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Q-CURVATURE PRESCRIPTION; FORBIDDEN FUNCTIONS

AND THE GJMS NULL SPACE

A. ROD GOVER

(Communicated by Matthew J. Gursky)

Abstract. On a closed even conformal manifold (M, c), such that the critical
GJMS operator has a non-trivial kernel, we identify and discuss the role of a
finite dimensional vector space N (Q) of functions determined by the conformal
structure. Using these we describe an infinite dimensional class of functions
that cannot be the Q-curvature Qg for any g ∈ c. If certain functions arise in
N (Q), then Qg cannot be constant for any g ∈ c.

1. Introduction

Branson’s Q-curvature Qg is a natural scalar Riemannian invariant defined on
even dimensional manifolds; it was introduced in the far-sighted works [9, 5, 6]
of Branson-Ørsted and Branson. Other approaches to obtaining Qg, and explicit
formulae in low dimensions, may be found in [19, 20, 22]. The problem of confor-
mally prescribing Q-curvature is that of determining, on a fixed even dimensional
conformal structure (Mn, c), which functions may be the Q-curvature Qg for some
g ∈ c; in other words, it is the problem of characterising the range of the map

(1) Q : c → C∞(M) given by g �→ Qg .

This has drawn considerable attention recently (e.g. [2, 3, 12, 15, 26]), and especially
the uniformisation type problem of whether one may find a metric in c with Qg

constant; see for example [13, 14, 16] and the references therein.
Throughout we shall work on an even closed (that is, compact without boundary)

and connected conformal manifold (M, c) of dimension n ≥ 4. All structures will be
taken to be smooth, and here c is a Riemannian conformal class, i.e. an equivalence
class of Riemannian metrics where g ∼ ĝ means that ĝ = e2ωg for some ω ∈ C∞(M).
For metrics related in this way, their Q-curvatures are related by

(2) Qĝ = e−nω
(
Qg + P gω

)
,

where the linear differential operator P g : C∞(M) → C∞(M) is the critical (mean-
ing dimension order) GJMS operator of [21]. In dimension 4, P g is due to Paneitz.
In all (even) dimensions this operator takes the form P g=∆n/2+lower order terms,
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where ∆ indicates the Laplacian. Importantly, it is formally selfadjoint [23] and
may be expressed as a composition

(3) P g = δMd,

where δ is the formal adjoint of the exterior derivative d, and M is some other
linear differential operator (from 1-form fields to 1-form fields). It is a consequence
of the Q-curvature transformation law (2) that P g is conformally invariant in the
sense that if g and ĝ are conformally related, as above, then P ĝ = e−nωP g. Given
a linear operator Op, we shall write N (Op) for its kernel. Note that N (P g) is
conformally stable. That is, for any pair of metrics g, ĝ in the conformal class c we
have N (P g) = N (P ĝ). We shall usually simply write N (P ) for this space.

Note that N (d) is the space of constant functions and (3) implies N (d) ⊆ N (P ).
Much of the previous work on the prescription equation (2) has assumed, or re-
stricted to settings where, the operator P has trivial kernel, meaning N (d) = N (P ).
However, the operator P g can have a non-trivial kernel. For the Paneitz operator,
in dimension 4, explicit examples are due to Eastwood and Singer [17]; see also [18].
(Each of these is a conformally flat product of a sphere with a Riemann surface
and admits a metric g with Qg constant but not zero.) Thus here we restrict to
n ≥ 4 and make some first steps to study the consequences of the GJMS operator
P g having non-trivial kernel. The first such is the existence of a class of forbidden
functions, that is, functions that cannot be in the range of Q (in (1)), as follows.

Theorem 1.1. On a closed connected conformal manifold (M, c) with N (P ) �=
N (d), there are non-zero functions u ∈ N (P ) such that for no pair (g ∈ c, α ∈ R),
α �= 0, we have Qg = αu. If kQ :=

∫
M

Q is not zero, or if dimN (P ) ≥ 3, then
there are such functions u which are non-constant. In any case there is a space of
functions F , with infinite dimensional linear span, such that if f ∈ F , then for no
pair (g ∈ c, α ∈ R), α �= 0, we have Qg = αf .

Most of the theorem is established in Section 2 via a conformally determined
linear space of functions (denoted N (Q)) as forbidden functions in N (P ). Sec-
tion 3 explores the space N (Q) and its relation to N (P ). Proposition 3.2 gives a
strengthening of Theorem 1.1 for the cases where

∫
Q is non-zero. Theorem 3.3

shows that when
∫
Q is not zero, N (P ) admits a conformally invariant direct sum

decomposition into the space of constant functions versus the functions suitably
orthogonal to Q. This is also interesting because, in the case that there is g ∈ c
with Qg constant, it recovers the Hodge decomposition of N (P ) with respect to
that metric. The main remaining result in Section 3 is Theorem 3.4. In the cases∫
Q �= 0 this shows that certain functions in N (Q) (if they arise) obstruct the

prescription of constant Q-curvature.
On the sphere, forbidden functions for Q-prescription have been identified in [15]

(and also for other “Q-curvatures”) via Kazdan-Warner type identities; cf. [24, 4].
Ostensibly, this is a different phenomenon to that discussed here.

Constructions of natural scalar Riemannian invariants with conformal transfor-
mation properties similar to the Q-curvature have been described in [19, 20, 11].
Most of the results developed below extend easily to prescription problems based
around such invariants.

Some issues related to studying Q-prescription when P g has non-trivial kernel
were touched on in [25]. The current work was partly motivated by the questions
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suggested there and by discussions with Andrea Malchiodi. Conversations with
Michael Eastwood are also much appreciated.

2. The proof of Theorem 1.1

We recall from [7] (updated as [8]) the following observation.

Proposition 2.1. For u ∈ N (P ),
∫
M

uQg µg is conformally invariant.

Here we write µg for the canonical measure determined by the metric. For our
current purposes it is useful to review the proof of the proposition.

Proof. Recall that if ĝ = e2ωg, ω ∈ C∞(M), then we have the Q-curvature transfor-
mation (2). Since the measure µg transforms conformally according to µĝ = enωµg,
we have∫

M

uQĝ µĝ =

∫
M

ue−nω
(
Qg + P gω

)
enω µg =

∫
M

uQg µg +

∫
M

u(P gω) µg .

But P g is formally selfadjoint [23], and so the second term drops out. �

Let us write Q for the linear operator Q : N (P ) → R given by u �→
∫
M

Qgu µg,
and N (Q) for its kernel. Proposition 2.1 may be viewed as the statement that Q
is conformally invariant.

Lemma 2.2. If 0 �= u ∈ N (Q), then there is no g ∈ c with Qg = u.

Proof. Given u ∈ N (Q), suppose that for some g′ ∈ c we have Qg′
= u. Then

u ∈ N (Q) implies that 0 =
∫
M

uQgµg. Since u ∈ N (P ), the right hand side is
conformally invariant. So we may calculate in the metric g′, whence

0 =

∫
M

uQg′
µg′ =

∫
M

|u|2µg′

and so u = 0. �

Proof of the first statement in Theorem 1.1. Since Q : N (P ) → R is linear, it
follows that N (Q) has codimension at most 1. Thus if N (d) �= N (P ), then
N (Q) �= {0}. So the statement follows from Lemma 2.2. �

So the non-zero elements of N (Q) are forbidden functions. In fact we should
really view N (Q) \ {0} (and more generally N (P ) \ {0}) as a space of constraints
on the range of Q, as follows. If f ∈ C∞(M) is in the range of Q, then it must
be that there is g ∈ c with

∫
M

fuµg = 0 for all u ∈ N (Q) \ {0}. For g ∈ c, let us

write N (Q)⊥g for the orthogonal complement in C∞(M) of N (Q) with respect to
the usual L2 inner product on (M, g). Let us make the definitions

Fg := {f ∈ C∞(M) : f /∈ N (Q)⊥g}
and F :=

⋂
g∈c Fg. By an obvious adaption of the proof of Lemma 2.2 we have the

following.

Proposition 2.3. If f ∈ F , then there is no pair (g ∈ c, α ∈ R), α �= 0, such that
Qg = αf .

From the proof of Lemma 2.2 we also have that F ⊇ N (Q) \ {0}. The last
statement of Theorem 1.1 uses the following.
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Proposition 2.4. If N (Q) contains non-constant functions, then the containment
F ⊇ N (Q) \ {0} is proper and the span of F is infinite dimensional.

Proof. Observe that if u ∈ N (Q), then, for example, up ∈ F for p an odd positive
integer. If u is non-constant, then there is no linear relation among the up as p
ranges over odd positive integers. On the other hand, N (Q) ⊆ N (P ) and N (P ) is
finite dimensional since P is elliptic and M is compact. �

In the spirit of the proof here, note that if f : R → R is any function with the
same strict sign as the identity, then, for any u ∈ N (Q) \ {0}, f(u) is in F .

So to complete the proof of the theorem, the main remaining task is to show
when N (Q) necessarily contains non-constant functions. Although various cases
are easily settled, it is worthwhile to first look at the structure of N (P ).

3. The structure and role of N (P ) and N (Q)

Given a metric g on M , let us write Qg
: C∞(M) → R for the map f �→∫

M
fQg µg. (SoQ agrees with the restriction ofQg

toN (P ).) We have the following
interpretation of N (Q).

Proposition 3.1. Given a conformal class c on a closed manifold M , we have

(4) N (Q) =
⋂
g∈c

N (Qg
).

Proof. ⊆: This is obvious from the conformal invariance of Q.
⊇: Since P g is formally selfadjoint, given u ∈ C∞(M), it follows easily from (2)

that if ∫
M

uQg µg =

∫
M

uQĝ µĝ for all (g, ĝ) ∈ c× c,

then u ∈ N (P ). If u ∈
⋂

g∈c N (Qg
), then we have the situation of the display and

also that
∫
M

uQgµg = 0. So u ∈ N (Q). �

Remark. Note that, since the L2 inner product is definite, (excepting 0) the right
hand side of (4) consists of functions which are manifestly not in the range of Q.
Thus the proposition above gives an alternative proof of Lemma 2.2.

For q ∈ R we use, as usual, the same notation for the constant function on M
with value q. Since Pk1 = 0, it follows from Proposition 2.1 that kQ :=

∫
M

Qg µg

is a global conformal invariant, as is well known from [9, 5]. This gives immediate
restrictions on the range of Qg. Let us write E+ (resp. E−) for the space of functions
f ∈ C∞(M) such that f is pointwise non-negative (respectively non-positive) but
not identically zero. We will write E± for the union of these spaces. If kQ = 0, then
we have the well known result that any f ∈ E± is not in the range of Q. In fact
this provides examples of f ∈ F \

(
N (Q) \ {0}

)
: when kQ = 0 we have 1 ∈ N (Q)

and for no metric g ∈ c is f orthogonal to 1. Similarly there are obvious (and well
known) constraints from 1 ∈ N (P ) when kQ �= 0. For completeness we combine
here these facts with our earlier results, as follows.

Proposition 3.2. If kQ = 0, then F ⊇ E±. In particular F spans an infinite
dimensional vector space. If kQ > 0 (alternatively kQ < 0), then the functions in
E− ∪ F ∪ {0} (resp. E+ ∪ F ∪ {0}) are not in the range of Q.
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Next we exhibit a decomposition ofN (P ) which establishes the second statement
of Theorem 1.1 for the case that kQ �= 0. It is also of independent interest.

Theorem 3.3. Suppose that kQ �= 0. Then we have a conformally invariant direct
decomposition

(5) N (P ) = N (d)⊕N
(
Q) .

Proof of Theorem 3.3. N (P ) and N (d) are conformally invariant linear subspaces
of C∞(M). The vector space inclusion N (d) ↪→ N (P ) is split by the conformally
invariant map N (P ) � u �→ u0 := 1

kQ
Q(u). (So explicitly (5) is given by u =

u0 + (u− u0) for u ∈ N (P ).) �

Remarks. The decomposition of the theorem is not necessarily orthogonal for any
metric g ∈ c. This is linked to whether or not we may prescribe constant Q-
curvature, and for N (P ), (5) is a conformal version of the Hodge decomposition.
We mean this as follows.

First suppose that there is g ∈ c with Qg = q constant. Since we assume kQ �= 0,
it follows that q �= 0. By the Hodge decomposition on (M, g), for any u ∈ C∞(M)
we have u = u + u1, where u is a constant function and u1 is a divergence. In
particular we may apply this decomposition to u ∈ N (P ). We have u ∈ N (d),
u1 ∈ N (P ) and

∫
M

u1Q
gµg = q

∫
M

u1µg = 0. So u1 ∈ N (Q). On the other hand,

u0 :=
1

kQ

∫
M

uQg µg =
q

kQ

∫
M

(u+ u1) µg =
u

kQ

∫
M

q µg = u.

So we also have u1 = u−u0. This shows that if Q
g = q is constant, then, on (M, g),

the Hodge decomposition of N (P ) agrees with (5). But the latter is conformally
invariant and so gives a conformally invariant and canonical route to the Hodge
decomposition of N (P ), with respect to the metric g that has Qg constant.

However, in general, we do not know there is a metric g that makes Qg constant;
there is no preferred metric to exploit for a Hodge decomposition. Nevertheless we
always have the conformal decomposition (5).

Finally we note that Theorem 3.3 is closely related to the so-called “conformal
harmonics” of [10] (see also [1]). In fact it gives additional structure to the k = 1
complex of [10, Proposition 2.5].

These observations suggest the following problem. Recall that E± is the space
of non-zero functions which are either non-negative or non-positive.

Question 1. Suppose that kQ �= 0. Can the finite dimensional vector space N (Q)
intersect non-trivially with E±?

This question is interesting because if there are such functions, then they obstruct
the prescription of constant Q-curvature. To simplify the statement, note that
f ∈ N (Q) ∩ E− is equivalent to −f ∈ N (Q) ∩ E+.

Theorem 3.4. Assume (M, c) is a closed conformal manifold with kQ �= 0. Suppose
there is u ∈ N (Q) \ {0} such that u is pointwise non-negative. Then � ∃g ∈ c with
Qg either pointwise positive or pointwise negative. In particular there is no g ∈ c
with Qg constant.

Proof. From Proposition 2.1, 0 =
∫
M

uQgµg is conformally invariant, but for no
metric is u orthogonal to a strictly positive or strictly negative function. �
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Note that if kQ = 0, then N (d) ⊆ N
(
Q). So we cannot have the decomposition

(5). However in this case there is the possibility thatN (Q) = N (P ). From standard
Fredholm theory, there is a characterisation of this situation, as follows.

Proposition 3.5. On a conformal manifold (M, c),(
N (P ) = N (Q)

)
⇔

(
∃g ∈ c s.t. Qg = 0

)
.

This is simply a restatement of an observation of Malchiodi in [25, Section 3],
and there the following question is suggested.

Question 2. Suppose that kQ = 0. Can there be functions in N (P ) which are not
orthogonal to Qg?

As for question 1, such functions obstruct the prescription of constant Qg.

4. Remark and proof of Theorem 1.1

Suppose that kQ = 0 and dimN (P ) = 2. Then either N (Q) = N (P ), and 0 is
in the range of Q but all other elements of N (P ) are forbidden, or N (Q) = N (d)
in which case we cannot solve for constant Qg, but we cannot identify non-constant
forbidden functions in N (P ). On the other hand, if dimN (P ) > 2, then it is clear
that we always get non-constant (and even mixed sign) functions in N (P ) that
are not in the range of Q (as claimed in Theorem 1.1). On the other hand, when
kQ �= 0, it is immediate from, for example, Theorem 3.3 that N (Q) \ {0} consists
of non-contant functions.
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