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POSITIVE SCALAR CURVATURE

OF TOTALLY NONSPIN MANIFOLDS

STANLEY CHANG

(Communicated by Alexander N. Dranishnikov)

Abstract. In this paper we address the issue of positive scalar curvature on
oriented nonspin compact manifolds whose universal cover is also nonspin. We
provide a conjecture for an obstruction to such curvature in this venue that
takes into account all the data known to date. The conjecture is proved for a
wide class of closed manifolds based on their fundamental group structure.

1. Introduction

The positive scalar curvature problem for spin manifolds has been extensively
studied. For connected closed spin manifolds M of dimension at least five and
fundamental group Γ, the Gromov-Lawson-Rosenberg Conjecture predicted that
the existence of such a metric on M is equivalent to the vanishing of the generalized
Dirac index α(M, f) in the real K-theory group KOn(C

∗
rΓ). Here f : M → BΓ is

the classifying map for the universal cover of M . While this conjecture is now
known to be false for general Γ, a stable version of this conjecture definitively
holds for spin manifolds with fundamental group Γ provided that the Baum-Connes
assembly map KOΓ

∗ (EΓ) → KO∗(C
∗Γ) is injective. In particular, the hypothesis

of this theorem is satisfied whenever Γ can be embedded discretely in a Lie group
with finitely many connected components. For a survey on this subject, the reader
should consult [10]. A discussion of the relationship between positive curvature and
the Novikov conjecture can be found in [20, 21, 22].

In this article we will examine the nonspin case. Let Mn be a connected closed
manifold of dimension at least 5 and let f : M → BΓ be the classifying map for its
universal cover. If M is oriented, then we say that M is totally nonspin if its univer-

sal cover M̃ is nonspin. Note that a spin structure on M lifts to a spin structure on
the universal cover, so a totally nonspin manifold must itself be nonspin. Gromov
and Lawson have shown that if Mn is closed, simply connected and nonspin, then
M admits a metric of positive scalar curvature for n ≥ 5. Along these lines, one
can postulate that any closed, totally nonspin manifold Mn with n ≥ 5 has the
same curvature phenomenon. While this statement holds for orientable manifolds
with finite cyclic fundamental group, a counterexample to this conjecture has long
been known. Schoen and Yau have shown using minimal hypersurface techniques
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that the totally nonspin manifold T 6#(CP2×S2) lacks any metric of positive scalar
curvature.

Until now no obstruction to positive scalar curvature on totally nonspin mani-
folds has been identified or even proposed. We will attempt to repair this defect
by examining the following conjectures, first stated by Rosenberg and Weinberger.
Here for a finitely presented group Γ we denote by BΓ the usual classifying space
for free Γ-actions and by BΓ the classifying space for proper Γ-actions. Notice that
it is clear that Conjecture 2 follows immediately from Conjecture 1.

Conjecture 1. Suppose that M is a totally nonspin manifold with fundamental
group Γ and dimension at least five. Let f : M → BΓ be the composition of the
classifying map M → BΓ and the natural map BΓ → BΓ. Denote by [M ] the
fundamental class of M in Hn(M). Then M admits a metric of positive scalar
curvature iff f∗[M ] vanishes in Hn(BΓ).

Conjecture 2. If dimBΓ < ∞, then there is an integer N such that if M is a
totally nonspin manifold with π1(M) = Γ and dimM > N , then M has a metric
of positive scalar curvature.

Since totally nonspin manifolds without metrics of positive scalar curvature are
not well understood and difficult to identify, we will mostly be offering positive
solutions to Conjecture 1, with some notable exceptions in Section 4. It should be
noted that results in the flavor of Corollary 2 appear in [3] and [9].

The unstable Gromov-Lawson-Rosenberg conjecture, which was first shown to
fail in the case Γ = Z4×Z3, has nevertheless been verified for various cyclic groups,
quaternionic groups, free groups, free abelian groups and the fundamental groups
of orientable surfaces. It is now known that this conjecture also holds for groups
Γ of small geometric dimension, in particular if dim(M) ≥ max{dim(BΓ) − 4, 5}
provided that the assembly map for Γ is split injective [11]. Our goal is to verify
the above conjectures for similarly large classes of groups. In particular, we will
establish the validity of either or both of these statements for finite elementary
groups, free abelian groups, maximally self-normalizing groups and groups satisfy-
ing various cohomological dimension conditions.

I would like to thank Shmuel Weinberger, Jim Davis and Jonathan Alperin
for useful conversations. Special thanks go to the referee for offering very helpful
comments and suggestions.

2. Proper classifying spaces

We describe the construction and some basic properties of BΓ, the classifying
space for proper Γ-actions [1, 16, 17]. We will discuss them in some generality,
although for the purposes of the theorems of this paper we will later require Γ only
to be discrete and finitely presented. To each locally compact group Γ, we can
associate a space EΓ which is defined up to equivariant homotopy in the following
manner. First, we say that a topological space X is a Γ-space if X is endowed with
a continuous action Γ × X → X of Γ on X. Assume that both X and X/Γ are
both metrizable. We say that the action is proper if, for every p ∈ X, there is a
triple (U,H, ρ) such that (a) U is an open neighborhood of p in X with gu ∈ U for
all (g, u) ∈ Γ × U , (b) H is a compact subgroup of Γ, (c) the map ρ : U → Γ/H
is continuous Γ-equivariant. In this case the space X is called a proper Γ-space.
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A universal example for proper Γ-actions is a proper Γ-space EΓ such that if X
is any proper Γ-space, then there is a Γ-map g : X → EΓ that is unique up to
Γ-homotopy; i.e. any two Γ-maps from X to EΓ are homotopic through Γ-maps.
If W is the disjoint union of all the homogeneous spaces Γ/H, where the union is
taken over all compact subgroups H of Γ, then the infinite join W ∗ W ∗ · · · is a
universal example for proper Γ-actions. If Γ is a discrete group, there is an easier
model for EΓ. Let

XΓ =

⎧⎨
⎩f : Γ → [0, 1] : f has finite support and

∑
γ∈Γ

f(γ) = 1

⎫⎬
⎭ ,

equipped with the evident action of Γ by translation and topology determined by

d(f1, f2) = sup
γ∈Γ

|f1(γ)− f2(γ)|.

Then XΓ is a proper Γ-space and is universal. As a set it is simply the geomet-
ric realization of the simplicial complex whose q-simplices are the (q + 1)-element
subsets of Γ.

If Γ is a locally compact group, we then define the classifying space for proper
Γ-actions to be the quotient space BΓ = EΓ/Γ. It is classifying in the following
sense. If X is any metrizable space, we say that a proper Γ-space over X is a pair
(Z, p), where Z is a proper Γ-space and p : Z → X is a continuous map such that
(a) p(gz) = p(z) for all (g, z) ∈ Γ× Z and (b) the map Z/Γ → X determined by Γ
is a homeomorphism. We say that two proper Γ-spaces (Z, p) and (Z ′, p′) over X
are isomorphic if there is a homeomorphic Γ-map f : Z → Z ′ such that p = p′ ◦ f .
If P (Γ, X) is the set of homotopy classes of proper Γ-spaces over X, the function
[X,BΓ] → P (G,X), which assigns to the homotopy class of a map ψ : X → BΓ
the pullback along ψ of the map EΓ → BΓ, is a bijection of sets.

Analogous to the notion that the terminal object EΓ in the Γ-homotopy category
of Γ-CW complexes can be characterized as a free contractible Γ-space, one can use
the equivariant Whitehead theorem to assert the following analogue of the well-
known nonequivariant case:

Proposition 2.1. A proper Γ-CW complex is a model for EΓ iff the H-fixed point
set XH is nonempty and contractible for each finite subgroup H ⊆ Γ.

In fact, one should mention that this notion can be easily generalized to account
for classifying spaces of various types. Following Lück we consider a group G and
a family F of subgroups of G closed under conjugation and finite intersection. A
model E(G,F) for the classifying G-CW complex for F is a G-CW complex which
has the properties that (i) all isotropy groups of the G-action on E(G,F) belong to
F and (ii) for any G-CW complex Y whose isotropy groups belong to F , there is
exactly one G-map Y → X up to G-homotopy. Stated otherwise, the space E(G,F)
is a terminal object in the G-homotopy category of G-CW complexes whose isotropy
groups belong to F .

It is clear that E(Γ,F) is precisely EΓ when F = Ft consists of just the trivial
subgroup and that E(Γ,F) is EΓ when F = Fc is the family of compact subgroups
of Γ. Of course, when Γ is discrete, then E(Γ,Fc) coincides with E(Γ,Ff ), where
Ff is the family of all finite subgroups of Γ. For general F there is a model for
E(G,F), and any G-CW complex X is such a model iff all of its isotropy groups
belong to F and the fixed point set XH is weakly contractible for each H ∈ F .
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The following examples will show that the classifying spaces EΓ and BΓ are
natural objects that are oftentimes easier to compute than their free counterparts:

(1) If Γ is compact, then any Γ-space is proper, so both EΓ and BΓ may be
modelled by a single point.

(2) If Γ has no nontrivial compact subgroups, then every proper Γ-space X is a
locally trivial principal Γ-bundle over X/Γ, so EΓ coincides with the usual
universal Γ-space EΓ and BΓ is identified with BΓ.

(3) Let G be a Lie group with finitely many components and maximal subgroup
K. If Γ is any discrete subgroup of G, then EΓ = G/K and BΓ = Γ\G/K.
If Γ is torsion-free, then Γ\G/K is a manifold; otherwise it is an orbifold.

(4) The group G = D∞ = Z � Z2 acts properly on Z, where the Z factor acts
by translation and the Z2 factor acts by reflection across the origin. The
isotropy groups are Z2 at the integers and are otherwise trivial. Therefore
R is a model for ED∞ and BD∞ is a closed interval with isotropy Z2 at
each endpoint.

(5) For discrete groups Γ and Γ′ we have B(Γ×Γ′) = BΓ×BΓ′ and B(Γ∗Γ′) =
BΓ ∨BΓ′.

It was proved by Leary and Nucinkis [14] that, given any connected CW-complex
X, there is a group Γ for which BΓ is homotopy equivalent to X. Given this result,
we cannot expect to simplify our analysis by exploiting any topological peculiarities
intrinsic in proper classifying spaces.

3. The finite case

For connected closed spin manifolds Mn of dimension at least five, Jung and
Stolz [11] prove that M admits a positive scalar curvature metric iff the Dirac class
D([M, g]) is represented by a spin manifold of positive scalar curvature in the real
connective K-groups kon(BΓ). Here Γ = π1(M) and g : M → BΓ classifies the
universal cover of M . Our main initial tool is the corresponding result for totally
nonspin manifolds, also due to Jung and Stolz. See also [10]. First we offer some
terminology that we will use in this section and in the following.

Definition 3.1. Let Mn be a closed n-dimensional oriented manifold with fun-
damental group Γ. Let g : M → BΓ classify its universal cover. We say that
M is positively representable if there is a closed n-manifold N of positive scalar
curvature with fundamental group Γ and classifying map h : N → BΓ such that
g∗[M ] = h∗[N ] in Hn(BΓ). Here [M ] and [N ] are the fundamental classes of M
and N in their top homology group. By abuse of terminology we may also say in
this case that [M ] or g∗[M ] is positively representable in Hn(BΓ).

Proposition 3.2 ([11]). Let Mn be a connected closed manifold of dimension n ≥ 5
and fundamental group Γ. If M is totally nonspin, then M admits a positive scalar
curvature metric iff M is positively representable.

In effect, this theorem describes the circumstances under which the curvature
phenomenon is only class-dependent. Observe, however, the point that if (Mn, f)
is a spin manifold with no positive scalar curvature metric and if (Nn, g) is closed
manifold with π1(M) ∼= π1(N) and f∗[M ] = g∗[N ] in Hn(BΓ,Z), then the theorem
gives us no information about the curvature properties inherent in N . Note, how-
ever, that if Γ is finite, Conjecture 1 predicts that every compact totally nonspin
manifold is positively representable.
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Remark 3.3. Let M be totally nonspin and compact. If n = dimM ≥ 5 and
Hn(BΓ) = 0, where Γ = π1(M), then M can be endowed with a metric of positive
scalar curvature. Indeed, since Hn(BΓ) is trivial, the existence of any positively
curved manifold Nn with fundamental group Γ immediately implies the existence
of such a metric of M . One can construct such an N by executing codimension n
and n − 1 surgeries on the n-sphere Sn with respect to the group presentation of
Γ. By the surgery theorem [8, 25], this process yields a positively curved manifold.

Proposition 3.4. Conjecture 1 is true for finite cyclic groups Zm.

Proof. We will show that both halves of the conjecture hold for this particular case.
Since Zm is finite, the proper classifying space BZm is a single point, and hence
Hn(BZm) is trivial for all n ≥ 1. Hence if Mn is a totally nonspin manifold with
n ≥ 5 and π1(M) = Zm, then f∗[M ] must vanish in Hn(BZm). On the other hand,
we know that

Hn(BZm) =

⎧⎨
⎩

Z if n = 0,
Zm if n is odd,
0 otherwise.

If n is even, then we appeal to Remark 3.3. If n is odd, then it is known that
Hn(BZm) is generated by the class of the n-dimensional Lens space [Ln

m → L∞
m ].

Since Ln
m is a quotient of Sn, it is positively curved. The other classes of Hn(BZm)

are represented by symmetric quotients of connected sums of Ln
m, so are also posi-

tively curved. The result then follows from the proposition of Jung and Stolz. �
The next result incorporates the findings of Botvinnik and Rosenberg [3] and

Joachim [9] in our discussion. A class in Hk(BΓ) is toral if it can be represented by
a map T k → BΓ. Such classes generate a subgroup denoted by Htoral

k (BΓ). In the
elementary abelian case Γ = Z

r
p, the toral subgroup Htoral

k (BZ
r
p) is complemented

by a subgroup by which we denote Hatoral
k (BZr

p). For any space X, we denote by

RH∗(X) the image of the Thom map ΩSO
n (X) → H∗(X,Z) and call it representable

homology.

Proposition 3.5. (1) Conjecture 1 holds for all elementary 2-groups Zr
2.

(2) Conjecture 2 holds for all elementary p-groups Zs
p when p is an odd prime.

Proof. In both of these cases we have Hn(Bπ) = 0 for all n ≥ 1, since the funda-
mental groups in question are all finite.

(1) When Γ = Zr
2, then every atoral bordism class in Hn(BΓ) is represented

by a manifold of positive scalar curvature [3]. The same holds for all toral classes
in Hn(BΓ) [9]. Since the collection of positively representable classes in Hn(BΓ)
forms a group, these combined results prove the conjecture in this case.

(2) For elementary p-groups Zr
p with p odd, every class in RHatoral

n (BΓ) ≡
RHn(BΓ)/Htoral

n (BΓ) is represented by a manifold of positive scalar curvature
[3]. Notice that if n ≥ s = rank(Zs

p), then Htoral
n (BΓ) is trivial. The resulting

isomorphism RHatoral
n (BΓ) ∼= RHn(BΓ) gives us the desired result. �

Proposition 3.6. Let Γ be a finite group. Suppose that for all primes p dividing
|Γ|, Conjecture 1 holds for all Sylow p-subgroups Γp of Γ. Then it holds for Γ. The
same sort of statement holds for Conjecture 2.

Proof. Let tp : Hn(BΓ,Z) → Hn(BΓp,Z) be the transfer map induced by the in-
clusion map ip : Γp → Γ. We use a theorem of [13] which states that a class
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[M ] in Hn(BΓ,Z) is positively representable iff tp[M ] is positively representable in
Hn(BΓp,Z) for all primes p dividing o(G) and all Γp ∈ Sylp(G). Certainly, if Mn is
a manifold satisfying the hypotheses, then as is apparent through the commutative
diagram

ΩSO
n (BΓ)

t̃p ��

��

ΩSO
n (BΓp)

��
Hn(BΓ)

tp �� Hn(BΓp)

its image under the transfer t̃p is positively representable, as required. �
Remark 3.7. By classical work of Hölder, Burnside and Zassenhaus, a finite group
all of whose Sylow subgroups are cyclic is precisely one having a group presentation
of the form Γ = 〈a, b | am = 1 = bn, b−1ab = ar〉, where rn ≡ 1mod m, m is odd,
0 ≤ r < m and gcd(m,n(r − 1)) = 1. See [19]. Such groups are extensions of one
cyclic p-group by a cyclic q-group, and hence Conjecture 1 holds for such metacyclic
groups. In particular it holds for all groups with square-free order. Statement (1)
in Proposition 3.5 also verifies Conjecture 1 for the alternating groups A4 and A5

and any other finite group with cyclic Sylow p-groups for p odd and elementary
abelian Sylow 2-subgroups.

Remark 3.8. Clearly, Conjecture 2 holds for any group Γ whose Sylow p-groups are
all elementary abelian. Such groups are called elementary groups and were studied
by Bechtell in 1965. They are classified as those groups Γ for which the Frattini
subgroup Φ(H) is trivial for each H ≤ Γ. Equivalently, they are precisely the
groups for which every normal subgroup has a complement. If a group Γ contains
a normal subgroup K such that K and Γ/K are elementary groups of relatively
prime order, then Γ is elementary [2]. See [12] for various conditions under which
a solvable, nilpotent or supersolvable group is elementary.

Remark 3.9. It is not known whether every toral class in RHn(BZs
p) is positively

representable when p is odd. The belief among experts is that an affirmative answer
is crucial for the Gromov-Lawson-Rosenberg conjecture to hold for general finite
groups. In addition, no definitive results along these lines have been verified for
groups of the form Zp × Zp2 .

4. The free abelian case

Perhaps one of the major curiosities in the study of totally nonspin manifolds
is the six-dimensional compact space M6 = T 6#(CP2 × S2), which by minimal
surface consideration lacks a metric of positive scalar curvature [25]. Conjecture 1
offers an explanation for this phenomenon. We have π1(M

6) ∼= Z
6 and BZ

6 = BZ
6

since Z6 has no nontrivial compact factors. Most importantly, in relation to this
conjecture is the fact that f∗[M ] = f∗[T

6] = 1 therefore represents a nonzero class
in H6(BZ6). Note that we denote by f∗ the homomorphism on groups induced by
the map M → BΓ or the composition M → BΓ → BΓ as the occasion permits.

Given the above example, we may consider verifying Conjecture 1 for free
abelian groups Zm. Since Γ = Zm has no nontrivial compact factors, we have
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Hn(BΓ) = Hn(BΓ) = Z(
m
n), where Z(

m
n) is understood to be trivial if m < n. By

Remark 3.3, Conjecture 1 holds for n-manifolds Mn in this range. Obstructions to
positive scalar curvature metrics are difficult to identify in the general context of
nonspin manifolds. A very small subset can be understood through the minimal
surface techniques of Schoen and Yau, which Schick, for example, uses to provide a
five-dimensional counterexample to the Gromov-Rosenberg-Lawson conjecture [24].
The following theorem and corollary provide us with the means to prove Conjecture
1 for manifolds of small dimension with free abelian fundamental group. For any
space X and n ∈ Z≥2, we denote by H+

n (X,Z) the subgroup of Hn(X,Z) consisting
of all classes of the form f∗[M ], where f : Mn → X is a map and Mn maintains a
metric of positive scalar curvature.

Theorem 4.1 ([25]). Let Mn be a manifold endowed with a metric of positive
scalar curvature with 3 ≤ n ≤ 7 and let x ∈ Hn−1(M,Z) be nonzero. Then there is
a smooth orientable closed (n− 1)-dimensional submanifold V of M representing x
such that V also admits a metric of positive scalar curvature. In particular, this V
is a local minimum of the volume functional with trivial normal bundle.

Corollary 4.2 ([24]). Let Γ be a finitely presented group and let n ≥ 2. Denote
by H+

n (BΓ,Z) the set of f∗[M ] ∈ Hn(BΓ,Z) such that M is a manifold of positive
scalar curvature and f : M → BΓ classifies its universal cover. If 3 ≤ n ≤ 7 and
α ∈ H1(BΓ,Z), then the homomorphism α∩ : Hn(BΓ,Z) → Hn−1(BΓ,Z) maps
H+

n (BΓ,Z) into H+
n−1(BΓ,Z).

We note that these minimal surface obstructions to positive scalar curvature
metrics are restricted to this range, because for manifolds of dimension 8 the min-
imal representatives of classes in Hn−1(M) can have singularities in codimension
7.

Proposition 4.3. Let Mn be a totally nonspin manifold with fundamental group
Zm, where 5 ≤ n ≤ 7 and n ≤ m. Let f : M → BZm classify its universal cover.
If f∗[M ] is nonzero in Hn(BZm), then M cannot admit a metric of positive scalar
curvature.

Proof. The proof follows the contours of the argument in [24], but we include it here
for completeness. The homology class w = f∗[M ] in Hn(BZm) is an n-dimensional
subtorus in Tm = BZ

m. Without loss of generality, let w = x1 × · · · × xm, where
H1(BZm) = x1Z⊕x2Z⊕· · ·⊕xmZ. If H1(BZm) = a1Z⊕a2Z⊕· · ·⊕amZ, then the
iterative application of cap product on w by the appropriate sequence of ai will give
a nonzero element z = xm−1 × xm ∈ H2(BZm). Note that the 2-sphere S2 is the
only oriented two-dimensional manifold of positive scalar curvature. Since BZ

m is
aspherical, it follows that any map g : S2 → BZm is null homotopic. In particular,
we have g∗[S

2] = 0 in H2(BZm) for all such g, and so H+
2 (BZm) is trivial. If

M had positive scalar curvature, then by definition we must have w ∈ H+
n (BZm),

and so by repeated application of the above corollary we conclude that H+
2 (BZ

m)
contains the nonzero element z, a contradiction. Notice that we have never made
explicit use of the nonspin nature of M in this proof. �

Remark 4.4. Using a similar argument, one can extend the proposition in the same
range for fundamental groups of the form Z

r ⊕Zp, where r is positive and p ≥ 2 is
prime for n-manifolds Mn with n ≤ r + 1.
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Remark 4.5. Christ and Lohkamp [4] have recently announced an approach to
circumvent the geometric measure theoretic problems that appear in dimensions
above 7. See also [15]. Their techniques extend the minimal surface results of [25]
and can be used to handle obstruction theory for positive scalar curvature metrics
on enlargeable manifolds of the form Tn#Nn, where Nn is simply connected, to-
tally nonspin and lacks a metric of positive scalar curvature. In particular, we now
have at our disposal more nonspin manifolds lacking such positively curved metrics,
allowing the above proposition to remain true with no upper bound on the dimen-
sion n.

5. Maximally self-normalizing groups

We now consider the conjectures for another family of infinite groups satisfying
various maximal finite subgroup conditions. Following Lück [17, 18], we say that an
infinite discrete group Γ is maximally self-normalizing if (1) every nontrivial finite
subgroup of Γ is contained in a unique maximal finite subgroup and (2)NΓ(M) = M
whenever M is a nontrivial maximal finite subgroup of Γ. If Γ is maximally self-
normalizing, then one can construct a model for EΓ with a minimal number of cells.
In particular, if {[Mi]}i∈I denotes the family of conjugacy classes [Mi] of maximal
finite subgroups Mi ≤ Γ, then there is an inclusion of Γ-CW-complexes given by

j :
∐
i∈I

Γ×Mi
EMi → EΓ.

If u :
∐

i∈I Γ×Mi
EMi →

∐
i∈I Γ/Mi is the obvious collapse map, then EΓ can be

assembled as the Γ-pushout of the diagram

∐
i∈I

Γ×Mi
EMi

j ��

u

��

EΓ

f

��∐
i∈I

Γ/Mi k �� EΓ

See [16] for a proof that (EΓ)H is indeed contractible for all H ≤ Γ finite. Note
that condition (2) is equivalent to the requirement that a model EΓ can be chosen
so that the subset of points having nontrivial isotropy is discrete. In particular,
these nontrivial isotropy groups are precisely the finite maximal subgroups of Γ.

The above diagram allows us to compute the group homology of Γ from the
group homology of its maximal finite subgroups. In particular, if we divide the
Γ-pushout by the Γ-action, we obtain a long Mayer-Vietoris sequence given by

· · · �� Hn+1(BΓ)
∂n+1 ��

⊕
i∈I

H̃n(BMi)

⊕
i∈I Hn(Bji) �� Hn(BΓ)

Hn(Γ\s) �� Hn(BΓ)
∂n �� · · ·
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If EΓ can be modelled by an m-dimensional complex, then Hn(BΓ) = 0 for n ≥
m+ 1. We therefore have an isomorphism

⊕
i∈I

Hn(Bji) :
⊕
i∈I

H̃n(BMi) → Hn(BΓ)

for n ≥ m+ 2.

Remark 5.1. By the above isomorphism and Remark 3.3, it follows that Conjec-
ture 2 holds when dim(EΓ) < ∞ and Γ has no nontrivial finite subgroups.

Theorem 5.2. Let Γ be an infinite maximally self-normalizing group for which
Conjecture 1 holds for each of its finite maximal subgroups. Assume in addition that
BΓ has the homotopy type of a CW complex of dimension ≤ 3. Then Conjecture 1
holds for Γ.

Proof. For any group Γ, we let H+
n (BΓ) denote the subset of Hn(BΓ) represented

by closed oriented n-manifolds of positive scalar curvature via the natural map
Ωn(BΓ) → Hn(BΓ). This collection is in fact a subgroup (cf. [13] and [3]). Since,
by hypothesis, it is assumed that Hn(BΓ) = 0 for n ≥ 5, we must show that any
class in the image of the natural map Ωn(BΓ) → Hn(BΓ) lies in H+

n (BΓ) for the
same range of values of n. For all i ∈ I, let Mi be representatives for the conjugacy
classes of the maximal finite subgroups of Γ. By the Mayer-Vietoris sequence above,
the map

⊕
i∈I Hn(Bji) :

⊕
i∈I Hn(BMi) → Hn(BΓ) is an isomorphism in every

dimension n ≥ 5. Since Conjecture 1 was assumed to hold for each Mi, every
representable class in Hn(BMi) lies H+

n (BMi). On the other hand, we claim the
representable subgroup of Hn(BΓ) is precisely the image of the direct sum of the
representable subgroups of the Hn(BMi). Indeed, we note that, since BΓ was
assumed to have the homotopy type of a CW complex of dimension at most 3, it
follows that Ωn(BΓ) = 0 for n ≥ 5, and so the analogue of the Mayer-Vietoris
sequence in bordism gives an isomorphism from

⊕
i∈I Ωn(BMi) → Ωn(BΓ). The

result follows. �

Three large families of maximally self-normalizing groups identified by Lück and
Stamm [18] are enumerated as follows:

(1) GroupsG arising from extensions of the form 1 → Z
n → G → F → 1, where

F is finite and the conjugation action of F on Zn is free outside of 0 ∈ Zn.
The simplest nontrivial example of such an extension is the infinite dihedral
group D∞ = Z � Z2 = 〈a, b : a2, b2〉, whose maximal finite subgroups are
given by 〈a〉 and 〈b〉 and their conjugates. Note that dim(ED∞) = 1.

(2) Compact Fuchsian groups F (g, r1, . . . , rt) are defined by 2g + t generators
a1, b1, . . . , ag, bg, c1, . . . , ct subject to the relations cr11 = · · · = crtt = 1 and
[a1, b1] · · · [ag, bg] = c1 · · · ct. These groups are the discrete subgroups of
PSL2(R), the orientation-preserving isometries of the hyperbolic plane H

2.
By using the bordism theorem of Jung and Stolz for spin manifolds, Davis
and Pearson [5] prove that the (unstable) Gromov-Lawson-Rosenberg con-
jecture holds in this case. The group F = F (g, r1, . . . , rt) has t conjugacy
classes of maximal finite subgroups, all of them cyclic. In particular, for
each i ∈ {1, . . . , t} there is a singular point vi ∈ H2/Γ whose lift ṽi under the
branched cover H2 → H2/Γ has stabilizer Zri . We then have dim(EF ) = 2
and

Hn(BF ) ∼=
t⊕

i=1

H̃n(BZri).
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More generally, suppose that Γ is an infinite cocompact planar group, i.e. a
discontinuous group of isometries of the two-sphere S2 or the Euclidean
plane R

2 or the hyperbolic plane H
2 whose quotient under the Γ-action is

compact. Then dim(EΓ) = 2, and the maximal finite subgroups of Γ are
all cyclic or dihedral. The conjectures therefore hold for Γ if they hold for
the dihedral isotropy groups appearing in the proper classifying space.

(3) Let Γ = 〈(gi)i∈I : r〉 be a one-relator group. There is up to conjugacy a
unique maximal finite subgroup M of Γ, and this subgroup is cyclic. In
addition there is a two-dimensional model for EΓ whose CW-structure has
precisely one 0-cell, one 2-cell representing the relator r, and as many 1-cells
as there are elements of the indexing set I.

Example 5.3. Let Γ be a product of n infinite dihedral groups, and let M be an
oriented totally nonspin n-manifold with fundamental group Γ. By Proposition 3.5
and Theorem 5.2, Conjecture 1 is confirmed for this group. Now Γ has a normal
subgroup Γ1 of finite index isomorphic to Zn. Let N be the cover of M correspond-
ing to Γ1. But by properties (4) and (5) in the discussion following Proposition
2.1, the proper classifying space BΓ is contractible. If Conjecture 1 is correct, then
M should admit a metric of positive scalar curvature, which then lifts to such a
metric on the cover N . At first glance, however, one may suspect that the obvious
map from the n-manifold N to the n-torus Tn = BZn provides an obstruction to
positive scalar curvature, but one can easily show that the obstruction for the cover
always vanishes. Indeed, let f∗ : Hn(M) → Hn(BΓ) be the natural map on homol-
ogy and let g∗ : Hn(N) → Hn(BΓ1) ∼= Hn(T

n) be the lifted map on the cover. Let
t∗ : Hn(BΓ) → Hn(BΓ1) be the transfer map. Then g∗[N ] = t∗f∗[M ] in Hn(BZn).
However, there is a natural action of Zn

2 on Hn(BZ
n) and t∗f∗[M ] belongs to the

fixed set of this action; but the fixed set is trivial, so the obstruction vanishes. In
more general settings with lifts corresponding to finite covers Γ1 → Γ, one can
appeal generalized transfer functions to obtain similar results; see [7].

Remark 5.4. Consult [16] for conditions for which a discrete group Γ has a d-
dimensional model for EΓ. For example, Dunwoody [6] proves that there is a
1-dimensional model for EΓ iff the rational cohomological dimension of Γ is at
most 1.

Remark 5.5. Conjectures 1 and 2 have been additionally verified by the author for
some Γ whose group homologies are well known or whose proper classifying spaces
exhibit tractable isotropy (certain p-groups, triangle groups, the lamplighter group,
certain free products, and groups acting on certain trees), and the underlying proofs
run in the same vein as for Proposition 3.6 and Theorem 5.2. The methods of this
paper fail to extend, for example, to generalized reflection or Coxeter groups Γ, for
which the points in BΓ carrying nontrivial isotropy are not isolated but instead form
a subcomplex of nonzero dimension. We hope that the development of additional
homological tools or new ways of constructing nonspin manifolds without positive
scalar curvature will settle the conjectures either positively or negatively.

Remark 5.6. The referee has offered the following insight. A parallel theory for
positive scalar curvature for nonorientable manifolds has been developed, the ana-
logues of Definitions 3.1 and Proposition 3.2 having been established for this case
(see [3]). Instead of using ordinary homology with integer coefficients, one simply
considers Hn( , w), i.e. homology with coefficients in the local coefficient system
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locally given by the integers but twisted by w = w1 : π1(M) → Z2, the first Stiefel-
Whitney class of M . Any conjecture about the positive scalar curvature problem
in the totally nonspin case should therefore appear with a twisted version. The
impediment is that, while Hn(BΓ, w) makes sense, the object Hn(BΓ, w) may not,
since w may not factor through the map Γ = π1(BΓ) → π1(BΓ). One possible
way to circumvent this difficulty is to modify the definition of BΓ by construct-
ing instead a terminal object BΓw in terms of classifiying spaces for a family of
subgroups (see [16]). Instead of using all finite subgroups, perhaps one should use
all finite subgroups satisfying a particular w1 condition. At the moment, however,
there do not seem to be sufficiently many developed examples to generate a credible
conjecture that provides a precise obstruction for positive scalar curvature in this
case. We hope that future research will provide the motivation to bring insight to
this interesting situation.
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