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Abstract. Minimal group actions on dendrites appear naturally in the study
of 3-dimensional hyperbolic geometry. In this paper, it is shown that if a

group G acts on a nondegenerate dendrite X minimally, then X admits no
G-invariant measure. In particular, G cannot be amenable.

1. Introductions and preliminaries

By a Kleinian group we mean a group Γ acting freely and properly discontin-
uously on hyperbolic 3-space, H3. The limit set Λ(Γ) of Γ consists of the points
x ∈ ∂H3 such that there is a sequence γi ∈ Γ and some y ∈ H3 with lim

i→∞
γi(y) = x.

Clearly Λ(Γ) is a Γ-invariant closed subset of ∂H3. It is well known that the action
of Γ on Λ(Γ) is minimal; that is, there is no nonempty proper Γ-invariant closed
subset of Λ(Γ) (see [7, page 601] and (b) of Remark 1.2 below). In some cases, Λ(Γ)
is known to be a dendrite, and its Hausdorff dimension has been calculated by some
authors (see e.g. [2, 3]). These facts motivate us to study the minimal dynamical
systems of group actions on dendrites. In fact, the topological dynamical systems
of group actions on dendrites have been studied by some authors (see e.g. [4, 8]).

Before stating our main results, let us recall some notions. Let X be a topolog-
ical space and let Homeo(X) be the homeomorphism group of X. Suppose that G
is a discrete topological group. By an action of G on X, we mean a group homo-
morphism φ : G → Homeo(X). For convenience, we often use the pair (X,G) to
denote a group action, and we denote φ(g)(x) simply by gx or g(x).

The G-orbit of a point x ∈ X is the set Gx = {gx : g ∈ G}. For a subset A ⊆ X,
let GA =

⋃
x∈AGx. A subset A ⊆ X is said to be G-invariant if GA = A. A Borel

measure µ on X is G-invariant if µ(gA) = µ(A) for any g ∈ G and for any Borel
subset A of X.

Definition 1.1. The action of G on X is
(a) topologically transitive if for any two nonempty open subsets U and V of X,

there is some g ∈ G such that g(U) ∩ V �= ∅.
(b) weakly mixing if the diagonal action of G on the product space X × X

is topologically transitive, or equivalently for any two families of nonempty open
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subsets U1, U2 and V1, V2 of X, there is some g ∈ G such that g(Ui) ∩ Vi �= ∅ for
each i = 1, 2.

(c) point transitive if there is some point x ∈ X such that the G-orbit Gx is
dense in X. Such an x is called a transitive point.

(d) minimal if Gx is dense in X for each x ∈ X.

Remark 1.2. For Definition 1.1, we have
(a) when G is countable and X is a Polish space, the two notions of topolog-

ical transitivity and point transitivity are the same, and in fact the collection of
transitive points form a dense Gδ set in X.

(b) the condition (d) is equivalent to saying that X has no proper G-invariant
closed subset of X.

A continuum is a compact connected metric space. A continuum is degenerate if
it is a point. A dendrite X is a locally connected continuum containing no simple
closed curve.

A topological group G is amenable if there is an invariant mean on B(G), the
bounded right uniformly continuous functions on G. When G is discrete, there is an
intrinsic characterization given by Føler: G is amenable if and only if for any ε > 0
and any finite subset K of G, there is a finite set A of G such that |gA�A|/|A| < ε,
for all g ∈ K, where | | denotes a cardinal number. It is well known that every
abelian group must be amenable and every amenable group action on a compact
metric space must have an invariant measure. For details about amenability, one
may consult [6].

In this paper, we prove the following:

Theorem 1.3. If a group G acts on a nondegenerate dendrite X minimally, then
X admits no G-invariant measure. In particular, G cannot be amenable.

The proof of the theorem relies in the structure theory of minimal flows estab-
lished by H. Furstenberg and R. Ellis et al.

2. Regionally proximal relations and weak mixing

Let G be a discrete group, X a metric space with metric d, and φ : G →
Homeo(X) a group action. Recall that φ is said to be equicontinuous if for any
ε > 0 there is a δ > 0 such that whenever d(x, y) < δ, then d(gx, gy) < ε, for all
g ∈ G.

Let φ : G → Homeo(X) and ψ : G → Homeo(Y ) be two actions of group G on
compact metric spaces. If there is a continuous surjection π : X → Y such that for
all x ∈ X and g ∈ G, π(φ(g)(x)) = ψ(g)(π(x)), then (Y,G) is said to be a factor of
(X,G). It is well known that (Y,G) is a factor of (X,G) if and only if there is a
closed G-invariant equivalence relation R ⊂ X ×X such that Y = X/R.

Recall that the equicontinuous structure relation Req is the smallest closed G-
invariant equivalence relation S ⊂ X ×X such that the factor (X/S,G) is equicon-
tinuous (see [1, page 126]). The regionally proximal relation Q consists of the pair
(x, y) ∈ X × X such that there are sequences {(xi, yi)} in X × X and {gi} in G
such that xi → x, yi → y and d(gixi, giyi) → 0 as i → ∞. Clearly Q is closed, but
it is not an equivalence relation in general. However it is really the case under some
assumptions, just as the following theorem shows (see e.g. [1, page 130]).
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Theorem 2.1. Let (X,G) be a minimal group action with an invariant Borel
probability measure λ. Then the equicontinuous structure relation Seq coincides
with the regionally proximal relation Q.

The following theorem is well known in dynamical systems (see e.g. [1, page 133]).

Theorem 2.2. Let (X,G) be a minimal group action, with X metric, which admits
an invariant measure λ. Then the following are equivalent:

(a) (X,G) is weakly mixing.
(b) (X,G) has no non-trivial equicontinuous factor (i.e., Seq = X ×X).

Now we list some facts about dendrites in the following lemma which will be
used in the following proofs. For details one may consult [5].

Lemma 2.3. For a dendrite X, we have the following facts:
(a) For any two points x, y ∈ X there is a unique arc [x, y] in X connecting x

and y.
(b) Every subcontinuum of X is a dendrite, and every connected subset of X is

arcwise connected.
(c) Every point x ∈ X has a neighborhood basis consisting of subdendrites.

The following lemma can be deduced from [5, 8.30]. For completeness, we give
a direct proof here.

Lemma 2.4. Let X be a dendrite with metric d. Then for any ε > 0 there is a
δ = δ(ε) ∈ (0, ε/2] such that for any x, y ∈ X with 0 < d(x, y) � δ, the diameter
diam([x, y]) < ε.

Proof. Assume that the conclusion is false. Then there exist ε0 > 0 and xi, yi ∈ X
such that d(xi, yi) → 0 as i → ∞ and diam([xi, yi]) ≥ ε0 for all i. Passing through
a subsequence if necessary, we may suppose that xi → z and yi → z as i → ∞,
for some z ∈ X. Choose a dendrite neighborhood U of z with diam(U) < ε0/2.
Then, for sufficiently large i, we have xi, yi ∈ U . Thus [xi, yi] ⊆ U. This implies
that diam([xi, yi]) < ε0, which is a contradiction. Thus we complete the proof. �

Let R ⊂ X × X be a relation on X and x ∈ X. We use the symbol R[x] to
denote the set {y ∈ X : (x, y) ∈ R}. Then we have

Lemma 2.5. Let (X,G) be a group action where X is a dendrite with metric d.
Then for every x ∈ X, Q[x] is a subdendrite of X where Q is the regionally proximal
relation for (X,G).

Proof. Let x, y be any two different points in X with (x, y) ∈ Q. Then there are
sequences (xi, yi) ∈ X ×X and gi ∈ G with xi → x, yi → y and d(gixi, giyi) → 0
as i → ∞. Let [x, y] be the (unique) arc from x to y. Then for every z ∈ [x, y]
with z �= x and z �= y there are dendrite neighborhoods Ux of x and Uy of y
with Ux ∩ Uy = ∅ and z /∈ Ux ∪ Uy by (c) of Lemma 2.3. Thus for sufficiently
large i, we have xi ∈ Ux and yi ∈ Uy. It follows from (a) and (b) of Lemma 2.3
that the arc [x, y] is contained in the subcontinuum [x, xi] ∪ [xi, yi] ∪ [yi, y]. Since
[x, xi] ⊂ Ux and [yi, y] ⊂ Uy by (a) and (b) of Lemma 2.3 , we have z ∈ [xi, yi]. Since
diam([gixi, giyi]) → 0 as i → ∞ by Lemma 2.4, we obtain that d(gixi, giz) → 0 as
i → ∞. By the definition of regionally proximal relation, we see that (x, z) ∈ Q.
Since z is arbitrary, we get that [x, y] ⊂ Q. This implies that Q[x] is connected, and
so Q[x] is a subdendrite by the fact that Q is a closed relation. Thus we complete
the proof. �
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3. Proof of the main theorem

Let X and Y be two topological spaces. Recall that a continuous map f : X → Y
is said to be monotone if f−1(y) is connected for each y ∈ Y .

The following theorem is well known in Continuum Theory (see [5, Corol-
lary 13.41]).

Theorem 3.1. Let X be a dendrite and Y be a continuum. If f is a monotone
continuous map from X onto Y , then Y is a dendrite.

Recall that a continuum X is homogeneous if for any two points x, y ∈ X there is
a homeomorphism h of X onto itself such that h(x) = y. A point x in a continuum
X is called a cut point if X − {x} is not connected and is called a non-cut point if
X − {x} is connected. By the well known non-cut point existence theorem due to
R. L. Moore (see [5, page 89]), we know that a nondegenerate dendrite must have
at least two non-cut points. In addition, it is known that a nondegenerate dendrite
must have uncountably many cut points (see [5, page 168]). Thus a nondegenerate
dendrite cannot be homogenous; that is, we have the following lemma.

Lemma 3.2. There is no nondegenerate homogenous dendrite.

The following theorem is only part of Theorem 6 in Chapter 3 of [1, page 53].

Theorem 3.3. If a compact metric space X admits an equicontinuous minimal
group action, then X must be homogeneous.

Lemma 3.4. Let X be a dendrite and (X,G) be a minimal action of group G with
an invariant Borel probability measure µ. Then (X,G) must be weakly mixing.

Proof. Let Q be the regionally proximal relation for (X,G). From Lemma 2.5 we
know that Q[x] is connected for each x ∈ X. Thus the factor map π : X →
X/Q, x �→ Q[x] is monotone, and thus X/Q is a dendrite by Theorem 3.1. From
Theorem 2.1 we see that the factor system (X/Q,G) is minimal and equicontinuous.
It follows from Lemma 3.2 that X/Q must be degenerate; that is, X/Q is a point.
Therefore Q = X × X. So, by Theorem 2.2, (X,G) is weakly mixing. Thus we
complete the proof. �

Let X be a metric space with metric d and G be a discrete group. The action
of G on X is said to be sensitive if there is some c > 0 such that for any nonempty
open subset U of X there is a g ∈ G such that diam(g(U)) > c. The number c is
said to be a sensitive constant.

Lemma 3.5. Let (X,G) be a weakly mixing group action, where X is a dendrite
with metric d. Then (X,G) is sensitive.

Proof. Let c = diam(X)/8. Choose two points x0 and y0 in X such that d(x0, y0) =
4c. Let Bd(x0, c) and Bd(y0, c) be open balls of radius c and centers x0 and y0
respectively. Then we have d(Bd(x0, c), Bd(y0, c)) > c. For an arbitrary nonempty
open subset U ⊆ X, since (X,G) is weakly mixing, there is some g ∈ G such that
g(U) ∩ Bd(x0, c) �= ∅ and g(U) ∩ Bd(y0, c) �= ∅. Then diam(g(U)) > c. Hence, c is
a sensitive constant for the action. Thus we complete the proof. �

Before proving our main theorem, let us recall some definitions, following Mai
and the first author [4]. Let A be an arc. End(A) denotes the set of two endpoints

of A, and
◦
A = A− End(A).
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For a dendrite X and an arc A in X, define

X(A) = A ∪ (
⋃
{Y : Y is a component of X −A, and Y ∩

◦
A �= ∅}).

X(A) is called a subdendrite of X strung by A, and A is called the trunk of X(A)
(see [4]).

The following properties can be deduced directly from the definition above.

Lemma 3.6. Let X(A) be a subdendrite of X strung by A. Then:
(a) X(A)− End(A) is open in X.
(b) If A′ is a subarc of A, then X(A′) ⊂ X(A).
(c) If f : X → X is a homeomorphism, then f(X(A)) = X(f(A)).

Let A be an arc, and let ≺ be an ordering in A. If there is a homeomorphism
h : A → [0, 1] such that, for any x, y ∈ A, x ≺ y if and only if h(x) < h(y), then
≺ is called a natural ordering. Suppose that y0, y1, · · · , ym are points in the arc A,
m � 2, and End(A) = {y0, ym}. If y0 ≺ y1 ≺ y2 · · · ≺ ym−1 ≺ ym via a natural
ordering ≺ in A, and d(yk, y0) = k · d(ym, y0)/m for all k = 1, · · · ,m, then the
sequence (y1, y2, · · · , ym−1) is said to be a set of pseudo m-section points of A from
y0 to ym (see [4]).

Lemma 3.7. Let X be a dendrite with metric d. Fix an ε > 0, and let δ = δ(ε)
be as in Lemma 2.4. Suppose [x0, x5] is an arc in X and (x1, · · · , x4) is a set
of pseudo 5-section points of [x0, x5] from x0 to x5. Also, suppose [y0, y5] is an
arc in X and (y1, · · · , y4) is a set of pseudo 5-section points of [y0, y5] from y0
to y5, and d(x0, x5) = d(y0, y5) = 5ε. If d(xi, yi) < δ for all i = 0, · · · , 5, then
[y2, y3] ⊂ [x1, x4].

Proof. By Lemma 2.4, we have that diam([x1, y1]) < ε and diam([x4, y4]) < ε.
Observe that there exists a unique point a ∈ [x1, y1] such that [x1, a]∩[y0, y5] = {a}.
(The point amay be x1 or y1.) Also, there exists a unique point b ∈ [x4, y4] such that
[x4, b]∩ [y0, y5] = {b}. Since diam([x1, a]) < ε, diam([x4, b]) < ε and d(x1, x4) � 3ε,
then [x1, a] ∩ [x4, b] = ∅. Thus [x1, a] ∪ [a, b] ∪ [b, x4] is an arc joining x1 and x4.
Hence [x1, a] ∪ [a, b] ∪ [b, x4]=[x1, x4], which implies that [a, b] ⊂ [x1, x4]. Since
d(y1, {y0, y2}) � ε and diam([a, y1]) < ε, we get a ∈ [y0, y2] − {y0, y2}. Also, since
d(y4, {y3, y5}) � ε and diam([b, y4]) < ε, we have b ∈ [y3, y5]− {y3, y5}. Therefore,
[y2, y3] ⊂ [a, b] ⊂ [x1, x4]. Thus we complete the proof. �

Now we shall give the proof of the main theorem in this paper.

Proof of Theorem 1.3. Assume to the contrary that there is a G-invariant Borel
measure µ on X. Since (X,G) is minimal, the support of µ, supp(µ) = X.

By Lemma 3.4, (X,G) is weakly mixing and hence is sensitive by Lemma 3.5.
Let c0 be a sensitive constant for the action, and let c = c0/30. First take two points
y0,0, y0,5 ∈ X such that d(y0,0, y0,5) = 5c. Let (y0,1, · · · , y0,4) be a set of pseudo
5-section points of [y0,0, y0,5] from y0,0 to y0,5. For the subdendrite X([y0,2, y0,3]),
since (X,G) is sensitive, there is some g1 ∈ G such that diam(g1(X([y0,2, y0,3]))) >
c0(= 30c). Let A1 = g1([y0,2, y0,3]). Then g1(X([y0,2, y0,3])) = X(g1([y0,2, y0,3])) =
X(A1) by (c) of Lemma 3.6.

Consider the subdendrite X(A1). We now choose two points y1,0, y1,5 ∈ X(A1)
such that d(y1,0, y1,5) = 5c and X([y1,0, y1,5]) ⊆ X(A1) as follows. If diam(A1) �
10c, then we need only take y1,0, y1,5 ∈ A1 with d(y1,0, y1,5) = 5c. So X([y1,0, y1,5])
⊆ X(A1); otherwise, diam(A1) < 10c. Then because diam(X(A1)) > 30c, by the
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triangle inequality, there must be a connected component Y of X(A1) − A1 such

that Y ∩
◦
A1 = {x} and diam(Y ) > 10c. So there is y ∈ Y such that d(x, y) > 5c.

Therefore we can take y1,0, y1,5 ∈ [x, y] such that y1,0 = x and d(y1,0, y1,5) = 5c. It
is not difficult to see that X([y1,0, y1,5]) ⊆ X(A1). Let (y1,1, · · · , y1,4) be a set of
pseudo 5-section points of [y1,0, y1,5] from y1,0 to y1,5.

Suppose that for each i � n − 1 we get a subdendrite X([yi,0, yi,5]) such that
d(yi,0, yi,5) = 5c, and (yi,1, · · · , yi,4) is a set of pseudo 5-section points of [yi,0, yi,5]
from yi,0 to yi,5. Moreover, X([yi,0, yi,5]) ⊆ gi(X([yi−1,2, yi−1,3])) for some gi ∈ G.
Now for i = n, by the sensitivity of (X,G), there is some gn ∈ G such that
diam(gn(X([yn−1,2, yn−1,3]))) > c0(> 15c). Let An = gn([yn−1,2, yn−1,3]). Then
gn(X([yn−1,2, yn−1,3])) = X(An). Since diam(X(An)) > 15c, using the same dis-
cussion as above, we can get yn,0, yn,5 ∈ X(An) such that d(yn,0, yn,5) = 5c and
X([yn,0, yn,5]) ⊆ X(An). Let (yn,1, · · · , yn,4) be a set of pseudo 5-section points of
[yn,0, yn,5] from yn,0 to yn,5.

Continuing this process, we will get a sequence {gn}n∈N ⊂ G and a sequence of
subdendrites {X([yn,0, yn,5])}n∈N such that

(i) for each n ∈ N, d(yn,0, yn,5) = 5c, and (yn,1, · · · , yn,4) is a set of pseudo
5-section points of [yn,0, yn,5] from yn,0 to yn,5.

(ii) for each n ∈ N, X([yn,0, yn,5]) ⊆ gn(X([yn−1,2, yn−1,3])).
Let δ = δ(c) be as in Lemma 2.4. Since X is compact, there are two integers q >

p > 0 such that max{d(yp,j , yq,j) : j = 0, · · · , 5} < δ. It follows from Lemma 3.7 that
[yp,2, yp,3] ⊂ [yq,1, yq,4]. Thus by (b) of Lemma 3.6, X([yp,2, yp,3]) ⊂ X([yq,1, yq,4]).
Also, X([yq,1, yq,4]) ⊂ X([yq,0, yq,5]). From condition (ii) above, we see that

(gq · · · gp+1)
−1(X([yq,0, yq,5])) ⊂ X([yp,2, yp,3]) ⊂ X([yq,1, yq,4]).

Let g = (gq · · · gp+1)
−1. Since µ is G-invariant, then

µ(X([yq,0, yq,5])) = µ(g(X([yq,0, yq,5]))) ≤ µ(X([yq,1, yq,4])).

It implies that µ(X([yq,0, yq,5]) − X([yq,1, yq,4])) = 0. Since µ is a full support
measure, we have that X([yq,0, yq,5])−X([yq,1, yq,4]) has empty interior. However,
we see that the nonempty subset X([yq,0, yq,1]) − {yq,0, yq,1}, which is contained
in X([yq,0, yq,5]) − X([yq,1, yq,4]), is open in X by (a) of Lemma 3.6. This is a
contradiction. Thus we complete the proof. �
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