ\B is not Ramanujan.

Proof. In order to prove that Γ\B is not a Ramanujan complex, we must show that
there exists a spherical, infinite-dimensional, irreducible representation occurring
in the spectrum of L2(Γ\G(F )) (discrete or continuous) which is not tempered. It
suffices to treat the case Γ = PGLd(Fq[1/t]).

Let G = PGLd, k = Fq(t) and let A be the adèles ring of k. The group G(A) acts
on L2(Z(A)G(k)\G(A)) via the right regular representation ρ, where Z denotes the
center. By strong approximation, the irreducible representations in the spectrum of
L2(Γ\G(F )) are precisely the local components of automorphic representations π in
L2(Z(A)G(k)\G(A)) that have a U -invariant vector, where U ⊆ G(A) is a subgroup
such that G(F )U is open and Γ = G(k) ∩ G(F )U (see [LSV1, Proposition 3.4]).

We apply the theory of Langlands to show that if d ≥ 3, then there exists an
infinite-dimensional irreducible unitary representation π =

⊗
πv of G(A) occurring

in the spectral decomposition of ρ, such that πv is spherical and non-tempered for
every place v of k.

Let P = MN be a parabolic subgroup of G whose Levi factor M is isomorphic to
GL1 × GLd−1 (any parabolic P which is not a Borel subgroup would serve equally
well). For s ∈ C, define a character χs of M(A), by

χs(g1, g2) = |g1|(d−1)s| det(g2)|−s.

We may extend χs to P (A) by being trivial on N(A) and define

πs = IndG(A)
P (A)χs
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(using unitary induction). The representations πs =
⊗

πs,v are unitary, irreducible,
and infinite-dimensional. Since M(kv) is not compact modulo its center, χs,v is not
a tempered representation of M(kv). The theory of matrix coefficients shows that πs

is a non-tempered representation of G(kv). Furthermore, according to Langlands’
theory (see [A]), the direct integral of the representations {πs} (relative to Lebesgue
measure ds) occurs in the continuous part of L2(Z(A)G(k)\G(A)). This proves the
theorem. �

Remark 4.4. Since PGLd(Fq[1/t]) is not cocompact, the spectrum of
L2(Z(A)G(k)\G(A)) has discrete and continuous components. The proof above
shows that L2(Γ\G(F )) always has a non-tempered representation in the continu-
ous spectrum. We will show that when d is not a prime and Γ is small enough, such
representations occur in fact also in the discrete spectrum. Write d = ab where
a, b > 1. Let P = MN be a parabolic subgroup of G whose Levi factor M is
isomorphic to GLa × · · · × GLa (b times) modulo the center.

Let π be a cuspidal representation of GLa(A), which acts trivially on the center.
Let π̃ be the representation of GLa × · · · × GLa, given by

π̃(g1, . . . , gb) = π(g1) |det(g1)|(b−1)/2 ⊗ · · ·⊗π(gb) |det(gb)|−(b−1)/2
.

Note that the determinants det(gj) are only defined up to a common scalar, but π̃
itself is well-defined. Pull π̃ back to P (A) by being trivial on N(A) and set

Π = IndG(A)
P (A) π̃.

Then Π has a unique irreducible quotient σ =
⊗

σv such that σv is spherical in all
places where π was spherical, and non-tempered for all v. Furthermore, σ occurs
as a discrete summand in L2(Z(A)G(k)\G(A)) ([JS] or [J]).

Note that there are no such cuspidal π which are spherical in all v, and hence, in
general, this construction does not provide non-tempered representations in the dis-
crete spectrum of Γ\G(F ) when Γ = GLd(Fq[1/t]), but for small enough congruence
subgroups of Γ, Π is a non-tempered representation in L2(Γ\G(F )).

Remark 4.5. (1) The difference between the cases d = 2 and d ≥ 3 can be ex-
plained by the fact that in the latter, there exist proper parabolic subgroups
other than the Borel subgroup.

(2) In the uniform case, the existence of Ramanujan complexes is proved in
[Li]. A different proof, assuming the Jacquet-Langlands correspondence (to
transfer between automorphic representations of groups such as D×/ Cent,
D being a division algebra, and those of PGLd(k)), was given in [LSV1],
which was followed by an explicit construction in [LSV2].

(3) The construction of non-tempered representations in the proof of Theo-
rem 4.3 fails in the uniform case, because D×/ Cent has no non-trivial
parabolic subgroups.

5. Remarks and suggestions for further research

This note shows that the naive analog of Morgenstern’s construction does not
work for d > 2. We can still hope to find examples of higher-dimensional non-
uniform Ramanujan complexes by using non-uniform arithmetic lattices in G =
PGLd(Fq((t))), other than Γ = PGLd(Fq[1/t]) (although for d = 2, Γ is the only
non-uniform lattice, up to commensurability). Other lattices are obtained from



2876 BETH SAMUELS

inner forms of G, such as PGLs(D), where D is a division algebra of degree d/s
over a global subfield of Fq((t)). If s > 2, an argument similar to the proof of
Theorem 4.3 will show that there are no non-uniform Ramanujan complexes there,
but maybe for s = 2 one may obtain some, as the proof fails in this case.

Yet other lattices are obtained from forms of outer type, namely those obtained
from Hermitian forms of degree s over a division algebra of degree r, where rs =
d. Here, an argument similar to the proof of Theorem 1.4 in [LSV1] should also
imply that these lattices will not give non-uniform Ramanujan complexes if s ≥ 4.
However, for d = 2r and Γ a lattice obtained from a Hermitian form of degree 2
over a division algebra of degree r, one may hope to get non-uniform Ramanujan
complexes. We don’t know what to expect for d = 3r.

From a representation-theoretic perspective, one may consider the property of
being ‘weakly Ramanujan’: for Γ a lattice in G(F ), the quotient Γ\B is weakly
Ramanujan if the non-trivial discrete simultaneous spectrum of the Ai acting on
L2(Γ\B) is contained in the simultaneous spectrum of the Ai acting on L2(B). This
has the standard interpretation in terms of representations (compare to Proposi-
tion 4.2): Γ\B is weakly Ramanujan if and only if every irreducible spherical infinite-
dimensional representation which appears in the discrete spectrum of L2(Γ\G) is
tempered.

Then we have:

Theorem 5.1. Suppose d ≥ 3 is prime. Then for every congruence subgroup Γ of
PGLd(Fq[1/t]), Γ\B is weakly Ramanujan.

On the other hand, when d is composite, there are infinitely many non-uniform
quotients of B which are not weakly Ramanujan.

Since we only deal with the discrete spectrum, the proofs are the same as those
given in [LSV1, Theorems 1.2, 1.3].

It will be very interesting to understand the difference between representations
in the discrete and continuous spectrum from a combinatorial point of view.
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Math. 125, Birkhäuser, 1994. MR1308046 (96g:22018)

[LPS] A. Lubotzky, R. Philips and P. Sarnak, Ramanujan graphs, Combinatorica 8 (1988),
261–277. MR963118 (89m:05099)

[LSV1] A. Lubotzky, B. Samuels and U. Vishne, Ramanujan complexes of type Ãd, Israel J. Math.
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