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LIOUVILLIAN FIRST INTEGRALS

FOR LIÉNARD POLYNOMIAL DIFFERENTIAL SYSTEMS

J. LLIBRE AND C. VALLS

(Communicated by Yingfei Yi)

Abstract. We characterize the Liouvillian first integrals for the Liénard poly-
nomial differential systems of the form x′ = y, y′ = −cx − f(x)y, with c ∈ R

and f(x) is an arbitrary polynomial. For obtaining this result we need to find
all the Darboux polynomials and the exponential factors of these systems.

1. Introduction and statement of the main results

One of the more classical problems in the qualitative theory of planar differential
systems depending on parameters is to characterize the existence or not of first
integrals.

We consider the system

(1) x′ = y, y′ = −cx− f(x)y,

which we call the generalized classical Liénard differential system, where x and y
are complex variables and the prime denotes derivative with respect to the time t,
which can be either real or complex. Such differential systems appear in several
branches of the sciences, such as biology, chemistry, mechanics, electronics, etc. For
c = 1 the Liénard differential systems (1) are called the classical Liénard systems.

The main objective of this paper is to study the Liouvillian first integrals of
systems (1) depending on the polynomial function f(x) and on c ∈ R.

Let U ⊂ C2 be an open set. We say that the nonconstant function H : C2 → C

is a first integral of the polynomial vector field X on U if H(x(t), y(t)) = constant
for all values of t for which the solution (x(t), y(t)) of X is defined on U . Clearly
H is a first integral of X on U if and only if XH = 0 on U .

A Liouvillian first integral is a first integral H which is a Liouvillian function,
that is, roughly speaking, which can be obtained “by quadratures” of elementary
functions. For a precise definition, see [13]. The study of the Liouvillian first
integrals is a classical problem of the integrability theory of the differential equations
which goes back to Liouville; see for details again [13].

As far as we know, the Liouvillian first integral of some multi-parameter family
of planar polynomial differential systems has only been classified for the Lotka-
Volterra system; see [1, 5, 8, 9, 10, 11].
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Our main result is the classification of all Liouvillian integrable systems (1).

Theorem 1. The unique Liouvillian first integrals H = H(x, y) of the Liénard
polynomial differential system (1) are:

(a) H = cx2 + y2 if f(x) = 0;
(b) H = y +

∫
f(x) dx if c = 0;

(c) H =
(1
2
(1−

√
1 + 4α)x+ y

)−1+
√
1+4α(1

2
(1 +

√
1 + 4α)x+ y

)1+
√
1+4α

with α = −c/f(0)2 if f(x) = f(0) �= 0; and

(d) H = ef
′(0)2x2+2f ′(0)y(c+ f ′(0)y)−2c if f(x) = f ′(0)x �= 0.

For proving Theorem 1 we need to characterize the Darboux polynomial and the
exponential factors of system (1). The scheme of the proof of Theorem 1 is given
in Section 2.

2. The scheme of the proof of Theorem 1

System (1) with f(x) = 0 becomes x′ = y, y′ = −cx, which has the first integral
H = cx2 + y2.

System (1) with c = 0 becomes, after the change of time ds = ydt, the system
ẋ = 1, ẏ = −f(x), where now the dot denotes derivative with respect to s. This
system has the first integral H = y+F (x), where F (x) =

∫ x

0
f(s) ds. We will write

(2) f(x) =

n∑
j=0

ajx
j and hence F (x) =

n∑
j=0

aj
j + 1

xj+1.

In view of this we can always assume that f(x) �≡ 0 and that c �= 0. Furthermore
it was proved in [7] (see Lemma 3) that a Liénard differential system (1) with
c �= 0 after a rescaling of the variables (x, y, t) becomes another Liénard differential
system (1) with c = ±1.

Furthermore if f(x) = f(0) �= 0, then system (1) is linear, that is,

(3) x′ = y, y′ = −cx− f(0)y.

We write c = −αf(0)2, α ∈ R \ {0}. Then equation (3) becomes

(4) x′ = y, y′ = αf(0)2x− f(0)y.

Doing the rescaling (X,Y, T ) = (f(0)x, y, f(0)t), system (4) becomes

(5) x′ = y, y′ = αx− y,

where we have written again (x, y, t) instead of (X,Y, T ). It is easy to check that
system (5) has the first integral given in statement (c) of Theorem 1.

Let n be the degree of f(x). If n = 1, then f(x) = f(0)+f ′(0)x. Additionally, if
f(0) = 0, then system (1) becomes x′ = y, y′ = −cx− f ′(0)xy. Again it is easy to
check that this system has the first integral given in statement (d) of Theorem 1.

In short, from now on, we can always assume the following assumptions:
(6)
c = ±1; f(x) has degree at least one; if f(x) has degree one, then f(0) �= 0.

A first integral which is a polynomial in the variables x and y is called a polyno-
mial first integral of system (1).

Proposition 2. System (1) under assumptions (2) and (6) has no polynomial first
integrals.
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The polynomial first integrals of system (1) when instead of cx there is a poly-
nomial g(x) and having a unique remarkable value are studied in [4].

Let h(x, y) ∈ C[x, y] \ C. As usual C[x, y] denotes the ring of all complex poly-
nomials in the variables x and y. We say that h = 0 is an invariant algebraic curve
of the vector field X associated to system (1) if it satisfies

y
∂h

∂x
− (cx+ f(x)y)

∂h

∂y
= Kh,

the polynomial K = K(x, y) ∈ C[x, y] is called the cofactor of h = 0 and has degree
at most n. We also say that h is a Darboux polynomial of system (1). Note that a
polynomial first integral is a Darboux polynomial with zero cofactor.

The invariant algebraic curves are important becase a sufficient number of them
forces the existence of a first integral. This result is the basis of the Darboux theory
of integrability; see for instance [3, 6].

Proposition 3. System (1) under assumptions (2) and (6) has no Darboux poly-
nomials.

Propositions 2 and 3 are immediate corollaries of the following theorem of Odani
(see [12] for its proof).

Theorem 4. If a polynomial Liénard system

x′ = y, y′ = −f(x)y − g(x)

satisfies f, g �= 0, deg f ≥ deg g, and g/f �= constant, then it has no algebraic
solution curves.

An exponential factor E of system (1) is a function of the form E = exp(g/h) �∈ C

with g, h ∈ C[x, y] satisfying

y
∂E

∂x
− (cx+ f(x)y)

∂E

∂y
= LE,

for some polynomial L = L(x, y) of degree at most n, called the cofactor of E.
The existence of exponential factors exp(g/h) is due to the fact that the multi-

plicity of the invariant algebraic curve h = 0 is larger than 1; for more details see
[2].

Theorem 5. System (1) under assumptions (2) and (6) has the exponential factors

ex
j

for j = 1, . . . , n, and e(yx
k−1+

∫
f(x)xk−1dx)/(k−1) with cofactors xj−1y for j =

1, . . . , n, and y2xk−2 − cxk/(k − 1) for k = 2, . . . , n, respectively.

The last result presented in this section is:

Theorem 6. System (1) under assumptions (2) and (6) has no Liouvillian first
integrals.

Clearly from the results presented in this section Theorem 1 follows.
The rest of the paper is as follows. In Section 3 we give auxiliary results that will

be used throughout this paper. In Section 4 we prove Theorem 5, and in Section 5
we prove Theorem 6.
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3. Preliminary results

By definition a complex planar polynomial differential system or simply a poly-
nomial system will be a differential system of the form

(7) x′ = P (x, y), y′ = Q(x, y),

where the dependent variables x and y are complex and the independent variable
(the time) t is real or complex, and P and Q are polynomials in the variables x
and y with complex coefficients. Throughout this paper m = max{degP, degQ}
will denote the degree of the polynomial system. The vector field X associated to
system (7) is defined by

X = P
∂

∂x
+Q

∂

∂y
.

We say that h = 0 is an invariant algebraic curve of the vector field X if it
satisfies

Xh = P
∂h

∂x
+Q

∂h

∂y
= Kh;

where the polynomial K = K(x, y) ∈ C[x, y] is called the cofactor of h = 0 and has
degree at most m− 1.

Proposition 7. The following statements hold:

(a) If E = exp(g/h) is an exponential factor for the polynomial system (7) and
h is not a constant polynomial, then h = 0 is an invariant algebraic curve.

(b) Eventually ex
k

for k = 1, 2, . . . can be exponential factors, coming from the
multiplicity of the infinite invariant straight line.

For a geometrical meaning of the exponential factors and a proof of Proposition 7
see [2].

The next result summarizes the main results about the Darboux theory of inte-
grability that we shall use in this paper.

Theorem 8. Suppose that the polynomial vector field X of degree m defined in C2

admits p invariant algebraic curves fi = 0 with cofactors Ki, for i = 1, . . . , p and q
exponential factors Ej = exp(gj/hj) with cofactors Lj, for j = 1, . . . , q. Then the
following statements hold:

(a) There exist λi, μj ∈ C not all zero such that

(8)

p∑
i=1

λiKi +

q∑
j=1

μjLj = 0

if and only if the function of Darboux type

(9) fλ1
1 · · · fλp

p Eμ1

1 · · ·Eμq
q

is a first integral of the vector field X.
(b) There exist λi, μj ∈ C not all zero such that

(10)

p∑
i=1

λiKi +

q∑
j=1

μjLj = −div (P,Q)

if and only if the function of Darboux type (9) is an integrating factor of
the vector field X.
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(c) If p + q = [m(m + 1)/2] + 1, then there exist λi, μj ∈ C not all zero such
that (8) holds. If p + q = m(m + 1)/2, then there exist λi, μj ∈ C not all
zero such that either (8) or (10) holds.

A nonconstant complex function R : C2 → C is an integrating factor of the
polynomial vector field X on U if one of the following three equivalent conditions
holds:

∂(RP )

∂x
= −∂(RQ)

∂y
, div (RP,RQ) = 0, XR = −Rdiv(P,Q),

on U . As usual the divergence of the vector field X is given by

div (P,Q) =
∂P

∂x
+

∂Q

∂y
.

To prove the results related with Liouvillian first integrals we use the following
result proved in [13].

Theorem 9. The polynomial differential system (7) has a Liouvillian first integral
if and only if it has an integrating factor of Darboux type.

4. Proof of Theorem 5

Let E = exp(g/h) be an exponential factor of system (1). In view of Propo-
sitions 7, 3 and 2, we have that h can be taken as a constant and E = exp(g).
Let

L = L(x, y) =
n∑

k=0

k∑
j=0

βj,k−jx
jyk−j , βj,k−j ∈ C

be the cofactor associated to E. Then if we define

(11) G = Eeβ1,0(y+F (x))/c−
∑n

k=1 βk−1,1x
k/k = EeT ,

we claim that G = eH is an exponential factor of system (1) with cofactor

L1 = L1(x, y) = β0,0 +

n∑
k=2

k∑
j=0,j �=k−1

βj,k−jx
jyk−j , βj,k−j ∈ C.

Now we prove the claim. We have that

y
∂G

∂x
− (cx+ f(x)y)

∂G

∂y

= y
∂E

∂x
eT + y

∂T

∂x
EeT − (cx+ f(x)y)

∂E

∂y
eT − (cx+ f(x)y)

∂T

∂y
EeT

=
(
L− y

n∑
k=1

βk−1,1x
k−1 − β1,0x

)
EeT = L1G.

This proves the claim.
Since G = eH is an exponential factor of system (1) with cofactor L1 we obtain

that

(12) y
∂H

∂x
− (cx+ f(x)y)

∂H

∂y
= L1(x, y).



3234 J. LLIBRE AND C. VALLS

Evaluating (12) at x = y = 0 we get that β0,0 = 0 and H satisfies

(13) y
∂H

∂x
− (cx+ f(x)y)

∂H

∂y
=

n∑
k=2

k∑
j=0,j �=k−1

βj,k−jx
jyk−j , βj,k−j ∈ C.

If n = 1, then from (13) we get that H must be a polynomial first integral, in
contradiction with Proposition 2. Therefore we can assume that n ≥ 2. We write H
as a polynomial in the variable y as H =

∑r
j=0 Hj(x)y

j . Without loss of generality

we can assume that Hr(x) �= 0. We rewrite (13) as
r∑

j=0

H ′
j(x)y

j+1 − cx
r∑

j=1

jHj(x)y
j−1 − f(x)

r∑
j=0

jHj(x)y
j

=

n∑
l=2

l∑
m=0,m �=1

βl−m,mxl−mym =

n∑
l=2

βl,0x
l +

n∑
m=2

ym
n∑

l=m

βl−m,mxl−m.

(14)

Now we consider two cases.

Case 1: r ≥ n. In this case, computing in (14) the coefficient of yr+1 we get
that H ′

r(x) = 0, that is, Hr(x) = γr ∈ C \ {0}. Now we will show that if we write

H = γry
r +

r−1∑
j=0

Hr−h(x)y
r−j ,

then

(15) Hr−j(x) = γr
ajn

j!(n+ 1)j
xj(n+1)

j−1∏
i=0

(r − i) + l.o.t., for j = 1, . . . , r − 1,

where l.o.t. means lower order terms in x.
For j = 1, computing the coefficient of yr in (14) (note that since f(x) has degree

n in x, the right-hand side of equation (14) contains only lower order terms in x),
we get that

H ′
r−1(x)− f(x)rHr(x) = 0, that is, H ′

r−1(x) = γrrf(x).

Integrating it we obtain

Hr−1(x) = γrrF (x) + constant = γr
an

n+ 1
rxn+1 + l.o.t.,

which coincides with (15) for j = 1. Now we assume that (15) is true for j = 0, . . . , L
with L < r − 1 and we will prove it for j = L + 1. Computing the terms in (14)
(note again that since f(x) has degree n in x, the right-hand side of equation (14)
contain only lower order terms in x) with yr−L we get

H ′
r−L−1(x) = cx(r − L+ 1)Hr−L+1(x) + f(x)(r − L)Hr−L(x).

Now using the induction hypothesis and since x(L−1)(n+1)+1 belongs to the lower
terms in comparison with xL(n+1) we obtain that

H ′
r−L−1(x) = f(x)(r − L)

γra
L
n

(n+ 1)LL!
xL(n+1)

L−1∏
i=0

(r − i) + l.o.t.

=
γra

L+1
n

(n+ 1)LL!
xL(n+1)+n

L∏
i=0

(r − i) + l.o.t.
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Now integrating the previous equation we obtain

Hr−L−1(x) =
γra

L+1
n

(n+ 1)LL!(L+ 1)(n+ 1)
x(L+1)(n+1)

L∏
i=0

(r − i) + l.o.t.

=
γra

L+1
n

(n+ 1)L+1(L+ 1)!
x(L+1)(n+1)

L∏
i=0

(r − i) + l.o.t.,

which is equation (15) with j = L+ 1. This completes the proof of (15).
From (15) with j = r − 1 we obtain

H1(x) =
γra

r−1
n

(r − 1)!(n+ 1)r−1
x(r−1)(n+1)

r−2∏
i=0

(r − i) + l.o.t.

Then computing the coefficient of y0 in (14) we get

−cxH1(x) =

n∑
l=2

βl,0x
l.

Since n ≥ 2 and r > n− 1 ≥ 1 we have that (r− 1)(n+1)+ 1 > n. Computing the
coefficient of x(r−1)(n+1)+1 in the previous equality, we get

cγra
r−1
n

(r − 1)!(n+ 1)r−1

r−2∏
i=0

(r − i) = 0,

which is a contradiction because the right-hand side of this expression is not zero.

Case 2: r ≤ n−1. We first assume that r ≥ 2 and we will reach a contradiction.
We claim that (14) becomes

r∑
j=0

H ′
j(x)y

j+1 − cx
r∑

j=1

jHj(x)y
j−1 − f(x)

r∑
j=0

jHj(x)y
j

=

n∑
l=2

βl,0x
l +

r+1∑
m=2

ym
n∑

l=m

βl−m,mxl−m.

(16)

Indeed, since all the coefficients with ym for m = r + 2, . . . , n in (14) only appear
in the right-hand side, we have that

n∑
m=r+2

ym
n∑

l=m

βl−m,mxl−m = 0.

This implies that (16) holds. Computing the coefficient of yr+1 in (16) we get that

H ′
r(x) =

n∑
l=r+1

βl−r−1,r+1x
l−r−1, that is,

Hr(x) = cr +
n∑

l=r+1

βl−r−1,r+1

l − r
xl−r =

n∑
l=r

β̃lx
l−r,

where β̃r = cr ∈ C and β̃l = βl−r−1,r+1/(l − r) for l = r + 1, . . . , n. Without loss
of generality and since Hr(x) �= 0 we denote by l∗ the greatest integer of {r, . . . , n}
such that β̃l∗ �= 0. Then it is clear that

Hr(x) = β̃l∗x
l∗−r + l.o.t.
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We claim that

(17) Hr−j(x) =
β̃l∗a

j
n∏j

i=1(i(n+ 1) + l∗ − r)
xj(n+1)+l∗−r

j−1∏
i=0

(r − i) + l.o.t.,

for j = 1, . . . , r − 1.
Computing the coefficient of yr in (16) we get

H ′
r−1(x)− f(x)rHr(x) =

n∑
l=r

βl−r,rx
l−r.

Since l∗ ≥ r ≥ 2, the terms xn−r belong to the lower terms in comparison with
xn−r+l∗ . Then we obtain that

H ′
r−1(x) = anrβ̃l∗x

n+l∗−r + l.o.t.

Integrating this last expression we get

Hr−1(x) =
β̃l∗an

n+ 1 + l∗ − r
xn+1+l∗−rr + l.o.t.,

which coincides with (17) with j = 1.
Now we assume that (17) is true for j = 1, . . . , L with 1 ≤ L < r− 1 and we will

prove it for j = L+ 1. Computing the coefficient of yr−L in (16) we get

H ′
r−L−1(x)−cx(r−L+1)Hr−L+1(x)−f(x)(r−L)Hr−L(x)=

n∑
l=r−L

βl−r+L,r−Lx
l−r+L.

Now using the induction hypothesis and since x(L−1)(n+1)+1+l∗−r and xn−r+L be-
long to the lower terms in comparison with xL(n+1)+l∗−r (note that L ≥ 1), we
obtain that

H ′
r−L−1(x) = anx

n(r − L)
β̃l∗a

L
n∏L

i=1(i(n+ 1) + l∗ − r)
xL(n+1)+l∗−r

L−1∏
i=0

(r − i) + l.o.t.

=
β̃l∗a

L+1
n∏L

i=1((i(n+ 1) + l∗ − r)
xL(n+1)+l∗−r+n

L∏
i=0

(r − i) + l.o.t.

Now integrating the previous equation we obtain

Hr−L−1(x) =
β̃l∗a

L+1
n x(L+1)(n+1)+l∗−r

((L+ 1)(n+ 1) + l∗ − r)
∏L

i=1(i(n+ 1) + l∗ − r)

L∏
i=0

(r − i) + l.o.t.

=
β̃l∗a

L+1
n∏L+1

i=1 (i(n+ 1) + l∗ − r)
x(L+1)(n+1)+l∗−r

L∏
i=0

(r − i) + l.o.t.,

which is equation (17) with j = L+ 1. This proves the claim done in (17).
From (17) with j = r − 1 we obtain

H1(x) =
β̃l∗a

r−1
n∏r−1

i=1 (i(n+ 1) + l∗ − r)
x(r−1)(n+1)+l∗−r

r−2∏
i=0

(r − i) + l.o.t.

Then we have that the coefficient of y0 in (16) satisfies

−cxH1(x) =
n∑

l=2

βl,0x
l.
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Since r ≥ 2 we have that (r−1)(n+1)+l∗−r+1 = (r−1)n+l∗ ≥ n+l∗ ≥ n+r ≥ n+2
and the coefficient of x(r−1)n+l∗ in the previous equation becomes

cβ̃l∗a
r−1
n∏r−1

i=1 (i(n+ 1) + l∗ − r)

r−2∏
i=0

(r − i) = 0,

a contradiction because the right-hand side is not zero.
This shows that r < 2. So we have two cases.

Case 1: r = 0. In this case, H(x, y) = H0(x), and it follows from (16) that

yH ′
0(x) =

n∑
l=2

βl,0x
l,

which yields that H0(x) is a constant. Hence, from (11), we obtain that E = e−T

with

T =
β1,0

c
(y + F (x))−

n∑
k=1

βk−1,1

k
xk.

Consequently we get that ey+F (X) = e(yx
k−1+

∫
f(x)xk−1 dx)/(k−1) for k = 2, and ex

j

for j = 1, . . . , n are exponential factors. It is easy to check that their cofactors are
cx and xj−1y, respectively.

Case 2: r = 1. Then H(x, y) = H0(x)+yH1(x) and from (12) and (16) becomes

(18) yH ′
0(x)+ y2H ′

1(x)− (cx+ f(x)y)H1(x) =

n∑
l=2

βl,0x
l+ y2

n∑
l=2

βl−2,2x
l−2 = L1.

Computing the coefficient of y2 in (18) we get

H ′
1(x) =

n∑
l=2

βl−2,2x
l−2, i.e. H1(x) = β∗ +

n∑
l=2

βl−2,2

l − 1
xl−1 with β∗ ∈ C.

Furthermore the coefficient of y in (18) gives

H ′
0(x) = f(x)H1(x) = f(x)

(
β∗

n∑
l=2

βl−2,2

l − 1
xl−1

)
.

Finally the coefficient of y0 in (18) gives

−c

(
β∗x+

n∑
l=2

βl−2,2

l − 1
xl

)
=

n∑
l=2

βl,0x
l.

Consequently

β∗ = 0 and βl,0 = −cβl−2,2

l − 1
, l = 2, . . . , n.

In short we have

H(x, y) =

n∑
l=2

βl−2,2

l − 1

(∫
f(x)xl−1 dx+ yxl−1

)

and

L1(x) =

n∑
l=2

βl−2,2

(
− c

l − 1
xl + y2xl−2

)
.

Hence the proof of Theorem 5 follows easily.
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5. Proof of Theorem 6

Assume that we have system (1) under the assumptions (2) and (6). Then by
Proposition 3 this system has no Darboux polynomials, and by Theorem 5 it has
2n− 2 exponential factors Ei for i = 1, . . . , 2n− 2. We denote the cofactors of the
exponential factors by Li.

In order that system (1) has a Liouvillian first integral, by Theorem 9, system
(1) must have an integrating factor of Darboux type (see (9)). From Theorem 8(b),
system (1) has an integrating factor of Darboux type if and only if

(19)
2n−2∑
i=1

μiLi = f(x), μi ∈ C.

Hence by using Theorem 5 the equality in (19) becomes

y

n∑
j=1

μjx
j−1 +

n∑
k=2

μn+k

(
y2xk−2 − c

k − 1
xk

)
= f(x).

This equality is not possible because the left-hand side is independent of y. This
ends the proof of Theorem 6.
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