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REITER NETS FOR SEMIDIRECT PRODUCTS

OF AMENABLE GROUPS AND SEMIGROUPS

BENJAMIN WILLSON

(Communicated by Nigel J. Kalton)

Abstract. In this paper we study Reiter nets for semidirect products of lo-
cally compact groups. A Reiter net is a net in L1(G)+1 which satisfies Reiter’s
condition (P1). These are nets of means which converge to left invariance in
norm uniformly on compact subsets of G. We provide two methods to combine
Reiter nets for two groups to create a Reiter net for their semidirect product.
We also present analogous results for combining Følner nets for locally compact
groups and for Reiter nets for semidirect products of discrete semigroups.

1. Introduction

A locally compact group G is said to be amenable if there exists m ∈ (L∞(G)∗)+1
(the set of positive linear functionals of norm one on L∞(G)) which is invariant
under left translation. In [7], Hulanicki showed that Reiter’s condition, introduced
in [17], is equivalent to amenability. More specifically, he showed that G is amenable
if and only if there is a net (fα)α in L1(G)+1 such that ‖l∗xfα − fα‖ tends to zero
uniformly in x on compact subsets of G. Throughout this paper we will refer to
such nets as Reiter nets.

In [3], Følner gave a necessary and sufficient condition for a discrete group to be
amenable. Namioka [15] extended this research and demonstrated the connection
between sets which arise in the Følner condition and Reiter nets. Further connec-
tions have been drawn between Reiter nets, Følner nets and approximate diagonals
of the group algebra L1(G) by Stokke in [19] and [20]. Additionally, Reiter nets
have been used to construct bounded approximate identities and virtual diagonals
of the Fourier algebra A(G) (see [14], [10], and [18]).

In this paper we shall present two methods for constructing Reiter nets for
semidirect products of locally compact groups. Both methods provide a Reiter net
for a semidirect product based upon Reiter nets for the original two groups. These
results can be applied to construct Følner nets for semidirect products providing
new insights on a result of Janzen [8].

Additionally, similar results are shown for semidirect products of discrete semi-
groups. In the discrete case, Reiter nets are equivalently characterized as strongly
converging to left invariance (pointwise). Such nets play an important role in the
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approximation of fixed points for semigroups of non-expansive mappings (see [11],
[12] where they are referred to as strongly left-regular nets). Recently, Hindman
and Strauss [6] have shown that for a left-cancellative left-amenable semigroup, S,
the weak*-closed convex hull of the left-invariant means arising from Følner nets
contains all the left-invariant means on S. (If S is a group, then this is a result of
Chou [1].)

This paper is composed of results which were motivated by work done in the
author’s M.Sc. thesis [21], written under the supervision of Professor Anthony
T.-M. Lau at the University of Alberta. The author wishes to thank Professor
Lau for the motivation and suggestions he provided. The author is also grateful
to R. Stokke for his many useful comments and to the referee for many valuable
suggestions. The financial support of NSERC and the University of Alberta is
gratefully acknowledged.

2. Preliminaries

Let G be a locally compact group with fixed left Haar measure λG.

Definition 2.1. We use L∞(G) to denote the Banach space of complex-valued
essentially bounded functions on G with respect to λG and equipped with the
essential supremum norm. A functional in the dual space of L∞(G), m ∈ L∞(G)∗,
is called a mean on L∞(G) if

‖m‖ = 1 = m(χG),

where χG is the constant function which is defined to be 1 at every point in G.
A mean m is left invariant if for any φ ∈ L∞(G) we have m(φ) = m(lgφ) for any
g ∈ G, where lgφ(x) = φ(gx). G is (left) amenable if there exists a left-invariant
mean on L∞(G).

The class of amenable locally compact groups includes all abelian and compact
groups. However, the free group on two generators, F2, or any locally compact
group containing F2 as a closed subgroup is not amenable.

Definition 2.2. We define a left action of G on elements of L1(G), which we shall
call left translation, by:

(l∗gf)(x) = f(g−1x)

for all g, x ∈ G and f ∈ L1(G).
Let (fα)α be a net in L1(G)+1 (the elements of L1(G) which are positive and of

norm one). We say that (fα)α is a Reiter net if ‖l∗xfα − fα‖L1(G) → 0 uniformly
in x on compact subsets of G. That is, for every K ⊂ G compact and every ε > 0
there exists α0 such that for all α > α0 and all x ∈ K,

‖l∗xfα − fα‖L1(G) < ε.

In [17], Reiter showed that every locally compact abelian group admits a Reiter
net and used this property to prove several interesting results. Hulanicki [7] then
showed that the class of locally compact groups which admit Reiter nets is precisely
the class of amenable groups.

Definition 2.3. Let N and H be locally compact groups with H acting on N ; i.e.,
there exists τ , a group homomorphism from H to Aut(N) such that (n, h) → τh(n)
is continuous with respect to the product topology on N × H, where Aut(N) is
the group of continuous group automorphisms of N . We say that G := N �τ H is
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the semidirect product of N and H with respect to τ if G is the group consisting of
elements of the form (n, h), where n ∈ N and h ∈ H, equipped with multiplication
given by:

(n1, h1) ∗ (n2, h2) = (n1τh1
(n2), h1h2).

If G is equipped with the product topology, then G is a locally compact group. We
will refer to N and H as the factor groups of N �τ H.

If f : N → C and g : H → C, then we define f × g : N �τ H → C via
f × g(n, h) = f(n)g(h).

It is well-known (cf. [5, 15.29]) that the left Haar measure of a semidirect product
depends on the left Haar measures of the factor groups. It can be defined in the
following way:

dλN�τH(n, h) = δ(h)dλN (n)dλH(h),

where δ(h) = λN (A)
λN (τh(A)) for each measurable A ⊂ N . Then δ is a continuous group

homomorphism from H to R
+.

From the action, τ , of H on N we define

T :H → B(L1(N))

h �→ Th

via (Thf)(n) = f(τh−1(n))δ(h) for f ∈ L1(N), n ∈ N , h ∈ H. It can be easily
checked that each Th is a linear isometry and preserves convolution.

3. Reiter nets in L1(N �τ H)+1

When investigating Reiter nets for semidirect products, it is natural to wonder
how Reiter nets for N and H may be combined to produce a Reiter net for N�τ H.
We present two methods for doing so.

Throughout this section, N and H will be amenable locally compact groups and
τ a continuous group homomorphism from H to Aut(N). Also, (fα)α and (gβ)β
will be Reiter nets in L1(N)+1 and L1(H)+1 , respectively.

Theorem 3.1 (Method 1). Let Eα,β := fα × gβδ
−1. The net (Eα,β)α,β is a Reiter

net for N �τ H if and only if the following condition holds:

(3.1) ‖Tyfα − fα‖L1(N) → 0

uniformly in y on compact subsets of H.

Proof. We begin by assuming that (3.1) holds. Then:

‖l∗(x,y)Eα,β − Eα,β‖L1(N�τH)

=

∫∫ ∣∣l∗xTyfα(n)l
∗
ygβ(h)− fα(n)gβ(h)

∣∣ dλH(h)dλN (n)

≤ ‖(l∗xTyfα)− fα‖L1(N) ‖l
∗
ygβ‖L1(H)

+ ‖fα‖L1(N)‖l∗ygβ − gβ‖L1(H)

≤ ‖l∗x(Tyfα − fα)‖L1(N) + ‖l∗xfα − fα‖L1(N)

+ ‖l∗ygβ − gβ‖L1(H).

Each of these terms tends to zero uniformly on compact subsets of N �τ H, so
(Eα,β)α,β is a Reiter net.
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For the converse we will apply similar triangle inequalities to get, for y ∈ H:

‖Tyfα − fα‖L1(N) =

∫
N

∫
H

|Tyfα(n)gβ(h)− fα(n)gβ(h)|dλH(h)dλN (n)

≤ ‖Tyfα‖L1(N)‖gβ − l∗ygβ‖L1(H)

+ ‖l∗(eN ,y)Eα,β − Eα,β‖L1(N�τH).

Since each of the terms on the right tends to zero uniformly in y on compact
subsets of H, so does the left side of the inequality. �

Proposition 3.2. There exists a Reiter net (fα)α ⊂ L1(N)+1 that satisfies (3.1).

Proof. SinceN andH are amenable, so is the semidirect productN�τH. Therefore
there is a Reiter net (Fα)α ⊂ L1(N �τ H)+1 .

For each α, define fα ∈ L1(N) via

fα(n) :=

∫
h∈H

Fα(n, h)δ(h)dλH(h).

Then it is easily verified that (fα)α is a net in L1(N)+1 . Furthermore, for y ∈ H,

‖Tyfα − fα‖L1(N) =

∫
n∈N

∣∣∣∣
∫
h∈H

Fα(τy−1(n), h)δ(y)δ(h)dλH(h)

−
∫
h∈H

Fα(n, h)δ(h)dλH(h)

∣∣∣∣ dλN (n)

≤
∫
n∈N

∫
h∈H

∣∣Fα(τy−1(n), y−1h)δ(y)δ(y−1h)

− Fα(n, h)δ(h)|dλH(h)dλN (n)

=

∫
N�τH

|Fα(τy−1(n), y−1h)− Fα(n, h)|dλN�τH(n, h)

= ‖l∗(eN ,y)Fα − Fα‖L1(N�τH).

Since (Fα)α is a Reiter net, ‖l∗(eN ,y)Fα − Fα‖L1(N�τH) → 0 uniformly in y on

compact subsets of H. It remains to show that (fα)α is a Reiter net for N . For
x ∈ N ,

‖l∗xfα − fα‖L1(N) =

∫
n∈N

∣∣∣∣
∫
h∈H

Fα(x
−1n, h)δ(h)− Fα(n, h)δ(h)dλH(h)

∣∣∣∣ dλN (n)

≤
∫
n∈N

∫
h∈H

∣∣Fα(x
−1n, h)− Fα(n, h)

∣∣ δ(h)dλH(h)dλN (n)

= ‖l∗(x,eH)Fα − Fα‖L1(N�τH).

Again, since (Fα)α is a Reiter net, so is (fα)α. �

Remark 3.3. Janzen [8] provides a similar result for the existence of a Følner net
which satisfies a condition analogous to (3.1) in the case where δ is constantly one.

Remark 3.4. If (Eα,β)α,β is a Reiter net, then so is any subnet. In particular, if
(fk)

∞
k=1 and (gk)

∞
k=1 are Reiter sequences for N and H respectively, which satisfy

the conditions of the theorem, then the diagonal sequence (fk × gkδ
−1)∞k=1 is a

Reiter sequence for N �τ H.
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Theorem 3.5 (Method 2). For n ∈ N, h ∈ H, let Dα,β ∈ L1(N �τ H) be given by
Dα,β(n, h) := Thfα(n)gβ(h)δ(h

−1). If each gβ is compactly supported, then there
exists a subnet of (Dα,β)α,β which is a Reiter net for N �τ H.

Proof. Observe that

‖l∗(x,y)Dα,β −Dα,β‖L1(N�τH)

=

∫ ∣∣l∗xThfα(n)l
∗
ygβ(h)− Thfα(n)gβ(h)

∣∣ δ(h−1)dλG(n, h)

=

∫∫
|Thl

∗
τh−1 (x)

fα(n)l
∗
yg(h)− Thfα(n)gβ(h)|dλN (n)dλH(h)

≤
∫∫

|Th(l
∗
τh−1(x)

fα − fα)(n)||l∗ygβ(h)|dλN (n)dλH(h)

+

∫∫
|Thfα(n)||l∗ygβ(h)− gβ(h)|dλN (n)dλH(h)

=

∫
‖l∗τ(yh)−1(x)

fα − fα‖L1(N)|gβ(h)|dλH(h) + ‖l∗ygβ − gβ‖.

For K ⊂ N �τ H compact and ε > 0 there exists βK,ε such that for β ≥ βK,ε,

‖l∗ygβ − gβ‖L1(H) < ε/2 ∀y ∈ KH = {y : (x, y) ∈ K for some x ∈ N}.
For each such β there is an αβ,K,ε such that for α ≥ αβ,K,ε for all h ∈ supp(gβ)
and all (x, y) ∈ K,

‖l∗τ(yh)−1(x)
fα − fα‖L1(N) < ε/2.

Consider the directed set Λ, where each element of Λ is a quadruple consisting
of a compact subset K ⊂ G, an ε > 0, a β ≥ βK,ε, and an α ≥ αβ,K,ε. The order
we put on Λ is 
, where (K1, ε1, β1, α1) 
 (K2, ε2, β2, α2) if K1 ⊂ K2, ε1 ≥ ε2,
β1 ≤ β2, and α1 ≤ α2. From the above observations, it is apparent that for any ε
and K, there exists α and β such that ‖l∗(x,y)Dα,β −Dα,β‖ < ε for all (x, y) ∈ K.

Then (Eα,β)K,ε,β,α is a subnet of (Eα,β)α,β which is a Reiter net for N�τ H. �
Remark 3.6. If N �τ H is σ-compact, then we can find a sequence of compact sets
(Fn)n such that Fn ⊂ Fn+1 and N �τ H =

⋃
Fn. In this case, we can find a

sequence of elements of Λ such that (Eαn,βn
)∞n=1 is a Reiter sequence.

Example 3.7 (‘ax+b’ Group). Let G = R �τ R+ where τa(b) = ab for a ∈ R+

and b ∈ R. Let fn = 1
2nχ[−n,n] and gn = 1

2 ln(n)χ[ 1n ,n]. Using the method of

Theorem 3.5, Dn,m = 1
4n ln(n)χ{(ab,a)|b∈[−n,n],a∈[ 1

m ,m]}. It follows that (Dn,n)n is

a Reiter sequence for G. Further details of this example can be found in [16,
Example 0.5] or [4].

By applying the method of Proposition 3.2, we get the Reiter sequence for N ,
(hn)n given by:

hn(b) =

⎧⎪⎨
⎪⎩

n2−1
4n2 ln(n) if |b| < 1,

n2−|b|
4n2|b| ln(n) if 1 ≤ |b| < n2,

0 if n2 ≤ |b|.
Combining this with the sequence (gn)n using Method 1 gives a Reiter sequence
for the ‘ax+b’ group which is different from the standard example found in the
literature:

En(b, a) = hn(b)gn(a)a.
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4. Følner nets

As in Example 3.7 it is often possible to have Reiter nets (fα)α of the form
fα =

χAα

λ(Aα) . The sets (Aα)α form a Følner net, so called because of the condition

introduced in [3]. Namioka investigated numerous Følner type conditions in [15].
For further reference, the reader is directed to [4, Section 3.6] and [16, Chapter 4].

Definition 4.1. Let G be a locally compact group. A net [resp. sequence] (Aα)α
of measurable subsets of G such that 0 < λG(Aα) < ∞ is called a Følner net [resp.
Følner sequence] if for any ε > 0, and any compact F ⊂ G, there exists β such
that, for α > β,

λG(xAα�Aα)

λG(Aα)
< ε ∀x ∈ F .

Remark 4.2. A net (Aα)α of measurable subsets of G with 0 < λG(Aα) < ∞ is a
Følner net if and only if for any ε > 0, and any compact F ⊂ G, there exists β such
that, for α > β,

λG(xAα\Aα)

λG(Aα)
< ε ∀x ∈ F.

This is because λG(A\xA) = λG(x
−1A\A) since λG is a left Haar measure.

Remark 4.3. Suppose that (Aα)α is a Følner net for G. For each α, let fα(x) :=
1

λG(Aα)
χAα

(x). Then (fα)α is a Reiter net in L1(G)+1 .

Janzen [8] studied Følner nets in semidirect products where δ is constantly 1.
As a consequence of the previous section, we now present one of Janzen’s results
as a corollary to Theorem 3.1.

Corollary 4.4 (Janzen). Let N �τ H be a semidirect product of locally compact
groups such that δ ≡ 1. Suppose (Aα)α, (Bβ)β are Følner nets for N and H
respectively. Then (Aα ×Bβ)α,β is a Følner net for N �τ H if and only if

λN (τy(Aα)�Aα)

λN (Aα)
→ 0

uniformly in y on compact subsets of H.

Proof. Let fα =
χAα

λN (Aα) and let gβ =
χBβ

λH(Bβ)
. By Theorem 3.1, (fα × gβ)α,β is

a Reiter net if and only if ‖Tyfα − fα‖ → 0. But fα × gβ =
χAα×Bβ

λN�τH(Aα×Bβ)
and

‖Tyfα − fα‖ =
λN (τy(Aα)�Aα)

λN (Aα) . �

We cannot use Theorem 3.1 to generalize this result to the case where δ is not
constantly 1 since in this case χA × χBδ

−1 is not equal to χA×B. In fact, we will
now show that if the product of two Følner nets is a Følner net for the semidirect
product, then δ must be constantly 1.

Lemma 4.5. Let G = N�τ H, for N and H locally compact amenable groups. Let
(Aα)α be a Følner net for N and (Bβ)β be a Følner net for H. If (Aα ×Bβ)α,β is
a Følner net for G, then

λN (τy(Aα)\Aα)

λN (Aα)
→ 0

uniformly in y on compact sets of H.
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Proof. Observe that for x ∈ N, y ∈ H we have that

(xτy(Aα)\Aα)× yBβ ⊂ ((x, y) ∗ (Aα ×Bβ)) \(Aα ×Bβ).

Now, since (Aα ×Bβ)α,β is a Følner net for G,

λG (((x, y) ∗ (Aα ×Bβ)) \(Aα ×Bβ))

λG(Aα ×Bβ)
→ 0

uniformly in (x, y) on compact subsets of G. Therefore

λG((xτy(Aα)\Aα)× yBβ)

λG(Aα ×Bβ)
→ 0

uniformly in (x, y) on compact subsets of G. Observe that

λG((xτy(Aα)\Aα)× yBβ)

λG(Aα ×Bβ)
=

λN (xτy(Aα)\Aα)

λN (Aα)

∫
yBβ

δ(h)dλH(h)∫
Bβ

δ(h)dλH(h)

=
λN (xτy(Aα)\Aα)

λN (Aα)

∫
Bβ

δ(y)δ(h)dλH(h)∫
Bβ

δ(h)dλH(h)

=
λN (xτy(Aα)\Aα)

λN (Aα)
δ(y).

Choose a compact F ⊂ H. The set {eN} × F is compact in G, so

λN (τy(Aα)\Aα)

λN (Aα)
δ(y) → 0

uniformly on F . Then since δ is continuous, it is bounded below on F by some
positive value. Therefore

λN (τy(Aα)\Aα)

λN (Aα)
→ 0

uniformly on F . �

Theorem 4.6. If (Aα ×Bβ)α,β is a Følner net for G, then δ ≡ 1.

Proof. Observe that for y ∈ H:

λN (τy(Aα)\Aα) ≥ λN (τy(Aα))− λN (Aα)

= λN (Aα)(δ(y
−1)− 1).

By the lemma, we know that
λN (τy(Aα)\Aα)

λN (Aα) → 0 for each y ∈ H. If there exists a

y0 ∈ H such that δ(y−1
0 ) > 1, then for all α,

λN (τy0 (Aα)\Aα)

λN (Aα) > δ(y−1
0 )− 1, which is

a contradiction, so δ ≡ 1. �

As indicated by Example 3.7, the method of Theorem 3.5 does apply, even if δ
is not constantly 1. The following corollary to Theorem 3.5 was proven directly as
Theorem 2.3.8 in the author’s thesis [21].

Corollary 4.7. Let N�τH be the semidirect product of two locally compact groups.
Suppose that (Aα)α and (Bβ)β are Følner nets for N and H respectively such that
each Bβ is compact. Then there is a subnet of ({(τh(n), h) : n ∈ Aα, h ∈ Bβ})α,β
which is a Følner net for N �τ H.
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Proof. It suffices to observe that for n ∈ N , h ∈ H, A ⊂ N , and B ⊂ H,

ThχA(n)χB(h)δ(h
−1) = χ{(τy(x),y):x∈A,y∈B}

and
λN�τH({(τy(x), y) : x ∈ A, y ∈ B}) = λN (A)λH(B).

�

5. Semigroups

Results analogous to those presented in previous sections can be formulated
for semigroups. This section will deal with discrete semigroups. Rather than us-
ing a left Haar measure, we consider the counting measure, and the concept of a
semidirect product is suitably modified. It is well-known that a semigroup S is
left amenable if and only if there is a net (fα)α of elements in 
1(S)+1 for which
‖l∗xfα − fα‖ → 0 for all x ∈ S ([2], [15]). Since S has the discrete topology, the
collection of such nets is precisely the Reiter nets for S.

Definition 5.1. Let U and V be semigroups. Assume that V acts on U on the
left; i.e., assume that there is a semigroup homomorphism τ from V to End(U)
such that for each v ∈ V there exists τv : U → U such that τv1(τv2(u)) = τv1v2(u)
for all u ∈ U , v1, v2 ∈ V .

We say that S = U �τ V is the semidirect product of U and V with respect to
τ if S is the semigroup consisting of elements of the form (u, v), where u ∈ U and
v ∈ V equipped with multiplication given by

(u1, v1)(u2, v2) = (u1τv1(u2), v1v2).

Using τ , we can define a right action of V on 
∞(U) by

Tv :
∞(U) → 
∞(U)

φ �→ Tvφ,

where (Tvφ)(u) = φ(τv(u)). So we get a left action on 
∞(U)∗ by considering T ∗
v

for each v ∈ V . Unlike in the group case, each T ∗
v is not necessarily isometric, but

‖T ∗
v ‖ ≤ 1. If U = V and τv(u) = vu, then we denote Tv by lv.
We say that a net, (fα)α, in 
1(U)+1 is a Reiter net if

‖l∗ufα − fα‖�1(U) → 0

uniformly in u on compact subsets of U .

Remark 5.2. Since U has the discrete topology, the uniform convergence on compact
(i.e. finite) subsets of U is equivalent to convergence for all u ∈ U . This makes our
definition of Reiter nets equivalent to that of strongly regular nets found in [11],
[12], and [13].

Left amenability of a semigroup U is defined in terms of a left-invariant mean
(see [2]). For simplicity, we remark that U is left amenable if and only if there is a
Reiter net in 
1(U)+1 . The counting measure on the semidirect product is precisely
the product of the counting measures on N and H. For the remainder of this
section, U and V will be semigroups and τ a semigroup homomorphism from V to
End(U). As well, (fα)α and (gβ)β will be Reiter nets for U and V respectively.

Theorem 5.3. Assume that ‖T ∗
y fα − fα‖ → 0 uniformly in y on compact subsets

of V . Then (Eα,β)α,β is a Reiter net for U �τ V , where Eα,β(u, v) := fα(u)gβ(v).
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Proof. The proof proceeds in a similar fashion to that of Theorem 3.1. We safely
suppress the details. �

Remark 5.4. Unlike in the group case, there is not always a Reiter net which satisfies
the condition of the theorem. Indeed, there are examples of semidirect products of
left-amenable semigroups which are not left amenable (see [9, 3.6]).

Theorem 5.5. Define Dα,β ∈ 
1(U�τ V ) via Dα,β(u, v) := T ∗
v fα(u)gβ(v). Assume

that each gβ is finitely supported. Further suppose that for each v ∈ V the net
(T ∗

v fα)α is a Reiter net. Then there is a subnet of (Dα,β)α,β which is a Reiter net
for U �τ V .

Proof. It is straightforward to verify that l∗(x,y)Dα,β(u, v) = l∗xT
∗
v fα(u)l

∗
ygβ(v). It is

then apparent that

‖l∗(x,y)Dα,β −Dα,β‖ ≤
∑
v∈V

‖l∗xT ∗
v fα − T ∗

v fα‖gβ(v) + ‖l∗ygβ − gβ‖.

The remainder of this proof mimics that of Theorem 3.5. We again suppress the
details. �

Remark 5.6. For x ∈ U and v ∈ V , l∗τv(x)T
∗
v fα = T ∗

v l
∗
xfα, so if τ : V → Sur(U),

then U �τ V is left amenable. This provides a new proof of a result of Klawe [9,
3.4].

Remark 5.7. Explicit constructions of Reiter nets for bicyclic semigroups can be
found in [13].
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