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ABSTRACT. Assume that Q@ C RY is a bounded W':P-extension domain and
that p is an upper d-Ahlfors measure on 9Q with p € (1, N) and d € (N—p, N).
Then there exist continuous trace operators from W1?(Q) into L2(0%, du) and
into B (99, dp) for every g € [1,dp/(N —p)] and every § € (0,1 — (N —d)/p|.

1. THE MAIN RESULT
The following theorem is the main result in this note.

Theorem 1.1. Letp € [1,00] be fized and let Q@ C RY be a bounded WP -extension
domain and i be an upper d-Ahlfors measure on a closed subset S C Q with d €
(N—-p,N)n(0,N).
(1) Letqg=s=o00 if p=N =1.
(2) Let q,s € [1,00) if p=N > 2.
(3) Letq=s=o00 ifp> N.
(4) Let q=dp/(N —p)>pand s€[l,q) if l<p < N.
Then there exists a mapping T : WHP(Q) — LI(S, du) satisfying
o T :WUP(Q) — LIS, dy) is linear and continuous,
o T :WhP(Q) — L*(S,du) is compact,
o Tu=ulg ifue WHr(Q)NnC(Q).
Of particular interest is the case when S equals the boundary of 2.

Proof. Case (@) is obvious since W1?() is compactly embedded into C(Q2) by the
Theorem of Rellich-Kondrachov. For case (Il) one has to note that €2 is an open and
bounded interval in R. Case (2)) follows from Corollary [[4] and case (@) follows
from Corollary [.3l O

2. PRELIMINARIES

In this article we will distinguish between pointwise defined functions and equiv-
alence classes of functions. For example, the LP-spaces consist of equivalence classes
of p-integrable functions which coincide up to a set of measure zero. Another ex-
ample are the Sobolev spaces W1P(Q), where Q C R is an open set. These spaces
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consist of (equivalence classes of) functions u € LP(Q) such that the distributional
derivatives Dju (j =1,..., N) belong again to LP(f2). Equipped with the norm

lullwro) = D 1D%ull Loy,

laf<1

it is a Banach space. It is well-known that for every f € WYP(Q) there exists
a pointwise defined function u € f which is Cap,-quasi continuous on ). Here
Cap, : P(RY) — [0, 00] denotes the classical p-capacity given by

Cap, (A) := inf {HuHIv)Vl,p(RN) :u > 1 a.e. on a neighborhood of A} .

Since such a Cap,-quasi continuous representative is unique up to a Cap,,-polar set,
we can redefine the Sobolev space WP (Q) as follows:

WHP(Q) :={[u] :u € f € WHP(Q) is Cap, —quasi continuous} ,

where the above equivalence class [u] consists of all Cap,-quasi continuous functions
v such that v = u almost everywhere on €.

3. NULLSPACES

In order to define general trace operators we have to introduce nullspaces and
equivalence classes of functions related to such nullspaces.

Definition 3.1. Let M be an arbitrary set. Then we call a set N' C P(M) a
nullspace on M if N satisfies the following two conditions:
(N1) 0 eN;

(N2) A, € N for n € N implies | J, . 4, € N.

neN

On the vector space F(M) of all functions from M into R we define the equiva-
lence relation ~ s related to a nullspace NV on M by

(3.1) f ~nx g:= IN €N such that f =gon M\ N.

Then the space F(M,N') := F(M)/ ~,r consists of equivalence classes of functions
from M into R which coincide outside a nullset N € A/. The name ‘nullset’ indicates
that the set IV is in some sense ‘small’, such as the nullsets for a measure or the
polar sets for a capacity.

4. THE TRACE

In this section we will define what we mean by a trace operator Tr: X — Y for
certain function spaces X and Y. Note that we do not require any topology on the
range space Y.

Definition 4.1. Let B be a topological space, A a subset of B and let Ny and Ny
be nullspaces on A and B, respectively. Let X be a subspace of F(B, Ng) equipped
with a norm ||-||y such that C(B) N X is dense in X and let Y be a subspace of
F(A,N4). Then we say that Y is a trace space of X if the following holds:

For every f in X there exists an element fa € Y such that for
every sequence f, € C(B)N X which converges to f in X and for
every ua € fa there exists a subsequence fn, and a set N € Ny
such that fp, (x) — ua(z) for every x € A\ N.
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If Y is a trace space of X, then f4 € Y is unique in Y. Therefore we can define
the trace operator Trxy : X =Y by Trxy f := fa.

Assume that Y is a trace space of X. Then the following are immediate conse-
quences.
e Tryy : X — Y is linear.
° TI‘X,yu: U|A ifue C(B)ﬁX

Example 4.2. Let Q@ C RY be an open set, p € (1,00), A be a subset of (,
X :=W'P(Q) and let Y := F(A, N,) where N, is the nullspace which consists of
all Cap,-polar sets contained in A. Then Y is a trace space of X and the (unique)
trace operator Tr : X — Y is given by

Tr f = fla,

where f denotes the Cap,-quasi continuous representative of f. In fact, if u, €
C(Q)NWLP(Q) converges to f in WHP(Q), then there exists a subsequence (u,, )k
which converges Cap,-quasi everywhere to f.

Let @ C RY be an open set and let X C W1P(Q) be a subspace. In order to
get a trace for functions in X on the boundary d9 of 2 we will consider X as a
subspace of F(Q, N), where A is given by

N:={ACQ:NANQ) =0}

and X is the Lebesgue measure in RY. This leads to two main difficulties:

(1) Since in general C(Q) N WHP(Q) is not dense in WP(Q), we cannot take
X = WP(Q). Therefore we will consider X := W1?(£2), where W'?(Q) is defined
to be the closure of C.(Q2) N WP(Q) in WP(Q). Note that W'?(Q) = WP (Q)
whenever the boundary of 2 is smooth.

(2) For the range space Y it is in general not possible to take the space Y :=
F(09Q,N,), where N, denotes the set of all Cap,,-polar subsets of d2. In fact (see
[ 4] Example 2.5.5]) there exist a bounded domain QO € RY (N > 2), a compact
set A C 9Q with Cap,(A) > 0 and a sequence f, € C(Q) N WP(Q) such that
fn=1on Aand f, — 0 in WHP(A). Hence the trace of the zero-function cannot
be defined up to a Cap,-polar set. This problem can be solved via the relative
capacity introduced in the following section.

5. THE RELATIVE CAPACITY

In this section we will introduce the relative p-capacity and we will cite the
theorems which we will need in the following. The relative 2-capacity Cap, , was
first introduced by W. Arendt and M. Warma [3] to study the Robin Laplacian on
‘arbitrary’ domains. For the extension to p € (1, 00) we refer to [G].

Definition 5.1. Let Q_C R¥ be an open set and let p € (1,00). Then the relative
p-capacity Cap, o : P(2) — [0, oc] is defined by

Cap, o(A) = inf {Hungw‘p(m ‘u€ Yp,Q(A)} ,

where Y}, o(A) consists of all functions u € W1?(Q) such that u > 1 almost every-
where on O N for a neighborhood O of A.



4172 MARKUS BIEGERT

Theorem 5.2 ([5, Theorem 3.22] or [6 Theorem 3.27]). For every u € Whp(Q)
there is a Cap,, o-quasi continuous representative @ : 2 — R which is unique up to
a Cap,, -polar set in Q.

This theorem suggests that there exists a trace operator from W1P() into
Y 1= F(09,N,(Q)) (given by Tru := 1|pq), where N,(2) consists of all Cap, -
polar sets in 9. In fact, this follows from

Theorem 5.3 ([5, Consequence of Theorem 3.24] or [6, Theorem 3.29]). Let  C
RY be an open set, p € (1,00) and let u,, € C(Q)NWP(Q) be a convergent sequence
in WHP(Q) with limit uw. Then there is a subsequence (uy, )i such that u,, — @
Cap,, -quasi everywhere on Q.

In many concrete partial differential equations and variational problems it is
useful to know that the trace operator maps W1P(Q) into LI(AS, i) for some
q > 1 and some Borel measure p on 9f). Obviously, a necessary condition for that
is the validity of the following implication:

(5.1) Cap, (4) =0 = pu(A)=0 for all Borel sets A C 09).

We will call a Borel measure p on 92 Cap, o-admissible if (5.I) holds. To get a
large class of admissible measures the following relation between the p-capacity and
the relative p-capacity will be important.

Theorem 5.4 ([5, Consequence of Theorem 3.14] or [6l, Theorem 3.20]). Let Q C
RY be a WhP-extension domain. Then there exists a constant C > 0 such that

Capp(A) < C- Ca’pp,Q (A) < C- Ca’pp(A)

for every set A C Q.

6. TRACES FOR UPPER/LOWER AHLFORS MEASURES

In this section we show that if & C RY is a bounded W!P-extension domain
(1 <p< N) and p is an upper d-Ahlfors measure on 92 with 0 < N —d < p, then
there exists a continuous trace operator from W1?(Q) into some Besov spaces on
the boundary 0. Note that we do not assume that Q is a so-called (e, §)-domain
as required in [7, Theorem 10.6].

Theorem 6.1. Let Q C RY be a W'P-extension domain and let Ey, Ey : WP ()
— WEP(RY) be two (possibly nonlinear) extension operators. Then Erf = Eaf
Cap,, -quasi everywhere on ) for every f € Wir(Q).

Proof. Let f € W'?(Q) and let f; := E;f, j = 1,2. Then f; and f; are Cap, o-
quasi continuous on Q and f; = fo a.e. on Q. By Theorem B2 we get that f1 = fo
Cap, g-q.e. on Q, and hence by Theorem (.4 it follows that f; = f» Cap,-q.e. on
Q. O

Remark 6.2. We can reformulate Theorem [6.1] as follows. Let Q € RY be a bounded
WlP_extension domain and let uq,ug € WHP (RN ). If uy = ug almost everywhere
on 2, then u; = ug Cap,-quasi everywhere on (2.

The existence of a trace operator is given in the following.
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Corollary 6.3. If Q is a WP-extension domain and S C Q, then there exists a
unique trace operator Tr : WHP(Q) — F(S,Np), where N, consists of all Cap,-polar
sets in S, given by

Tr f:=Efls
for every extension operator E : WP (Q) — WHP(RY).

Definition 6.4. Let S C RY be a compact set and let d € (0, N). Then we call a
Borel measure p with supp(p) C S an upper d-Ahlfors measure on S if there exist
constants M, Ry > 0 such that

(6.1) w(B(z,r)) < Mr?  forall 0 <r < Ry and z € S.

If ([GI) holds with < replaced by >, then we will call u a lower d-Ahlfors measure.
Note that for s := N — d an upper/lower d-Ahlfors measure on S is called an
upper/lower s-Ahlfors measure in [7].

Remark 6.5. Let p € (1, N) and S C RY be compact. If y is an upper d-Ahlfors
measure on S with N —p < d < N, then

Cap,(A)=0 = HY(A)=0 = p(A)=0

for all Borel sets A C S. Here H? denotes the d-dimensional Hausdorff measure on
RY.

The following result follows from D. Danielli, N. Garofalo and D. Nhieu; see the
beautiful Theorem 8.6 in [7] and A. Jonsson [10, Theorem 3].

Theorem 6.6 (Interior sharp trace inequality). Let S C RN be a compact set,
p€ (1,N), N—p<d< N and u be an upper d-Ahlfors measure on S. Then for
every 0 < 8 <1— (N —d)/p there exists a constant C > 0 such that

”f”Bg(F,du) <C- ||fHW1,p(RN)
for all f € WEP(RN).
Here the Besov space Bj(S,dp) is defined to be the vector space of all f €
LP(S,du) for which

wirs.auy = [ [ L |‘*”+d duly) dp() < o0,

The norm on Bj(S, dy) is given by H'”BZ(S,dm = |l pos,au + N (5 S, du). Now
we can prove the following trace theorem.

Theorem 6.7. Let Q@ C RY be a bounded W'P-extension domain, S C Q closed,
p€e€(L,N), N—p<d< N and p be an upper d-Ahlfors measure on S. Then for
every 0 < 8 <1— (N —d)/p there exists a constant C > 0 such that

I Tr f||Bg(S’du) <C- ||f||lep(Q) for every f € WHP(Q).

Proof. Let E : W1P(Q) — WHP(RY) be a linear and bounded extension operator.
It follows from Theorem 6.6 using that Ef = Tr f p-a.e. on S, that

1T fll gz (sap) < C2 - 1Eflwrn) < C - I1flwrre)
for all f € WHP(Q). O
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The following result follows from D. Danielli, N. Garofalo and D. Nhieu; see
Theorem 11.1 in [7]

Theorem 6.8 (Embedding a Besov space into a Lebesgue space). Let S C RV be
a compact set, B € (0,1), p > 1 and let p be a lower d-Ahlfors measure on S with
d € (Bp,N). Then for q := pd/(d— Bp) > p there exists a constant C > 0 such that

Hf”m(&du) <C-: Hf”Bg(s,du) for every f € Bﬁ(S, dp).
Now we can prove the following trace result.

Proposition 6.9. Let Q € RY be a bounded WP -extension domain, S C Q closed,
pe(L,N), N—p<d< N and p be a d-Ahlfors measure on S. Then there exists
a constant C > 0 such that

HTerLQ(S,dH) <C- Hf||W1=P(Q)
for every f € WHP(Q) and p < q < pd/(N — p).

Proof. Tt is sufficient to prove the limit case ¢ := pd/(N — p). We get from Theo-
rem [6.7] with 8:=1— (N —d)/p € (0,1) that there exists a constant Cy such that

(6.2) ||’I‘erB§(S,dp) <Ci- ||f||W1,p(Q)

for all f € WHP(Q). From Theorem B8] using that ¢ = pd/(d — Bp) and Bp < d,
we get that there exists a constant Cy > 0 such that

(6.3) | Tx fHLQ(S,d,u) <Oy HTerBg(S,du) :
Combining (6.2) and (6.3]) proves the claim. O

Remark 6.10. In the case when 2 is a bounded Lipschitz domain, S = 0 and p is
the surface measure 0 = HV~!|5q, then we get that there exists a constant C' > 0
such that

”TerLq(é)Q,da) <C-: ||f||W1,p(Q)

for every f € WP(Q) and 1 < ¢ < p(N —1)/(N — p). This is a well-known result;
see Adams [2| Theorem 5.22].

7. TRACES FOR UPPER AHLFORS MEASURES

If one is only interested in traces of Sobolev functions in L%-spaces, there is no
need to pass through a Besov space as we will show here. Note that the heart of all
these trace results is contained in Theorems [B.4] and We will use the following
theorem, which goes back to D. R. Adams (see [I, Theorem 7.2.2]).

Theorem 7.1. Let 1 < p < q¢ < oo and u be a (positive) Radon measure on RY.
Then the following are equivalent.

(1) I:WEP(RN) — LYRY dy) is well-defined and continuous.
(2) There exists a constant C' > 0 such that for all z € RN and r € (0,1],

u(B(z,r)) < C - Cap, (B(z, 7)) "7

From this beautiful theorem we get immediately the following result.
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Theorem 7.2. Let1 <p < g <o0, QC RY be a bounded WP-extension domain,
S C Q closed and p be a (positive) Radon measure on S. Then the following are
equivalent.

(1) Tr: WHP(Q) — L9(S,du) is well-defined and continuous.
(2) There ezists a constant C > 0 such that for all x € S and r € (0, 1],

u(B(z,r)) < C - Cap, (B(z, 7)) "7

For concrete applications one is interested in having a sufficient and easy to
verify condition on the measure p to get the continuity of the trace operator. This
is obtained in the following.

Corollary 7.3. Letp € (1, N) and Q C RN be a bounded W'P-extension domain
and S C Q be closed. If i is an upper d-Ahlfors measure on S with d € (N —p, N),
then

Tr: WHP(Q) — L9(S, du)
is continuous for q :=dp/(N —p) > p and
Tr: WhP(Q) — L*(S, du)
is compact for all s € [1,q).
Proof. Using that there exists a constant C; > 0 such that Cap,(B(z,7)) > C\ -
rN=P for all z € RY and r > 0, we get that
w(B(z,r)) < Mrt < Cy - Capp(B(x,r))d/(N*p) =Cy- Capp(B(:c,r))Q/”

for all z € 9Q and r € (0,1]. Hence by Theorem we get the continuity of
Tr : WHP(Q) — L9(09Q,du). The compactness follows from [I, Theorem 7.3.2];
note that p(9Q) < oco. O

Corollary 7.4. Letp > N > 2 and 2 C RY be a bounded WP -extension domain,
S C Q be a closed set, u be an upper d-Ahlfors measure on S with d € (0, N) and
let ¢ € [1,00). Then there exists a linear and compact trace operator

Tr: WHP(Q) — L9(S, du)
such that Tru = u|g for all u € C(Q) N WLP(Q).

Proof. Let s € (1,N) be such that d € (N —s,N) and r := ds/(N — s) > ¢ and
let B be an open ball such that & C B. Denote by E an extension operator from
WP(Q) — WLP(B) and let Try : WH¥(B) — L"(S,du) be given by Corollary [7.3l
Then Tr given by

Whe(Q) B Wi(B) < Wb (B) 2 LUTD/2(S, du) < LI(S, dp)

is compact. (I

8. FINAL REMARKS

The following interesting result, which gives a relation between W!P-extension
domains and trace operators, is obtained by P. Harjulehto [9, Theorem 4.3]:

Theorem 8.1. Let p € (N —1,00), Q C RY be a bounded domain such that its
boundary is d-regqular, d € [N — 1, N). Then the following are equivalent:

(1) Q is a WhP-eatension domain.
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(2) There exists a bounded linear trace operator

. B d
T:WhY(Q) = BY_ (4,09, dH7)

such that Tu = lim, ;o A\(Q(z,7))~? fQ(x ” u(z) dz He-a.e. on O and Lip-

schitz continuous functions are dense in WP (Q).

Here Q(z,r) := QN B(zx,r).

For further and related results we refer the reader to Adams and Hedberg [I],

Hajlasz and Martio [§], Jonsson [10], Maz'ya [1I], Wallin [I2] and the references
therein.
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