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ABSTRACT. We consider the generating function for a g-analogue of non-strict
multiple zeta values (or multiple zeta-star values) and prove an explicit for-
mula for it in terms of a basic hypergeometric series 3¢2. By specializing the
variables in the generating function, we reproduce the sum formula obtained
by Ohno and Okuda and get some relations in the case of full height.

1. INTRODUCTION

In this paper we consider the generating function for a g-analogue of non-strict
multiple zeta values and prove an explicit formula for it in terms of a basic hyper-
geometric series g¢s.

First we recall the definition of the multiple zeta value (MZV). A multi-index
k= (k1,...,kn) (ki € Zsy) is called admissible if k; > 2. The weight, the depth and
the height of an index k = (ky, ..., k) are defined by wt(k) := >_""_, k;,dep(k) :=n
and ht(k) := #{i| k; > 2}, respectively. For an admissible index k, the MZV is
defined by

(k)= > I TRE——

my>>my>0 T M

The non-strict multiple zeta value (*(k) is defined by

C*(k) = Z ﬁv

mi>e>m,>1 M

which is also called a multiple zeta-star value (MZSV).

The subject of this article is the relations between MZVs or MZSVs and gener-
alized hypergeometric series, and their g-analogue. The first result of this kind was
obtained by Ohno and Zagier [9]. They considered a generating function for MZVs
and found that it is explicitly written in terms of the value at z = 1 of the hy-
pergeometric series o F («, 3, 7; z). Li refined Ohno-Zagier’s formula by introducing
generalized heights [6].

Aoki, Kombu and Ohno obtained an explicit formula for the generating function
of MZSVs [I]. Denote by Io(k,n, s) the set of admissible indices of weight k, depth
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n and height s. Then Aoki-Kombu-Ohno’s formula is equivalent to the following
equality:

(11) Z Z C*(k) xkfnfsynfszsfl

k,n,s \k€lp(k,n,s)

1 L1,1-x

ooy 2" { 2-a,2-5 "]
where « and (§ are determined by
a+fB=z+y, of=zy-—2z,
and 3F5 is the generalized hypergeometric series
T [ ar, az, ag ] _ _ LBIT(B) i Plon +n)Iaz + n)Ias +n)
B, B2 [(an)(a2)l(as) = nlD(B +n)(B2 +n)

The formula (IT]) is obtained from that in Remark 3.2 of [I] by using the Kummer-
Thomae-Whipple formula

Qag, Qg, a3
F il
a2 |: 517 62 ’ :|
_ DB)T (B + B2 —cn — ap — as) [ a1, B — o, B —ag
T(Bs—a)T(Bi4fa—az—as)” 2| B, Bi+Pe—as—as
A refinement of (L)) in the same direction as Li’s result is obtained by Aoki, Ohno
and Wakabayashi [2].

Now let us consider g-analogues. For an admissible index k = (k1,...,k,), the
g-analogues of MZV and MZSV are defined [10] 3], @, [7] by

(ks —1)ma (k1)

Ce(k) == Z q BRI

my>->my, >0

>

my>-2mp 21

q(kl_l)ml‘f‘"""(kn_l)mn

)

(k) :

[ )P -« - [

where 0 < ¢ < 1 and [n] is the ¢-integer [n] := (1 — ¢™)/(1 — ¢). In this article we
call the g-analogues (, (k) and ¢ (k), gMZV and gMZSV, respectively, for short. In
[8], Okuda and the author proved a formula of Ohno-Zagier type for gMZVs. It is a
generalization of Bradley’s formula [3] for a generating function of gMZVs of type
Ce(m+2,1,...,1). See [3] for other linear relations among ¢gMZVs. On the other
hand, less is known about gMZSVs. Bradley studied a finite version of gMZSVs
[4]. Ohno and Okuda obtained two kinds of sum formulas for gMZSVs [7].

The main result of this paper is a g-analogue of Aoki-Kombu-Ohno’s formula

([CI). To write our formula, we need the basic hypergeometric series ,41¢, defined
by

A1y.veyQry1 | L = (al)n"'(ar+1)n n
T“@{ bi,...,by ’t} '_Z (bl)n"'(b'r')n(q)nt ’

n=0

where () = (23 9)n = [T/ (1 - ¢/ a).
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Theorem 1.1 (Generating function of ¢MZSVs).

(12) Z Z C;(k) xkfnfsynfszsfl

k,n,s \ke€ly(k,n,s)

_ q 3¢2 |: q, 4, (1+(17q)x)q . q
(1—qz)(1—y) — gz Pla, /b T1-(1-q)y]’
where a and b are determined by
_ _ — )3 (z — — (1=
arp=2t 0=y +0-g -2y ,_ 1-0-9y
1+(1—-¢q)x 1+(1—-¢q)x

The rest of the paper is organized as follows. We prove Theorem [[LT]in Section 21
In SectionBlwe consider two specializations of the variables z, y and z in (I2]). First
we set z = xy to reproduce Ohno-Okuda’s sum formula for ¢MZSVs. The second
specialization is y = 0, which gives a formula for gMZSVs with full height; that is,
ht(k) = dep(k). This is a g-analogue of Theorem 4.2 in [IJ.

2. PrROOF OF THEOREM [L.]]

The proof is quite similar to that of Theorem 1 in [§]. We make use of the
g-analogue of the multiple polylogarithms with equality:

tm

Lif(t) == Z AT

myp>-->mp>1

The right hand side converges if |t| < 1 for any index k = (k1,...,k,) (ki € Z>o).
For an admissible index k, the value Lig(q) is related to ¢MZSVs as follows:

M ke Pk — o\ | o (k-1
o 1 )
al 2 . a; 1
a1=2as=1 an,=1 j=2
X (1—q)i=1 %79 (. ay).

Denote by I(k,n,s) the set of indices of weight k, depth n and height s, and by
Iy(k,m, s) the subset consisting of admissible indices. Set

G(k,n,s;t) := Z Lig(t), Golk,n,s;t) = Z Lip ().
kel(k,n,s) kelo(k,n,s)
By definition we set G(0,0,0;¢) = 1 and G(k,n,s;t) = 0 unless k > n + s and
n > s > 0. Now introduce the two generating functions
B0 = 3 Gkt
k,n,s>0

Dy(t) := Z Gol(k,n, s;t)ur """ =S~ L,
k,n,s>0

From (Z1)) we see that

(2.2) Do(q) _ Z Z ¢ (k) gh—n—syn—s,s=1

L= (= @u o\ i)
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where z,y, z are determined by

u v+ (1= q)(w—uv) _ w

Ti-(-gu YT T 1—(-gu = T U-(-qu?

The g-difference operator D, is defined by

f) — fat)
(1—-qt

T

(Dgf)(t) ==
From the recurrence relations

1.,
;lel—l,kz,...,kn (t) (k1 >1),

1.
D, Liy (t) = =D Lip, k() (k1=1n>1),
1

P (k= (1))

1-t

we obtain the following difference equations by the same calculation as in [IJ:

1
DBy = — (& — 1 — wdy) + %cbo,

vt
v v
Dy(®—Pp) =———=(®-1 .
a o) t(l—t)( )13
Eliminate ® from the two equations. By using the formula Dy (tf(t)) = qt- Dy f(t) +

f(t), we find
(2.3) qt*(1 — t)D2®g + t((1 — u)(1 — t) — v)Dy®q + (uv — w)Pg = ¢.

Let us solve ([Z3)). Assume that |u|, [v| and |w]| are small enough. Then ®q(t) is
regular at ¢ = 0 and satisfies ®¢(0) = 0. Set ®o(t) = Y-, ¢,t" and substitute it
into ([23). We see that

1
(1—u)(l—v)—w’
[n](1 —u +qg[n — 1))
gn+1n]+Q-u—v)n+1]+uw —w

C1 =

(2.4) Cnt1 = e (n=1,2,...).

Now introduce the two variables a and b determined by
a+b=2—(1-q)(u+v), ab=1—(1-q)(u+v)+ (1 —q)*(uv—w).

Then the coefficient in (24]) is factored as

(-0 - =) 1-(1—gpu

R ey ) [ Ry ) B R
Thus we obtain
t 46—, 1—1—qu
Do (t) = 1-(1—q)u . e S Ve
o(?) (1—u)(1—v)—w3¢2 la, 2/b ab

Set t = g and compare it with (22). Expressing u,v and w in terms of x,y and z,
we finally get (L2). This completes the proof of Theorem [[11
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3. SPECIALIZATION OF PARAMETERS

Let us consider two specializations of (L2) at (i) z = 2y and (ii) y = 0. Before
proceeding we rewrite the right hand side of (LZ) by using the g-analogue of the
Kummer-Thomae-Whipple formula (see [5], Eq. (3.2.7)):

P ai,az,as b1bs _ (ba/a1)oo(b1b2/aza3)o0 ai,bi/az,b1/as b_2
372 bi,b2 " ajasas (b2) oo (b1b2/a1a2a3) 00 bi,biba/asas ay |’

We can apply this equality to 3¢2 in [[L2) because 1 — (1 — q)y = ab(1+ (1 — q)z).
Then we see that

¢, ¢ 1+ (1 —q)z)q q
3¢2 |: q2/a’ q2/b 3 1_(1_q)y:|

_ (q/b)oo (17((117q)y)oo e l q, q/a, a( (21 af ]
)y

Q/aal(lq

—(1-9) (1_g)i (M) (1)

n+1°
a b/ = <#> L4
1-(1-9y/ a

In the following we specialize the variables =,y and z in the equality obtained by
rewriting the right hand side of (2] as above.

3.1. The case of z = xy. We can take a = 1+8 Z;y and b = 1. Then we reproduce

the following formula obtained by Ohno and Okuda [7]:

* knlnl 1_ l_q)y)

k,n \k€&lg(k,n) n=1

where Iy(k,n) is the set of admissible indices of weight k and depth n. It implies
the sum formula for gMZSVs:

> G- (S () e na ot

kelo(k,n) 1=0

3.2. The case of y = 0. The right hand side of (L2 becomes

)

Now using Heine’s summation formula

s { ar,az | b } _ (b1/a1)so(b1/a2) s
2 by 7611(12 B (bl)oo(bl/alaz)oo
we obtain
o) q"
201 [ 1/a, b ;Q/b] _ @x(a/ab)e i Dl —
q/a (Q/a) (q/b)oc g ( hs) (1 _ f’n—]t>
where s and t are determined by
(3.1) st+t=z+(1—-q)z, st=—z.
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From the expansion

1ogﬁ(1_[‘f_;x) -

q—1

c- o (-1
m+n

0 q"
log (1 +2(1—q) Z

we get the following formula.

Theorem 3.1 (Generating function of ¢gMZSVs with full height).

Z Z C(}k (k) xkfnfsznfl

k,n \kely(k,n,n)

1 —1)m
=——{1—e sm+n tm+n _ xm—i—n ,
> Xp § Go(n E ( + )

m+n

where s and t are determmed by (Bj])
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