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THE UNIQUENESS OF SYMMETRIZING MEASURE

OF MARKOV PROCESSES

JIANGANG YING AND MINZHI ZHAO

(Communicated by Richard C. Bradley)

Abstract. In this short article, we shall introduce the notion of fine irre-
ducibility and give some of its equivalent statements. Then we prove that the
fine irreducibility implies the uniqueness of symmetrizing measures for a right
Markov process.

1. Introduction

Let us now introduce some background on Markov processes. Let X = (Xt,P
x)

be a right Markov process on a state space, which is usually assumed to be Radon,
with transition semigroup (Pt). It is a bit difficult to make clear what a right
Markov process means, but roughly it is a right continuous process with the strong
Markov property. The interested readers may refer to Sharpe’s book [4] for details.
A σ-finite measure on E is called a symmetrizing measure for X or (Pt) if∫

E

Ptf(x)g(x)m(dx) =

∫
E

f(x)Ptg(x)m(dx)

for each non-negative measurable f, g and t > 0. Of course, neither existence nor
uniqueness of symmetrizing measures is guaranteed, and it is certainly one of the
most interesting and fundamental problems for a Markov process. For a discrete
time Markov chain with countable state space, Kolmogorov’s cycle test actually
gives a necessary and sufficient condition for existence and uniqueness. However
there has been no counterpart for general Markov processes. This article aims to
give a sufficient condition for the uniqueness of the symmetrizing measure.

2. The uniqueness of symmetrizing measure

We first present a theorem which states a condition for the uniqueness of the
symmetrizing measure and will be used later. This kind of results may be known
in some other forms. We begin with a general right Markov process X = (Xt,P

x)

Received by the editors July 24, 2009, and, in revised form, September 30, 2009.
2010 Mathematics Subject Classification. Primary 60J45, 60J40.
Key words and phrases. Symmetrizing measure, linear diffusion, Dirichlet space, regular

subspace.
The research of the first author was supported in part by NSFC Grant No. 10771131.
The research of the second author was supported in part by NSFC Grant No. 10601047.

c©2010 American Mathematical Society
Reverts to public domain 28 years from publication

2181



2182 JIANGANG YING AND MINZHI ZHAO

on the state space E (with its Borel σ-field B(E)) with transition semigroup (Pt)
and resolvent operator (Uα),

Uα1A(x) = Uα(x,A) = Ex

∫ ∞

0

e−αt1A(Xt)dt

=

∫ ∞

0

e−αtPt(x,A)dt.

For any subset A of E, TA denotes the first hitting time of A, which is a stopping
time if A is nearly Borel. A subset D of E is finely open if

Px(TDc > 0) = 1

for any x ∈ D; i.e., any point in D will stay in D for a positive period of time.
The topology containing all finely open sets is called the fine topology related to
X. Since X is right continuous, any open set must be finely open and hence the
fine topology is finer than the usual topology.

It is easy to see from the right continuity that for x ∈ E and a finely open subset
D, Px(TD < ∞) > 0 if and only if Uα1D(x) > 0. The process X is called finely
irreducible if Px(TD < ∞) > 0 for any x ∈ E and a non-empty finely open subsetD,
where TD is the hitting time of D. Intuitively the fine irreducibility means that any
point can reach any non-empty finely open set, while the usual irreducibility means
that any point can reach any non-empty open set. Certainly the fine irreducibility
is stronger than the usual irreducibility. Since the fine irreducibility is hard to
characterize, we shall give a few equivalent statements which may be useful in some
circumstances.

Lemma 2.1. The following statements are equivalent.

(1) X is finely irreducible.
(2) Uα1D is positive everywhere on E for any non-empty finely open set D.
(3) Uα1A is either identically zero or positive everywhere on E for any Borel

set A or, in other words, {Uα(x, ·) : x ∈ E} are all mutually absolutely
continuous.

(4) All non-trivial excessive measures are mutually absolutely continuous.

Proof. The equivalence of (1) and (2) is easy. We shall prove that they are equiva-
lent to (3). We may assume α = 0. Suppose (1) is true. If U1A is not identically
zero, then there exists δ > 0 such that D := {U1A > δ} is non-empty. Since U1A
is excessive and thus finely continuous, D is finely open and the fine closure of D
is contained in {U1A ≥ δ}. Then

U1A(x) ≥ PDU1A(x) = Ex (U1A(XTD
)) ≥ δPx(TD < ∞) > 0.

Conversely suppose (3) is true. Then for any finely open set D, by the right
continuity of X, U1D(x) > 0 for any x ∈ D. Therefore U1D is positive everywhere
on E.

Let ξ be an excessive measure. Since αξUα ≤ ξ, ξ(A) = 0 implies that ξUα(A) =
0. However ξ is non-trivial. Thus it follows from (3) that Uα1A ≡ 0, i.e., that A
is potential zero. Conversely if A is potential zero, then ξ(A) = 0 for any excessive
measure ξ. Therefore (3) implies (4).

Assume (4) holds. Since U(x, ·) is excessive for all x, they are equivalent. This
implies (3). �
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A Borel set A is said to be of potential zero if Uα1A is identically zero for some
α ≥ 0 (thus for all α ≥ 0). A σ-finite measure µ on E is said to be a symmetrizing
measure of X or X is said to be µ-symmetric if

(Ptu, v)µ = (u, Ptv)µ

for any measurable u, v ≥ 0 and t > 0. It is easy to check that any symmetrizing
measure is excessive and an excessive measure does not charge any set of potential
zero.

Theorem 2.1. Assume that X is finely irreducible. Then the symmetrizing mea-
sure of X is unique up to a constant. More precisely, if both µ and ν are non-trivial
symmetrizing measures of X, then ν = cµ with a positive constant c.

Proof. First of all there exists a measurable setH such that both µ(H) and ν(H) are
positive and finite, because µ and ν are equivalent by Lemma 2.1. This is actually
true when both measures are σ-finite and one is absolutely continuous with respect
to another. Indeed, assume that ν � µ. Since ν is non-trivial and σ-finite, we may
find a measurable set B such that 0 < ν(B) < ∞. Then µ(B) > 0. Since µ is
σ-finite, there exist An ↑ E such that 0 < µ(An) < ∞. Then ν(An ∩ B) ↑ ν(B)
and µ(An ∩ B) ↑ µ(B). Hence there exists some n such that ν(An ∩ B) > 0. Take
H = An ∩B, which makes both µ(H) and ν(H) positive and finite.

Set c = ν(H)/µ(H). We may assume that c = 1 without loss of generality. Let
m = µ + ν. Then there are f1, f2 ≥ 0 such that µ = f1 · m and ν = f2 · m. Let
A = {f1 > f2}, B = {f1 = f2} and C = {f1 < f2}.

We shall show that ν = µ. Otherwise µ(A) > 0 or ν(C) > 0. We assume that
µ(A) > 0 without loss of generality. Since µ is σ-finite, there is An ∈ B(E) such
that An ⊆ A, µ(An) < ∞ and An ↑ A. Let D = B ∪ C. For any integer n and
α > 0,

(Uα1An
, 1D)µ ≤ (Uα1An

, 1D)ν = (Uα1D, 1An
)ν ≤ (Uα1D, 1An

)µ.

Since (Uα1An
, 1D)µ = (Uα1D, 1An

)µ, it follows that (U
α1D, 1An

)ν = (Uα1D, 1An
)µ.

Thus we have

(Uα1D, (1− f2
f1

)1An
)µ = (Uα1D, 1An

)µ − (Uα1D, 1An
)ν = 0.

Since 1 − f2
f1

> 0 on A, let n go to infinity; and by the monotone convergence

theorem we get that (Uα1D, 1A)µ = 0. The fine irreducibility of X implies that
Uα1D = 0 identically or D is of potential zero. Therefore

µ(D) = ν(D) = 0.

Consequently,

0 = µ(H)− ν(H) =

∫
H∩A

(1− f2
f1

)dµ,

which leads to that µ(H ∩ A) = 0 and also µ(H) = 0. The contradiction implies
that ν = µ. �

The following example shows that the usual irreducibility is not enough to guar-
antee the uniqueness of the symmetrizing measure, while the fine irreducibility
might be too strong.
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Example. Let J = 1
4 (δ1 + δ−1 + δ√2 + δ−

√
2) be defined on R and π = {πt}t>0 be

the corresponding convolution semigroup; i.e., π̂t(x) = e−tφ(x) with

φ(x) =

∫
(1− cosxy)J(dy) =

1

2
(1− cosx) +

1

2
(1− cos

√
2x).

Let X be the corresponding Lévy process. Then X is symmetric with respect to
the Lebesgue measure. Let N = {n+m

√
2 : n,m are integers} and µ =

∑
x∈N δx.

Then µ is σ-finite and also a symmetrizing measure. It is easy to see that any point
x can reach any point in x+N and cannot reach outside of x+N . Since x+N is
dense in R, any point can reach any non-empty open set; namely, X is irreducible.
However any compound Poisson process will stay at the starting point for a positive
period of time; i.e., any singleton is finely open. Hence X is not finely irreducible.

Another interesting example is also a compound Poisson process X, where the
Lévy measure J is a probability measure on R with a continuous even density. In
this case, we can show that X has a unique symmetrizing measure, the Lebesgue
measure, but X is still irreducible, while not finely irreducible. Actually any point
cannot reach any other single point.

It is known that the fine topology is determined by the process and hard to
identify usually. Hence it is hard to verify sometimes the fine irreducibility defined
in the theorem. However under LSC, namely, assuming that Uα1B is lower-semi-
continuous for any Borel subset B of E, the fine irreducibility is equivalent to the
usual one, which is easier to verify: Px(TD < ∞) > 0 for any x ∈ E and non-empty
open subset D ⊂ E. In fact, take A ∈ B(E) with Uα1A = 0 identically. There is
b > 0 such that G = {Uα1A > b} = ∅ and is open due to the property LSC. Again
by Proposition II.2.8 in [1], for any x ∈ E,

U1A(x) ≥ PGU1A(x) = Px (U1A(XTG
), TG < ∞) .

But XTG
∈ Ḡ on {TG < ∞} by Theorem I.11.4 in [1] and then XTG

≥ b on
{TG < ∞}. Hence by the irreducibility, we have

U1A(x) ≥ bPx (TG < ∞) > 0.

It is obvious that the strong Feller property and the irreducibility imply the fine
irreducibility.

Remark. As a remark, we would like to present a slightly more general result which
was provided by Masatoshi Fukushima in his comment to this theorem.

Suppose that X is µ-symmetric. The following two definitions refer to Defini-
tion 2.1.1 in [2]. A Borel subset A is called (Pt)-invariant if 1A · Pt(1Acf) = 0
a.e. µ for all t > 0 and f ∈ L2(E, µ), and X is µ-irreducible if any (Pt)-invariant
set is trivial in the sense that either µ(A) = 0 or µ(Ac) = 0. Then the following
statements are equivalent due to Theorem 3.5.6 in [2] and a similar proof of Lemma
2.1:

(1) X is µ-irreducible;
(2) if D is finely open and µ(D) > 0, then Px(TD < ∞) > 0 for q.e. x ∈ E;
(3) Uα1D > 0 q.e. for any finely open D with µ(D) > 0;
(4) Uα1A is either 0 q.e. or positive q.e. for every Borel subset A.

It follows that if X is µ-irreducible, then all non-trivial excessive measures charging
no µ-polar sets are equivalent. Hence following the proof of Theorem 2.1, we have
the version stated below.
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Theorem 2.2. Assume that a Borel right process X is µ-irreducible with respect
to some non-trivial symmetrizing measure µ of X. If ν is a symmetrizing measure
of X charging no µ-polar sets, then ν = c · µ for some constant c ≥ 0.
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