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CONNECTEDNESS OF THE ARNOLD TONGUES

FOR DOUBLE STANDARD MAPS

ALEXANDRE DEZOTTI

(Communicated by Bryna Kra)

Abstract. We show that Arnold tongues for the family of double standard
maps

fa,b(x) = 2x+ a− (b/π)sin(2πx)

are connected. This proof is accomplished in the complex domain by means
of quasiconformal techniques and depends partly upon the fact that the com-
plexification of fa,b, has only one critical orbit taking symmetry into account.

1. Introduction

Our object is to study the family of mappings from the circle to itself, which we
will call double standard maps, described below. The starting point is the family
of real-analytic mappings Fa,b : R → R given by

X �→ Fa,b(X) = 2X + a− b

π
sin(2πX),

with (a, b) ∈ R× [0, 1]. These functions descend to mappings fa,b : T
1 → T1, where

T1 = R/Z. We call this the double standard family (fa,b)a∈T1,b∈[0,1]. This is a
family of degree 2 mappings of the circle which has been recently studied by Ana
Rodrigues and Micha�l Misiurewicz [4], [5].

Each of fa,b in the family is monotonic semiconjugate to the doubling map D :
x �→ 2x mod 1 via a unique mapping ϕa,b (see Lemma 3.8). When we say a
continuous mapping of the circle is monotonic, we mean that its lift is a monotonic
mapping of the real line. This mapping φa,b sends the periodic points of fa,b
to the periodic points of the doubling map D with the same period. Moreover,
(a, b) �→ φa,b is continuous (see [4]).

In the following picture, graphs (x, a(x)) of the parameters (a, 1) for which x is
a periodic point of fa,1 (with period ≤ 10) are drawn in black.
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Indeed, all the functions a(x) are defined in T1. The part of the graphs where
the function decreases corresponds to a repulsive cycle, whereas increasing parts
correspond to an attracting cycle. The intervals of values of a for which fa,1 has
an attracting cycle with period less than 10 are emphasized in grey.

One of the important facts concerning the mappings fa,b is that they corre-
spond to mappings ga,b : S1 → S

1 of the complex circle (after conjugating by the
exponential map) that extend to holomorphic functions ga,b : C

∗ → C∗ given by

ga,b(z) = e2
√
−1πaz2e−b(z− 1

z ).

These functions ga,b are symmetric with respect to the circle S
1 = e2π

√
−1T1 ⊂ C

∗

in the sense that ga,b (1/z) = 1/ga,b(z). Any ga,b has at most one attracting cycle
on the circle, and if there is one, then all the critical points belong to the same
component of the immediate basin. Since this component contains only one point
of the cycle, it yields a naturally distinguished point of the cycle.

Definition 1.1. A tuple of parameters (a, b) ∈ T1 × [0, 1] is of type τ if ga,b has
an attracting cycle on the circle with φa,b(x0) = τ , where x0 is the distinguished
point of the attracting cycle of ga,b.

Definition 1.2. The tongue Tτ of type τ ∈ T1 is the set of parameters (a, b) ∈
T1 × [0, 1] of type τ .

Remark 1.3. Since any type τ is a periodic point of D, it is a quotient k
2p−1 where

k ∈ {0, . . . , 2p − 2} and p is the period of the cycle.

The tongues Tτ are open disjoint subsets of T1 × [0, 1]. Some of their properties
were studied in [5].
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The following picture shows the tongues (in black) in the parameter space
[−1/2, 1/2]× [0, 1] :

One of the questions left unanswered by the authors of [5] concerned the con-
nectedness of the set Tτ . We show here that the set Tτ is connected. We shall use
quasiconformal techniques in the proof.

Theorem 1.4. For each type τ (periodic point of D) there exists a unique (aτ , bτ ) ∈
Tτ such that faτ ,bτ has a superattracting cycle. Then bτ = 1, and all (a, b) ∈ Tτ

can be joined to (aτ , 1) by a continuous path in Tτ .

Corollary 1.5. The tongues are connected.

The paths will be constructed by a quasiconformal deformation.
Section 3 is devoted to the construction of the deformation inside the tongue for

parameters with no superattracting cycle; see Lemma 3.1. In section 4, it is shown
that the deformation path tends to a unique limit parameter with a superattracting
cycle.

2. General properties of ga,b

We recall several properties concerning of the mappings ga,b that we will use
later on.

We first study the set of critical points of these mappings. Let

g(z) = z2eu(1/z)+v(z),

where u and v are polynomials of respective degrees p ≥ 1 and q ≥ 1. Since
deg v ≥ 1, the set of essential singularities of g contains 0. The point ∞ is the only
other essential singularity of g.

The following fact is used in Proposition 3.6.

Lemma 2.1. The derivative of g is g′(z) = 1
zp−1P (z)eu(1/z)+v(z), where P (z) =

zp+1v′(z) + 2zp − zp−1u′(1/z). The function P (z) is a polynomial, its degree is
p+ q and its constant term is equal to the leading term of u, which is not zero. In
particular the critical points of g are the roots of P (z) with the same multiplicities.
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Now if p = q = 1, let (a, b, c) ∈ C/Z × (C∗)2 be defined by v(z) + u(1/z) =
2πA

√
−1 − (bz − c/z), with a = A mod 1. Then the critical points of g are the

roots of the quadratic polynomial bz2 − 2z + c, namely 1±
√
1−bc
b , where

√
1− bc

stands for an arbitrary choice of one of the two square roots of 1− bc.
We will say that a mapping f : C∗ → C∗ is symmetric with respect to the circle

if for all z ∈ C∗, f
(
1
z

)
= 1

f(z)
. If we suppose that g has the above symmetry

property, then c = b and a ∈ R.
We now suppose that p = q = 1 and that g is symmetric with respect to the

circle, and we denote it by ga,b, i.e. ga,b(z) = λz2e−(bz−b/z), with |λ| = 1. One must
notice that there exists a unique rotation that conjugates ga,b to a function gã,b̃ =

λ̃z2e−(b̃z−b̃/z) with b̃ ∈ R+. Indeed, the only way one can do this is by conjugating

by the linear map z �→ |b|
b z. This yields

(
b
|b|

)−1

ga,b

(
|b|
b z

)
= |b|λ

b z2e
−
(
b̃z−b̃/z

)
with

b̃ = |b|
b ∈ R+.

Lemma 2.2. Let a ∈ T1 and b ∈ C. Then the mapping

ga,b(z) = e2πa
√
−1z2e−(bz−b/z)

has a monotonic restriction to S
1 if and only if |b| ≤ 1. In that case |b| = 1 is

equivalent to the fact that the critical points belong to the unit circle.

Proof. When |b| < 1, the critical points of ga,b, which are

{
1−

√
1−|b|2
b ,

1+
√

1−|b|2
b

}
,

don’t belong to the circle. From what follows we see that ga,b|S1 is a monotonic
mapping of the circle. From the continuous dependence of ga,b on b, it follows that
for any a the mapping ga,b|S1 is also monotonic when |b| = 1. In the latter case, the
map has only one critical point 1/b, and this critical point belongs to the circle.

Conversely, suppose |b| > 1. Here it is convenient to make the computations with
the lifted map fa,|b| of the mapping ga,|b|, which is conjugated with ga,b by a rotation.

The critical points of fa,|b| are the solutions of cos(2πx) =
1
|b| . These critical points

all belong to the real axis, and the second derivative f ′′
a,|b|(x) = −4π|b|sin(2πx) does

not vanish at these points. Consequently fa,|b|, and hence ga,b|S1 , is not monotonic
when |b| > 1. �

We now compute the asymptotic values of the mapping ga,b. Recall that α is an
asymptotic value of ga,b if there exists a continuous path η : [0,+∞[→ C

∗ such that
the limit of η(t) when t → +∞ is either 0 or ∞ and such that α = lim

t→+∞
ga,b(η(t)).

Proposition 2.3. Let λ ∈ S
1, b ∈ R

∗. Then the set of asymptotic values of
g(z) = λz2e−b(z−1/z) is {0,∞}.

Proof. Consideration of the paths t �→ η±(t) = ±t shows that 0 and ∞ are as-
ymptotic values. Following [8], we show that any asymptotic value α must be 0 or
∞.

By definition we have α = lim
t→+∞

g ◦ η(t), for some path η tending to 0 or ∞; and

by symmetry, we may assume without loss of generality that η(t) → ∞ as t → +∞.
Let x, y : [0,+∞[→ R be defined by x+

√
−1y = −b (η − 1/η).

If there exist c ∈ R and a sequence tn → +∞ such that x(tn) ≥ c for all n, then
g(η(tn)) → ∞. So α �= ∞ implies that x(t) → −∞ as t → +∞. Let arg0 denote the
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determination of the argument that takes values into [0, 2π]. As a consequence of

the above, we have arg0 η = arg0

(
x+

√
−1y

−b

)
+ o(1) ∈

[
π
2 ,

3π
2

]
for all t large enough.

On the other hand, if there exist tn → +∞ such that (|y(tn)|)n is bounded, then

g(η(tn)) → 0 as n → ∞. Indeed, log |g| = log |η|2 + x = log
(

x2

b2 + y2

b2

)
+ x + o(1);

thus log |g(η(tn))| = xn + o(|xn|). Since x(tn) → −∞, we would have g(η(tn)) → 0
as n → ∞. Consequently α �= 0 implies that y is unbounded.

Let arg denote the imaginary part of the analytic continuation of one choice of
log g along the path η. From the convergence of log g ◦ η(t) as t → ∞, it follows
that arg g ◦ η is bounded. Since arg g ◦ η = y + arg λ+ 2arg η, arg η is unbounded.
This contradicts the above. �

One could also use the Ahlfors-Carleman-Denjoy theorem to show that ga,b has
no asymptotic value in C∗. The result follows from the fact that the entire function
fa,b(z) = 2z − a + b

π sin 2πz has no finite asymptotic values. Note that we would
use the fact that fa,b has finite growth order. Since we will need the definition of
the growth order for the characterization of the double standard family, we recall
it below.

Definition 2.4. Let a be a point of the Riemann sphere P1, U a neighbourhood of a
and f : U\{a} → C a holomorphic function defined in the punctured neighbourhood
U\{a} of a such that it has an essential singularity at a. Then the growth order of
f near a is defined by

lim sup
r→0

− log logMa(f, r)

log r
,

where Ma(f, r) = sup
d(z,a)=r

|f(z)| and d is the spherical distance.

This definition is independent of a change of chart in the domain. For the family
of mappings (ga,b)a∈T1,b∈R∗ , the growth orders near 0 and near ∞ are both 1.

Now we return to the problem of finding attracting basins for ga,b.

Proposition 2.5. For any (a, b) ∈ T1 × [0, 1], the mapping ga,b can have at most
two attracting cycles, and if there are, both are of the same period. Moreover, the
immediate basin of an attracing cycle of ga,b contains at least one critical point.

If an attracting cycle of ga,b belongs to the circle, it attracts both critical points
and there is no other attracting cycle. In that case, the critical points belong to the
same component of the immediate basin.

Proof. Since the asymptotic values of ga,b don’t belong to its set of definitions, the
iterates g◦na,b have the same asymptotic values as ga,b.

Let n ∈ N∗ be the period of the attracting cycle of ga,b. Let R > 0 be the
maximal radius of the disks centered at 0 on which the inverse ψ of the linearizing
map corresponding to this attracting cycle can be defined. Let r < R be such that
r
|λ| > R.

If we suppose that Br := ψ (D(0, r)) does not contain any asymptotic value or

critical value of g◦na,b, then g◦na,b :
(
g◦na,b

)−1

(Br) → Br is a covering map. Since

Br is simply connected it would produce an inverse branch of g◦na,b defined on the
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whole set Br. Then ψ could be extended in D
(
0, r

|λ|

)
by the formula ψ(z) =(

g◦na,b

)−1

(ψ(λz)), which contradicts the maximality of R < r
|λ| .

We conclude that Bε contains a critical or an asymptotic value of g◦na,b. But it
cannot be an asymptotic value because the asymptotic values of g◦na,b do not belong
to the domain of definition of the map. Hence, the basin of the attracting cycle
contains at least one critical point.

Since there are only two critical points, there are at most two attracting cycles.
Symmetry implies they both have the same period. Moreover, if this cycle belongs
to the circle, from the symmetry property of ga,b it follows that both critical points
belong to its immediate basin. �

3. Deformation

Lemma 3.1. Let (a, b) ∈ T
1 × [0, 1] be such that ga,b has an attracting cycle on

the circle of type τ with multiplier λ. Then there exists a family (ϕρ)ρ∈]0,1[ of

quasiconformal homeomorphisms ϕρ : P1 → P
1 of P

1 = P1(C) fixing 0 and ∞,
depending analytically on the real variable ρ, such that ϕλ = idP1 and such that ϕρ

conjugates ga,b to some gaρ,bρ which has an attracting cycle on the circle of type τ
with multiplier ρ :

(1) C∗ ϕρ ��

ga,b

��

C∗

gaρ,bρ

��
C

∗
ϕρ

�� C∗

Let us show Lemma 3.1. The aim is to construct a mapping gã,b̃, belonging to the
complex double standard family, from g := ga,b, such that gã,b̃ has the same type

as g := ga,b but with a given multiplier ρ ∈]0, 1[. This is done by quasiconformal
deformation.

3.1. Deformation process. Let ϕ be a local linearizing map of g◦p, where p is
the period of the attracting cycle, defined in a neighbourhood of x ∈ S1, where x is
the point of the cycle which lies in the same Fatou component as the critical points
of g.

We will suppose that the derivative of ϕ at x satisfies |ϕ′(x)| = 1 and that it is
tangent to the unit circle S1 and points towards the anticlockwise direction. The
mapping ϕ is uniquely determined by this normalization. We have ϕ ◦ g◦p = λϕ,
ϕ(x) = 0 and ϕ′(x) =

√
−1x.

It is easy to see that ϕ is symmetric (cf. Lemma 3.2 below), from which it
follows that if DR is a disk centered in 0 = ϕ(x) on which ϕ−1 is well-defined, then
U = ϕ−1(DR) is stable by z �→ 1/z.

Lemma 3.2. Suppose f is a holomorphic function defined in a neighbourhood of the
circle, which is symmetric with respect to the circle, i.e. such that f(1/z) = 1/f(z),
and that it has an attracting cycle (x, f(x), . . . , f◦p−1(x)) in S

1 with multiplier λ.
Then λ ∈ R and the linearizing mapping ϕ defined in a neighbourhood of x and

with ϕ′(x) =
√
−1x satisfies ϕ(1/z) = ϕ(z), and the preimages by ϕ of any disk

centered in 0 are symmetric with respect to the circle.
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Proof. Since f is symmetric with respect to S1, the multiplier λ is real. If we set
ψ(z) = ϕ(1/z), then it’s easy to see that ψ ◦ f = λψ because λ is real. Moreover,

ψ is holomorphic, and a simple computation shows that ψ′(x) = −
(
1
x

)2
ϕ′(1/x) =

ϕ′(x).

Therefore, from the uniqueness of ϕ, it follows that ϕ(1/z) = ϕ(z).

Then ϕ(z) ∈ DR ⇔ ϕ(z) ∈ DR ⇔ ϕ(1/z) ∈ DR. �

We first use a quasiconformal deformation χ which transforms DR into Dr, with
R chosen so as to produce a deformed map with the expected multiplier ρ.

Lemma 3.3. Let α > 0 and

(2)
χ : C∗ −→ C∗,

z �−→ |z|αz.

Then

• χ is a real-analytic diffeomorphism with χ(reiθ) = rα+1eiθ, and χ(zz′) =
χ(z)χ(z′);

• we have

(3) μχ :=
∂χ/∂z

∂χ/∂z
=

α/2

1 + α/2

z

z
.

In particular |μχ| is constant and ||μχ||∞ =
∣∣∣ α/2
1+α/2

∣∣∣;
• if α = log r

logR − 1, χ sends the disk DR (of radius R) onto the disk Dr;

• if, moreover, R, r < 1, then

(4) |μχ| =
|1− log r/ logR|
1 + log r/ logR

< 1.

We have the commutative diagram

(5) DR

z 	→λz

��

χ
�� Dr

z 	→ρz

��
DR

χ �� Dr

with ρ = χ(λ) = λ1+α (in particular 0 < ρ < 1).

Proof.

• The mapping χ is monotonic on the radii, χ(0) = 0 and χ(R) = R
log r
log R = r.

• We have ∂|z|
∂z = 1

2
z
|z| and ∂|z|

∂z = 1
2

z
|z| . Hence ∂χ

∂z = α
2 |z|α−2z2 and ∂χ

∂z =(
α
2 + 1

)
|z|α.

• From the first point, we have χ(λz) = χ(λ)χ(z) = ρχ(z).

�

Lemma 3.4. The composition

U
ϕ−→ DR

χ−→ Dr
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induces a differential Beltrami form σρ on U , depending analytically on ρ, which is
invariant by g :

σρ = μρ
dz

dz

=
α/2

1 + α/2
· ϕ(z)
ϕ(z)

· ϕ
′(z)

ϕ′(z)
· dz
dz

satisfying μρ(1/z) = μρ(z) on U .

Proof. The complex dilatation μρ is the coefficient of the Beltrami form ∂χ◦ϕ
∂χ◦ϕ .

Analytic dependence follows from (3) and the fact that α = log ρ
log λ − 1.

Invariance by g follows from (3) and (5) above. �

Thus, we have a differential Beltrami form σρ on a symmetric open set (image
of a disk DR under ϕ−1), which is invariant by g with the symmetric complex
dilatation coefficient μρ (i.e. μρ(1/z) = μρ(z)).

We propagate σρ over almost all the attracting basin via pullback by g. The
resulting Beltrami form is still symmetric, and we can extend it by 0 outside the
basin.

To do so, the Beltrami form σρ = μρ
dz
dz ∈ L∞ is constructed in this manner

(compare [7]) :

• on U , σρ is the g-invariant differential Beltrami form given by Lemma 3.4;
it is invariant by g;

• on the preimages g−n(U) of U , the form σρ is given by

σρ(z) =
g◦n′(z)

g◦n′(z)
μρ(g

◦n(z))
dz

dz
,

where n is such that g◦n(z) ∈ U . Note that this is well defined because σρ

is g-invariant on U ;
• elsewhere, σρ vanishes.

From holomorphy of g it follows that ||σρ||∞ = ||σρ||L∞(P1) = ||σρ||L∞(U).
The coefficient μρ (or σρ) is easily seen to be symmetric on U . Moreover, ∀n,

∀z, g◦n′(1/z) = g◦n′(z). It follows that for z such that g◦n(z) ∈ U ,

μρ(1/z) =
g◦n′(1/z)

g◦n′(1/z)
μρ(g

◦n(1/z)) =

(
g◦n′(z)

g◦n′(z)
μρ(g◦n(z))

)
= μρ(z).

Remark 3.5. The above pullback discussion is uniform in ρ. As a consequence, the
Beltrami form σρ depends analytically on ρ.

Since ||σχ||∞ = ||σρ||∞ < 1, the Riemann measureable mapping theorem yields
the existence of a unique quasiconformal homeomorphism Φρ : (P1, 0,∞, x) −→
(P1, 0,∞, x) such that the Beltrami form σρ is Φρ-invariant. Moreover, this home-
omorphism is symmetric with respect to the circle (compare section 2), and by
the analytic dependence on parameters (compare for example [1]), ρ �→ Φρ(z) is
real-analytic for any z ∈ P1.
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From the g-invariance of σρ, it follows that g̃ := Φρ ◦ g ◦ Φ−1
ρ and that ϕ̃ :=(

Φρ ◦ ϕ−1 ◦ χ
)−1

are holomorphic on their respective domains of definition:

ϕ̃ : Φρ(U)
Φ−1

ρ−→ U
ϕ−→ DR

χ−→ Dr

Φρ(U)
Φ−1

ρ ��

g̃

��

U

g

��

ϕ �� DR
χ ��

×λ

��

Dr

×ρ

��
Φρ(h(U))

Φ−1
ρ �� h(U)

ϕ �� λDR
χ �� ρDr

(6)

The new mapping g̃ has an attracting cycle of period p, like g, with a local
linearizing mapping ϕ̃ defined in the neighbourhood of the point Φρ(x) (which
belongs to this cycle). The new multiplier is thus ρ = λ1+α. Note that all values
in the interval ]0, 1[ can be assigned to ρ.

We need to see that we obtained a mapping which belongs to the family of
complexified double standard maps (ga,b)a,b. In the next section, we will see that,
after conjugating by a suitable rotation, the new map belongs to the family.

3.2. Back to the double standard family. We now check that the mapping g̃
constructed in the previous section is conjugated by a rotationR to a unique element
gã,b̃ in the family of mappings (ga,b)a,b. This is a consequence of the following and
of the discussion in section 2 about the existence and unicity of the conjugacy by
a rotation.

Proposition 3.6. Let (a, b, c) ∈ C/Z×C
∗ ×C

∗ and let ga,b,c : C
∗ → C

∗ be defined
by

ga,b,c(z) = e2
√
−1πaz2e−(bz−c/z).

Let ϕ, ψ be orientation-preserving homeomorphisms of the Riemann sphere P1 fixing
0 and ∞.

If ψ◦ga,b,c◦ϕ : C∗ → C∗ is holomorphic, then there exist (α, β, γ) ∈ C/Z×C∗×C∗

such that ψ ◦ ga,b,c ◦ ϕ = gα,β,γ .
If we suppose that ga,b,c is a symmetric map with respect to the circle, i.e.

ga,b,c (1/z) = 1/ga,b,c(z), hence that a ∈ T1 and c = b and that ϕ and ψ are
also symmetric with respect to the circle, then the mapping gα,β,γ is also symmet-

ric, α ∈ T
1, γ = β, and we have |β| < 1 if and only if |b| < 1 and |β| = 1 if and

only if |b| = 1.

Proof. Without loss of generality we can suppose ϕ and ψ are quasiconformal.
Indeed, let V be the set of critical values of ga,b,c. It contains one or two points,
and ψ(V ) is the set of critical values of h := ψ◦ga,b,c◦ϕ. From the finiteness of V and
the compactness of P1, it follows that there exists an isotopy ψt : P

1 → P1 between
ψ = ψ0 and a quasiconformal homeomorphism ψ1 such that, for all t ∈ [0, 1],
ψt(0) = 0, ψt(∞) = ∞ and such that for all v ∈ V , ψt(v) = ψ(v). Thanks to
this last property, the isotopy ψt can be lifted up into an isotopy ϕt starting from
ϕ0 = ϕ. The final function ϕ1 of this isotopy is quasiconformal since it is locally a
composition of conformal or quasiconformal mappings.

Since ϕ and ψ are orientation-preserving homeomorphisms of C∗, they induce
the identity map on H1(C

∗,Z), the first integral homology group of C∗. Since
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H1(C
∗,Z) is generated by the homology class [γ] of a curve γ winding one time

round 0 in the anticlockwise direction, we have

1

2
√
−1π

∫
(0,+)

h′(z)

h(z)
dz =

1

2
√
−1π

∫
(0,+)

g′a,b,c(z)

ga,b,c(z)
dz.

The latter depends continuously on (a, b, c) ∈ C/Z × C × C. Consequently, it is
constant when (a, b, c) varies and we have

1

2
√
−1π

∫
(0,+)

h′(z)

h(z)
dz =

1

2
√
−1π

∫
(0,+)

g′0,0,0(z)

g0,0,0(z)
dz = 2.

It follows that there exists a holomorphic function u : C∗ → C∗ such that h(z) =
z2eu(z). In order to characterize the function u, we need to know the growth order
of h near 0 and ∞.

From now on, we suppose that ϕ and ψ are K-quasiconformal homeomorphisms
of P1. It is well known that such mappings are locally Hölder continuous of exponent
1/K. So, by applying this to the inverse mapping of ϕ near ∞, we can find R∞ > 0
and C∞ > 0 such that for all z satisfying |ϕ(z)| ≥ R∞, we have |ϕ(z)| ≤ C∞|z|K .
Moreover, we can fix R∞ and C∞ such that the same holds if we only change ϕ
and replace it by ψ.

We concentrate on estimating the growth order of h near ∞. Since ϕ(z) → ∞
when z → ∞, we can suppose that |z| is such that |ϕ(z)| ≥ R∞. Then

Re
(
−
(
bϕ(z) +

c

ϕ(z)

))
≤ |b||ϕ(z)|+ |c|

|ϕ(z)|

≤ |b|C∞|z|K +
|c|
R∞

.

Hence |g ◦ ϕ(z)| ≤ C|z|2KeC
′|z|K , for some positive constants C, C ′. Therefore if

|ψ ◦ ga,b,c ◦ ϕ(z)| ≥ R∞, we have |h(z)| = |ψ ◦ ga,b,c ◦ ϕ(z)| ≤ C ′′|z|2K2

eC
′′′|z|K for

some other positive constants C ′′, C ′′′. Thus the growth order of h near ∞ is finite.
This conclusion also holds near 0 from a similar argument using the Hölder

continuity of ϕ near 0.
Therefore u has a non-zero Laurent series development,

u(z) =

q∑
n=−p

anz
n,

with (p, q) ∈ N∗ × N∗, a−p �= 0 and aq �= 0.
From the definition of h, it follows that h has the same number of critical points

as ga,b,c. From section 2 we know that the mapping ga,b,c has two critical points
counting multiplicity.

We have

h′(z) =
(
2z + z2u′(z)

)
eu(z)

=
1

zp−1

(
2zp + zp+1u′(z)

)
eu(z).

The function P (z) =
(
2zp + zp+1u′(z)

)
is a polynomial of exact degree p+ q such

that P (0) �= 0; thus h has p+ q critical points counting multiplicity. Therefore we
have p = q = 1. This ends the proof of the first part of Proposition 3.6.
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The symmetry part of the last assertion is straightforward, while the equivalences
on the bound |β| < 1 or the identity |β| = 1 follows from Lemma 2.2. �

From this proposition, it follows that there exist (α, β) ∈ T1×D depending on ρ

such that Φρ ◦ g ◦Φ−1
ρ = e2

√
−1πaz2e−(βz−β/z). Moreover, we have seen in section 2

that there exists a unique rotation R such that R−1 ◦ Φρ ◦ g ◦ Φ−1
ρ ◦ R belongs to

the family of mappings (ga,b)a∈T1,b∈[0,1].

3.3. Type of the deformed cycle. Given any ρ ∈]0, 1[, we have a process for
constructing a map in the double standard family by deformation of a map belong-
ing to a tongue, such that the new map has an attracting cycle with multiplier ρ.
We check that this construction does not change the type.

Proposition 3.7. The tuple of parameters (ã, b̃) corresponding to the new function
g̃ is of type τ .

Proof. Let’s recall that τ is the image by the map φã,b̃(x) = lim
n→∞

F ◦n
a,b(x)/2

n (see [4])

of the point x̃ of the attracting cycle of gã,b̃ which belongs to the basin component
that contains the critical points.

The proposition is a consequence of the following uniqueness property of the
semiconjugacy φa,b.

Lemma 3.8. Let f : T1 → T1 be a monotonic continuous mapping. If ϕ, ψ : T1 →
T
1 are non-decreasing continuous mappings of degree 1 such that ϕ ◦ f = 2×ϕ and

ψ ◦ f = 2× ψ, then ϕ = ψ.

Remark 3.9. In the above lemma, the continuity assumption is not necessary, but,
if one considers discontinuous mappings, the “non-decreasing” assumption has to
be restated in order to take that specific context into account.

Proof. Let F be a lift of f , and let ϕ̃ be a lift of ϕ. Since ϕ̃ ◦F is a non-decreasing
real function, it is a lift of 2ϕ.

Therefore, there exists an integer constant k such that

∀x ∈ R, ϕ̃(F (x)) = 2ϕ̃(x) + k.

It follows that if we take ϕ1 = ϕ̃+ k, then we have ϕ1 ◦ F = 2ϕ1. We assume that
we have the same properties for a lift ψ1 of ψ.

The mappings ϕ1 and ψ1 are both non-decreasing of degree 1 and locally bounded;
thus, the function ϕ1 − ψ1 is periodic and bounded. But then

ϕ1(x)− ψ1(x) =
1

2
(ϕ1(F (x))− ψ1(F (x))) ,

so

ϕ1(x)− ψ1(x) =

(
1

2

)n

(ϕ1(F
◦n(x))− ψ1(F

◦n(x))) ,

for all n. Consequently, ϕ1(x)− ψ1(x) = 0. �
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The following diagram is commutative:

(7) T1

fã,b̃

��

Ψ−1
��
T1

fa,b

��

φa,b ��
T1

D

��
T1

Ψ−1

��
T1

φa,b

��
T1

where Ψ is defined by exp ◦Ψ = Φ|S1 ◦ exp. Therefore, we have φã,b̃ = φa,b ◦ Ψ−1.

As a consequence (ã, b̃) is of type τ .

4. Path

Lemma 3.3 gives the value of the multiplier ρ of the new mapping gã,b̃; it is

ρ = λ1+α, where α is taken in the interval ] − 1,+∞[. It is then clear that all
values in the interval ]0, 1[ can be assigned to ρ when we change the parameter of

our construction (it suffices to set α = log ρ
log λ − 1).

Define γ(ρ) := (ã(ρ), b̃(ρ)), where (ã(ρ), b̃(ρ)) is the tuple of parameters cor-
responding to fã,b̃, which is the restriction of gã,b̃ to the unit circle (where gã,b̃
was constructed from ga,b by the process of quasiconformal deformation described
above).

This mapping γ is well defined on ]0, 1[, satisfies γ(λ) = (a, b) and takes values
into the type τ tongue Tτ .

This mapping ρ �→ γ(ρ) will be shown to be continuous. Indeed, it is real-
analytic. Afterwards, it remains to show that γ(0) can be defined and that it
corresponds to a parameter with a superattracting cycle of type τ .

4.1. Analyticity. The proof of the analytic dependence in ρ of (ã, b̃) = (a(ρ), b(ρ))
is based on the study of the regularity of the dependence of the critical points and
critical values of g̃, the resulting map of the quasiconformal deformation, and of
the rotation which turns g̃ into a member of the family (cf. Proposition 3.6).

Recall that ρ �→ Φρ(z) is a real-analytic map for all z. The critical points of
g̃ρ = Φρ◦g◦Φ−1

ρ , which are topologically characterized, are the images of the critical
points of g by Φρ. Let ω be one of the two critical points of g and ω̃ρ := Φρ(ω).
Since ρ �→ Φρ(ω) is real-analytic, the critical point ω̃ρ depends analytically on ρ.

The aim of the conjugacy by the rotation Rρ is to normalize g̃ρ so as to have a
mapping gρ = Rρ ◦ g̃ρ ◦R−1

ρ belonging to the complexified double standard family.

Since the critical points of g̃ρ(z) = λz2e−(bz−b/z) are
1±

√
1−|b|2
b ∈ 1

bR, it comes to

move the critical point on the real positive half-line. Specifically, Rρz =
|ω̃ρ|
ω̃ρ

z.

Therefore, the corresponding critical point of gρ : ωρ = Rρω̃ρ = |ω̃ρ| still depends
analytically on ρ.

From the formulas of the critical points of gρ = ga(ρ),b(ρ), we get

b(ρ) =
2ωρ

1 + ω2
ρ

,

which is true for both of the critical points ωρ.
We can express a(ρ) in terms of ρ by using the expression of the critical value of

gρ, which is at the same time the image of ωρ by gρ(z) = e2πa(ρ)
√
−1z2e−b(ρ)(z−1/z)
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and the image of h(ω) by Rρ ◦ Φρ. We have

e2πa(ρ)
√
−1 =

Rρ ◦ Φρ(f(ω))

ω2
ρe

−b(ρ)(ωρ−1/ωρ)
.

So, ρ �→ (a(ρ), b(ρ)) is an analytic path from ]0, 1[ into Tτ ⊂ T
1 × [0, 1].

4.2. Ending of the path when the multiplier tends to 0. We have shown
that, given a parameter (a, b) = (a(0), b(0)) in the type τ tongue, there exists a
continuous path ρ ∈]0, 1[�→ γ(ρ) = (a(ρ), b(ρ)) in that tongue, along one direction
of which the multiplier of the type τ cycle is ρ and tends to zero. We have to show
that this path ends up at a definite limit when ρ → 0, that this limit corresponds
to a type τ parameter with superattracting cycle and that it doesn’t depend on the
starting point in the tongue.

We first show that the limit lim
ρ→0

(a(ρ), b(ρ)) exists.

Note that b(ρ) ≤ 1 for all ρ since for b > 1, fa,b is not order-preserving and thus
cannot be topologically conjugated to an order-preserving map.

Since f ′
a,b(x) ≥ 2(1 − b) for all (a, b, x) and lim

ρ→0
(f◦p

a(ρ),b(ρ))
′(x(ρ)) = lim

ρ→0
ρ = 0,

where x(ρ) is any of the points of the attracting cycle (of period p) of fa(ρ),b(ρ), the
value of b(ρ) tends to 1 when ρ → 0. In particular, from the continuous dependence
of the semiconjugacy φa,b with respect to (a, b), it follows that for any limit point
of (a(ρ), b(ρ)) when ρ → 0 the corresponding map has a superattracting cycle of
exact period p.

The set Λ of limit points of γ(ρ) = (a(ρ), b(ρ)) when ρ → 0 is then included in
the set of points (a, 1) ∈ T1 × {1}. This set Λ is compact and connected since it is

the decreasing intersection of the connected compact sets γ(]0, 1/n[).
Thus Λ is a point or contains an open set ]a1, a2[ in T1×{1}. We will prove that

its interior is empty.
To proceed we need the following lemma, also used later.

Lemma 4.1. For any p ∈ N, the mapping T1 � a �→ f◦p
a,1(1/2) ∈ T1 is strictly

increasing and of degree 2p − 1.

Proof. Monotonicity comes from the fact that ∂
∂a

(
F ◦p
a,1(1/2)

)
≥ 1, which can be

seen by a direct calculation (compare [5]).
Now, it is sufficent to see that for all (a, b, x) ∈ R× [0, 1]× R and all p ∈ N,

F ◦p
a+1,b(x) = F ◦p

a,b(x) + 2p − 1

(recall that fa,b : T
1 → T1 is the quotient in T1 of the function Fa,b : R → R).

This is true for p = 1; moreover, an induction argument on p gives

F ◦p+1
a+1,b(x) = Fa+1,b(F

◦p
a+1,b(x))

= Fa,b(F
◦p
a,b(x) + 2p − 1) + 1

= F ◦p+1
a,b (x) + 2p+1 − 1. �

Now we see that the limit is unique. Otherwise, 1/2, which is the only critical
point of ga,1, would be a p-periodic point for all of the maps fa,1 such that a ∈
]a1, a2[, which is impossible by the above. The limit is thus unique.

Secondly, the type of the limit (a, 1) must be τ . Indeed it has a type τ ′. But
since the set of parameters of a given type is an open set in T1× [0, 1], all the values
of the path close enough to (a, 1) have the same type τ ′, which implies that τ ′ = τ .
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Lemma 4.2. Let p ∈ N∗, (a, b) ∈ T1 and X ∈ R. Let k ∈ N such that k < 2p − 1
and let x = X mod 1 ∈ T1. If F ◦p

a,b(X) = X + k, then φa,b(x) =
k

2p−1 .

Proof. We have

φa,b(x) =

(
lim
n→∞

F ◦n
a,b(X)

2n

)
mod 1

=

(
lim
n→∞

F ◦np
a,b (X)

2np

)
mod 1.

From F ◦p
a,b(X) = X + k, it follows that

lim
n→∞

F ◦np
a,b (X)

2np
= lim

n→∞

X + k
∑n−1

j=0 2pj

2np

= lim
n→∞

k 2np−1
2p−1

2np
. �

Proposition 4.3. Let τ ∈ T1 be a periodic point of the doubling map D. Then
there exists a unique a ∈ T

1 such that (a, 1) is of type τ and the corresponding cycle
of ga,b is superattracting.

Remark 4.4. If ga,b has a superattracting cycle, then b = 1 (compare section 2).

Proof. As recalled in Remark 1.3, if τ ∈ T1 is a periodic point of D, then there
exist p ∈ N

∗, k ∈ {0, . . . , 2p − 2} such that τ = k
2p−1 .

Moreover, from Lemma 4.1, it follows that for all p ∈ N∗ and all k ∈ {0, . . . , 2p−
2} there exists a unique a ∈ T1 such that F ◦p

a,b(1/2) = 1/2 + k. But then, from

Lemma 4.2, the parameter (a, 1) is of type τ . �

Corollary 4.5. If τ ∈ T1 is a type, the tongue Tτ is non-empty.

Corollary 4.6. The tongues are connected.

Proof. The tongue Tτ is non-empty. Taking any point in this tongue as its starting
point, there is a path γ : [0, 1] → Tτ as above. The limit γ(1) of this path is a
parameter (a, 1) of type τ with a superattracting cycle, and from the above there
is only one such parameter. �

5. Open questions

The other question left unanswered in reference [5] concerns the order of contact
of the left and right boundaries of the tongue. The order of contact might be 1

2 for
all of the tongues. See this reference for a study of examples. We have reason to
believe that the order of contact is the same for all of the tongues.

When we consider the dynamics of the family ga,b instead of fa,b, we see that
there can also be a symmetric pair of attracting cycles in C∗. We might expect the
corresponding parameters to form Mandelbrot-like families or even tricorn shapes
in the parameter space T1× [0, 1]. One can see shapes looking like Mandelbrot sets
(see Figure 1) attached on each tongue, with similar non-local connectedness as
previous examples (compare [6], [2]). We should note that the complexified double
standard family may be related to a rational Blaschke product with the same kind
of dynamics near the circle (the restriction to the circle is of degree two and strictly
monotonic); see [3].
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Figure 1. The parameter plane for the family (ga,b)a,b tongues
are dark grey (blue in the electronic version); the parameters with
escaping critical points correspond to the lighter greys (red and
green in the electronic version); and the others, the parameters
for which the critical point stays in a neighbourhood of the circle
without tending to it after some iterations, are black. On the right
is a magnification of the contact between the Mandelbrot-like shape
and the tongue.
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