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ON THE SPECTRUM OF (Spin(10, 2), SL(2,R)) IN E7,3

ZHE DU

(Communicated by Kathrin Bringmann)

Abstract. We give the complete description of the spectrum of
(Spin(10, 2), SL(2,R)) in the minimal representation of E7,3, and we find that
it only consists of a discrete spectrum. This is interesting as both groups
are noncompact. Also, most of the representations occurring in the spectrum
are unitary representations with nonzero cohomology. The representations we
obtained have different Hodge types from the representations we obtain from
classical theta liftings.

1. Introduction

The dual pair theory has been well understood in the symplectic case. Suppose
(G,G′) is a dual pair inside Sp2n(R); i.e., both groups are reductive subgroups of

Sp2n(R) and they are centralizers of each other. Let S̃p be the metaplectic two-fold

cover of Sp. For any subgroup E of Sp, let Ẽ denote its inverse image in S̃p. Then it
is well known that (G̃, G̃′) are centralizers of each other inside S̃p. By the Stone-Von
Neumann theorem, for each choice of a nontrivial additive character, there exists an
irreducible unitary representation π for S̃p, which we call the Weil representation.
The restriction of π to the dual pair (G̃, G̃′) gives a one-to-one correspondence
between certain representations of these two groups. This result had been proved
for the Archimedean case and the p-adic case for p �= 2. For details, see e.g. [4], [6],
[7], [13].

It is natural to consider other groups different from symplectic groups, find sim-
ilar representations to the Weil representation and investigate the correspondence.
We require the representation to be as small as possible but not trivial: it has
minimal Gelfand-Kirillov dimension and is associated with the minimal coadjoint
orbit. We call such a representation the minimal representation. For details, see
[26].

Let E7,3 be the connected Lie group of real rank 3 and type E7. There is a mini-
mal representation πmin which is an irreducible unitary representation of E7,3 with
minimal Gelfand-Kirillov dimension, and whose annihilator in the (complexified)
universal enveloping algebra is the Joseph ideal.

In this paper, we will give a complete description of the spectrum of the restric-
tion of πmin to the subgroup Spin(10, 2)× SL(2,R). It turns out that the discrete
spectrum gives the full description of the restriction. As both of the two groups
are noncompact, it is interesting that the full spectrum consists of only a discrete
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spectrum. For an integer k ≥ 2, let π−k be the antiholomorphic discrete series
representation of SL(2,R) of highest weight −k. Write the unitary decomposition
of πmin as

πmin|Spin(10,2)×SL(2,R) =
⊕

k≥4

θk ⊗ π−k.

We will describe θk for k ≥ 4 in section 4. Also, we can see that θk is a highest
weight module. For k ≥ 4, the K-type structure of θk is identical to that of a
derived functor module. For k ≥ 6, θk is an irreducible unitary representation with
nonzero cohomology.

To determine θk we use the fact that Spin(10, 2) and SL(2,R) form a reductive
dual pair in E7,3 corresponding to the α-case as in [23].

It should be mentioned that Kobayashi [22] has studied branching laws with
similar situations, namely an irreducible unitary highest weight representation of
a Lie group restricted to a reductive symmetric subgroup consisting of a discrete
spectrum. However, our results gives the explicit description which has important
applications in automorphic forms and Shimura varieties.

As (Spin(10, 2), SL(2,R)) is also a dual pair inside Sp24(R), we have classical
theta liftings in [17]. From [10], we see that unitary representations with nonzero co-
homology of Spin(10, 2) can occur with certain Hodge degrees. The Hodge degrees
of representations from classical theta liftings with dual pair (O(10, 2), Sp2n)(n ≤ 5)
are (r, r) with 0 ≤ r ≤ 10. Our representations have degree (5, 0) and (0, 5). So we
have produced representations that cannot be obtained from classical liftings.

We will use the following method to determine the spectrum.
Let K be the maximal compact subgroup of E7,3 and K1 = Spin(10) × SO(2)

the maximal compact subgroup of Spin(10, 2). We first restrict πmin to Spin(10)×
SO(2)× SO(2), where the decomposition takes the form

πmin |Spin(10)×SO(2)×SO(2)=
⊕

p,q,r≥0

π(pω6 + qω2)× (μ1)× (μ2),

where ωj denotes the j-th fundamental weight for Spin(10), π(λ) is the irreducible
finite dimensional representation with highest weight λ, and μ1, μ2 are one dimen-
sional representations of SO(2) related to p, q, r. One knows (see [11]) that θk
is quasi-simple and its infinitesimal character is determined by the corresponding
representation of SL(2,R). Together with the K-types we will have enough infor-
mation to give the description of the representation.

We will generalize our results to global fields and talk about their applications
to automorphic forms and Shimura varieties in the near future.

2. Embedding

We first recall the structure of E7,3 and set up some notation. Consider the
group G = E7,3, a connected exceptional Lie group with split real rank 3. Its
maximal compact subgroup is K = E6 × T , where T is a torus of E7,3 and E6 is a
compact subgroup of type E6. K contains a compact Cartan subgroup H, and E7,3

is of Hermitian type. Let e7,3, e6,0 and t(e)7,3 be the corresponding complexified
Lie algebra of E7,3, E6 and T respectively. We introduce coordinates so that the
complexified Lie algebra h of H lies in C

8 and such that the restriction of the
Cartan-Killing form is the standard inner product given by

〈x, y〉 = x1y1 + ...+ x8y8.
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Let ej denote the evaluation on the j-th coordinate. We will use the same
notation as in Bourbaki [1], and the roots are as follows:

±ei ± ej , (1 ≤ i < j ≤ 6),±(e8 − e7),

and

±1

2
(e8 − e7 +

∑

1≤i≤6

(−1)νiei) with Σ1≤i≤6νi odd.

The simple roots are

α1 =
1

2
(e8 − e7 − e6 − e5 − e4 − e3 − e2 + e1),

α2 = e2 + e1,

αi = ei−1 − ei−2(3 ≤ i ≤ 7).

The half sum of positive roots is

ρ = (0, 1, 2, 3, 4, 5,−17

2
,
17

2
).

We know the simple roots for the Lie group E7,3, with fundamental Cartan sub-
group, are simple roots with α7 noncompact and the other roots compact. The
Vogan diagram is

� � � � � �

�

α1 α3 α4 α5 α6 α7

α2

Here a painted point means a noncompact simple root and an unpainted point
means a compact simple root.

The half sum of compact roots is

ρc = (0, 1, 2, 3, 4,−4,−4, 4).

With the above notation, K = E6 × T , where E6 corresponds to the compact
roots.

Fix an orientation for the torus T by t7,3 = (0, 0, 0, 0, 0, 2,−1, 1) ∈ t(e7,3) ⊂ h.
The Cartan decomposition of e7,3 is

e7,3 = e6,0 ⊕ t(e7,3)⊕ p+ ⊕ p−,

where as (e6,0 ⊕ t7,3)-modules, p+ = V (ω1) × (2)7,3, p
− = V (ω6) × (−2)7,3. The

highest weights for p+, p− are ω1 = e8 − e7 and ω6 = e5 − e6 respectively. Here
ω1, ω6 are the fundamental weights corresponding to α1, α6 respectively and (±2)7,3
denotes the action of t7,3 on p±.

Let β = e8 − e7 be the highest root of E7,3 which is noncompact. Then in the
extended Dynkin diagram, −β will be linked to α1 and is disjoint from the others.
Deleting α1 from the extended Dynkin diagram, we can get two disjoint parts. One
part corresponds to a noncompact root identified with SL(2,R), and the other part
corresponds to the Lie algebra of Spin(10, 2). With this identification, we get the
embedding of Spin(10, 2)× SL(2,R) into E7,3.
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Consider U = K ∩ (Spin(10, 2)× SL(2,R)). From the above identification we
know that

U = Spin(10)× SO(2)1 × SO(2)2,

where Spin(10) × SO(2)1 is the maximal compact subgroup of Spin(10, 2) and
SO(2)2 is the maximal compact subgroup of SL(2,R) corresponding to the non-
compact root (e7 − e8). We denote the Lie algebra of Spin(10, 2) by so(10, 2) and
the Lie algebra of Spin(10) by so(10).

We will use the above notation without further explanation in the latter part of
this paper.

3. Restriction

Let πmin be the minimal representation of E7,3. Noting that E7,3 is of Hermitian
type, Enright, Howe, and Wallach [3] have given a classification of highest weight
modules for all Hermitian symmetric cases. So we can read the K-types:

πmin | K =
⊕

n≥0

V (nλ)⊗ C−4ξ.

Here λ = e5 − e6 and ξ = e6 +
1
2 (e8− e7). V (nλ) is the highest weight module of K

with highest weight nλ, and C−4ξ is the one dimensional representation of K with
weight −4ξ,

With this information we know the highest weight representation in the classifi-
cation of Enright, Howe, and Wallach [3] with given K-types has Gelfand-Kirillov
dimension of 17, which is indeed the minimal Gelfand-Kirillov dimension. For the
computation of the dimension, we can use Theorem 1.2 in [24]. The minimal di-
mension of the coadjoint orbit can be found in [2]. The computations are as follows.

Theorem 3.1 (Vogan). Suppose that π is an irreducible admissible representation
of G. Let X be the K-finite vectors in π, d the Gelfand-Kirillov dimension of X,
and NX(t) the sum of the dimensions of the eigenspaces of ΩK with eigenvalues
less than or equal to t2. Here K is a maximal compact subgroup of G and ΩK is
the Casimir operator of K. Then there is a constant A > 0, depending on X, such
that for t ≥ 1,

A−1td ≤ NX(t) ≤ Atd.

Proof. See [24]. �

Proposition 3.1. The Gelfand-Kirillov dimension of πmin is 17, and it has the
minimal Gelfand-Kirillov dimension.

Proof. We know that the K-type decomposition of πmin is

πmin | K = X =
⊕

V (nλ)⊗ C−4ξ.

Write Fnλ−4ξ = V (nλ)⊗C−4ξ. Using the Weyl dimension formula, we find that

dimFnλ−4ξ = c16n
16 + c15t

15 + ...+ c0,

where the ci are constants.
The action of ΩK on Fnλ−4ξ is

‖ nλ− 4ξ + ρc ‖2 − ‖ ρc ‖2 = 2n2 + 24n+ 24.

Here ρc = (0, 1, 2, 3, 4,−4,−4, 4) and ρc+nλ− 4ξ = (0, 1, 2, 3, n+4,−n− 8,−2, 2).
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We know that
NX(t) =

∑

2n2+24n+24≤t2

dimFnλ−4ξ.

This is equivalent to ∑

n≤ t√
2

(c16n
16 + c15n

15 + ...+ c0)

when t is sufficiently large. Considering
∫m

1
tldt = O(ml+1), we know that 1l +

2l + ...+ml = O(ml+1). So NX(t) = O(t17). By Theorem 3.1, the Gelfand-Kirillov
dimension of πmin is 17. �

We will use the following results in the proof of the restriction. For details, see
[11].

Let K be a compact connected Lie group with Cartan subgroup T . Let K1 ⊆ K
be a closed connected subgroup with Cartan subgroup T1 ⊆ T. Fix compatible
Weyl chambers for the pairs (K,T ) and (K1, T1). Let ψ ∈ T̂ be a dominant weight,
Vnψ be the irreducible K-module with highest weight nψ and

Vψ|K1
=

r⊕

j=1

Wφj

be a decomposition of the restriction of Vψ to K1, where Wψj
is an irreducible K1-

module with highest weight φj . Note that Vnψ ⊆ Vψ
⊗n. It is obvious that Vψ

⊗n

contains all irreducible K1-modules with highest weights of the form

k1φ1 + ...+ krφr, k1 + ...+ kr = n,(3.1)

where the kj ’s are nonnegative integers. The Borel-Weil theorem implies the fol-
lowing.

Lemma 3.2. In the above setting, the restriction of Vnψ to K1 contains all the
irreducible K1-modules with highest weights of the form (3.1).

Lemma 3.3. When restricted to U(= K ∩ (Spin(10, 2)× SL(2))), the irreducible
(e6,0 ⊕ t7,3)-module V (nλ)⊗ C−4ξ will decompose as

V (nλ)⊗ C−4ξ =
⊕

p,q,r≥0

V (pω6 + qω2)⊗ (−p− q

2
− 4)1 ⊗ (−q − 2r − 4)2,

where ω6, ω2 are the fundamental weights of Spin(10) corresponding to the simple
roots α6 and α2, and (μ)i corresponding to the action of SO(2)i as a → aμ, where
a ∈ U(1).

Proof. Consider n = 1 (n = 0 is trivial).
We know that V (λ) is isomorphic to p− for they have the same highest weight

as (e6,0 ⊕ t7,3)-modules. Thus

V (λ) = V (ω6)⊗ (−1)⊗ (0)⊕ V (ω2)⊗ (−1

2
)⊗ (−1)⊕ Vtriv ⊗ (0)⊗ (−2),

where Vtriv is the trivial representation.
The reason is as follows. First, the highest weight vector of weight λ = e5 −

e6 must generate an irreducible highest weight representation of so(10), which is
V (ω6). Second, there is a trivial representation generated by the root vector of the
root α = e7−e8, which can be read from the action of so(10). Third, another highest
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weight of so(10) occurring in the restriction will be the maximal negative root of
the form 1

2 (e7− e8+
∑

i(−1)μiei) with
∑

i μi odd, and it is 1
2 (e7− e8− e6+

∑
i ei).

Comparing the dimensions, we can get our conclusion.
For general n, using Lemma 3.2, we will have

V (nλ) ⊇
⊕

p,q,r≥0

V (pω6 + qω2)⊗ (−p− q

2
)1 ⊗ (−q − 2r)2.

Now we want to show that the inclusion above is an equality. We will use
induction to show that both sides have the same dimension.

Let d1(n) = dimV (nλ) and

d2(n) =
∑

p+q≤n,p,q≥0

dimV (pω6 + qω2).

When n = 1 it is obvious that d1(1) = d2(1). Assuming d1(n) = d2(n) for n ≥ 1,
we want to show that d1(n+ 1) = d2(n+ 1). Observe that

c2(n) = d2(n+ 1)− d2(n) =
∑

p+q=n+1

dimV (pω6 + qω2)

is easier to compute than d2(n). So we turn to show that c1(n) = d1(n+1)−d1(n) =
c2(n).

We will use the Weyl dimension formula. Recall the root systems for e6,0 and
so(10) first.

The positive roots for e6,0 are

1

2
(e8 − e7 − e6 +

5∑

i=1

(−1)νiei),
∑

i

νi even,

ei ± ej , 1 ≤ j < i ≤ 5.

The half sum of the positive roots for e6,0 is

ρ1 = (0, 1, 2, 3, 4,−4,−4, 4).

The positive roots for so(10) are

ei ± ej , 1 ≤ j < i ≤ 5,

and the half sum of the positive roots is

ρ2 = (0, 1, 2, 3, 4, 0, 0, 0).

For convenience, we write

ρ2 = (0, 1, 2, 3, 4).

The Weyl dimension formula says that given an irreducible highest weight rep-
resentation of a complex Lie algebra, if the highest weight is λ, then the dimension
of the representation is

d(λ) =

∏
α∈Δ+(λ+ ρ, α)∏

α∈Δ+(ρ, α)
.

In our case, λ = e5 − e6, and from the formula, it is enough to consider the roots
contributing to the above product.
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For e6,0, it is enough to consider the following roots:

1

2
(e8 − e7 − e6 + e5 +

∑

1≤i≤4

(−1)μiei),
∑

i

μi even,

e5 ± ei, 1 ≤ i ≤ 4.

For so(10), it is enough to consider the following roots:

e5 ± ei, 1 ≤ i ≤ 4,

ei + ej , 1 ≤ j < i ≤ 4.

With the above settings, we find

dimV (nλ) =
1

56

(
n+ 8
5

)(
n+ 11
11

)
.

Noting that ω6 = (0, 0, 0, 0, 1) and ω2 = 1
2 (1, 1, 1, 1, 1), we have

dimV (pω6 + qω2) =
(q + 3)

105

(
p+ q + 7

4

)(
p+ 4
4

)(
q + 5
5

)
.

We can easily check the identity

1

56

{(
n+ 9
5

)(
n+ 12
11

)
−
(

n+ 8
5

)(
n+ 11
11

)}

=
1

105

(
n+ 8
4

) n+1∑

q=0

(q + 3)

(
n+ 5− q

4

)(
q + 5
5

)
,

and therefore we have that

dimV ((n+ 1)λ)− dimV (nλ) =
∑

p+q=n+1

dimV (pω6 + qω2),

i.e., c1(n) = c2(n). �

4. Description of the spectrum

4.1. Preliminaries. The description of the discrete spectrum involves unitary rep-
resentations with nonzero cohomology which were constructed by Vogan and Zuck-
erman [28], so it is necessary to give a brief introduction here and fix the notation.

The following results are from [28].
Let G be a real connected semisimple Lie group with finite center, g0 the Lie

algebra of G and g = (g0)C its complexification. Let K ⊂ G be a maximal compact
subgroup, θ the Cartan involution and

g = k+ p

the corresponding Cartan decomposition. Let it0 ∈ k0 be a Cartan subalgebra of
k0 and fix an element x in t0. Since K is compact, the linear transformation ad(x)
of g is diagonalizable, with real eigenvalues. Define

q = sum of nonnegative eigenspaces of ad(x),

u = sum of positive eigenspaces of ad(x),

l = sum of zero eigenspaces of ad(x) = centralizer of x.

Then q is a parabolic subalgebra of g, and

q = l+ u
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is the Levi decomposition. Furthermore, l is the complexification of l0 = q ∩ g0.
Since θ(x) = x, and q, l, u are all invariant under θ, we have q = q ∩ k + q ∩ p.
Call the subalgebra obtained in this way a θ-stable parabolic subalgebra of g. Let
K and L be the connected subgroups of G with Lie algebras t0 and l0 respectively.
Let Δ(g) denote the roots of t in g. Fix a positive system Δ+ of the roots of t
in l. Then Δ+(g) = Δ+(l) ∪ Δ(u) is a positive system for Δ(g). Now extend t to
a Cartan subalgebra h of g and let Δ+(h, g) be a positive system of roots of h in
g such that its restriction to t gives Δ+(g). Let ρ denote the half sum of roots in
Δ+(h, g) and ρ(u∩p) the half sum of roots of t in u∩p. Let λ be a one dimensional
representation of l such that

(1) λ is the differential of a unitary character of L,

(2) if α ∈ Δ(u), then 〈α, λ|t〉 ≥ 0.

Let μ(q, λ) be the representation ofK of highest weight λ|t+2ρ(u∩p). In [28], Vogan
and Zuckerman prove the existence and uniqueness of an irreducible representation
Aq(λ) with lowest K-type μ(q, λ) and infinitesimal character λ+ ρ.

Theorem 4.1 (Vogan and Zuckerman). Assume λ is zero on the orthogonal com-
plement of t in h. Let π be an irreducible unitary representation of G and assume
that:

(a) The k representation μ(q, λ) occurs in π.

(b) It has infinitesimal character λ+ ρ.

Then π � Aq(λ).

We will see in the next section that most of the representations of Spin(10, 2)
lifted from discrete series of SL(2,R) are Aq(λ), and we will give detailed informa-
tion about them.

4.2. Description. We have determined the restriction of πmin to U. As the repre-
sentations of SL(2,R) are well known [27], we can identify the representations from
the above restriction directly.

Fixing p and q and from theK-type information, we know that the representation
of SL(2,R) is the antiholomorphic discrete series representation with highest K-
type (−q − 4). So we get the description of π−q−4.

For θq+4, we can read the K-types of it from the correspondence

θq+4 |Spin(10)⊗SO(2)=
⊕

p≥0

V (pω6 + qω2)⊗ (−p− q

2
− 4)1.

Also, since this is the α-case in [23], we have a correspondence of infinitesimal
characters of θk and πk. This can be read from [11]. The infinitesimal character of
π−q−4 is q + 3. So the infinitesimal character of θq+4 is

(q + 3− 5)ω2 + ρ = (q − 2)ω2 + ρ,

where ω2 is the fundamental weight of α2 in the root system of Spin(10, 2).
Note that the highest weight of the lowest K-type of θq+4 in the sense of Vogan

(i.e. λ is a highest weight of V (pω6+qω2)⊗ (−p− q
2 − 4)1 so that 〈λ+2ρc, λ+2ρc〉

is minimal) is

Λq = (
q

2
,
q

2
,
q

2
,
q

2
,
q

2
,−q

2
− 4)
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(i.e., p = 0). Now that we have determined the K-type structure and infinitesimal
character of θk, we can almost identify the representation. It remains to describe
it.

Let x0 = (1, 1, 1, 1, 1,−1) in the standard coordinate system of the root system
of so(12), and let q = q(x0) be the parabolic subalgebra of so(12) defined as the
sum of the eigenspaces for ad(x0) with nonnegative eigenvalues.

Let q = l + u, where l is the Levi component and u is the nilradical of q. From
the definition, we know that l is the sum of zero eigenspaces of ad(x0) and u is the
sum of positive eigenspaces of ad(x0).

For λ = (q − 2)ω2, define the representation RS
q (λ) = RS

q ((q − 2)ω2) as in [21].

The parameter (q − 2)ω2 is always in the weakly fair range. So Rj
q((q − 2)ω2) = 0

unless j = S = dim(u ∩ k) = 10.

Proposition 4.1. For q ≥ 0, the representation θq+4 and RS
q ((q − 2)ω2) have the

same infinitesimal character and K-type structure.

Proof. Let q = l⊕ u, where q is the parabolic subalgebra defined above. We know
that l is the centralizer of x0 and u is the sum of the eigenspaces for ad(x0) with
positive eigenvalues.

It is easy to see that [l, l] is of type A5, and it is in fact su(5, 1).
We will consider a set of simple roots for so(10, 2) such that all roots in u are

positive for the system determined by the simple roots. Let the first five roots
{α2, α3, α4, α5, α6} be unchanged and take α′

7 = −e6 − e5. These together form a
system of simple roots for so(10, 2). With respect to this system, we can easily see
that x0 is the fundamental weight of α2 and the Levi decomposition of q can be
easily read from this.

The representation RS
q ((q−2)ω2) has infinitesimal character (q−2)ω2+ρ, which

is the same as θq+4.
Also, we can see that Λq = (q− 2)ω2 + 2ρ(u∩ p) = ( q2 ,

q
2 ,

q
2 ,

q
2 ,

q
2 ,−

q
2 − 4), which

is the highest weight of the lowest K-type specified above.
Let φ be an irreducible representation of K which acts on the space Z. The

weight Λq defines a one dimensional representation of L ∩K. Let

S(u ∩ p) =
∞∑

n=0

Sn(u ∩ p)

be the symmetric algebra of u ∩ p. The proof of the generalized Blattner formula
(in [9]) shows that the multiplicity of φ in RS

q ((q − 2)ω2) is equal to the dimension
of the space

HomL∩K(H0(u ∩ k, Z), S(u ∩ p)⊗ Λq).

Since the highest weight vectors of the L∩K-module H0(u∩ k,Z) are precisely the
highest weight vectors of theK-module Z, it is sufficient to decompose Sn(u∩p), n =
0, 1, 2, ... as L ∩K-modules.

It is easy to check that the semisimple part of l ∩ k is su(5) generated by the
simple roots {α3, α4, α5, α6}. Letting its center be η, it acts on u ∩ p by e5 − e6,
since u ∩ p is an irreducible module of l ∩ k, and as a l ∩ k-module,

u ∩ p = V (e5 − e6),
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where V (e5 − e6) is the highest weight module of weight e5 − e6. So we obtain

S(u ∩ p)⊗ Λq =
⊕

n≥0

(
q

2
,
q

2
,
q

2
,
q

2
, n+

q

2
,−q

2
− n− 4),

which are precisely the K-types of θq+4. �

With respect to the positive root system defined in the proof of the above propo-
sition, we have

ρ = (0, 1, 2, 3, 4,−5).

It is easy to check that (q − 2)ω2 is always in the fair range. For q ≥ 1, it is
in the weakly good range, so RS

q ((q − 2)ω2) is irreducible. Finally, if q ≥ 2, then

RS
q ((q − 2)ω2) = Aq((q − 2)ω2) is a unitary representation with nonzero cohomol-

ogy, and in this case, the infinitesimal character and the full K-type structure can
determine the isomorphic class of the representation. So the above proposition
implies:

Theorem 4.2. For q ≥ 2, we have θq+4 � Aq((q − 2)ω2).

Noting that dim(u ∩ p+) = 0 and dim(u ∩ p−) = 5, the representation Aq((q −
2)ω2) has nonzero cohomology in bi-degree (0, 5). In fact, from the coordinate of x0,
we know in [10] that the only representations with nonzero cohomology of degree 5
are of bi-degree (0, 5) and (5, 0). Up to conjugation, there are 4 families of unitary
representations with nonzero cohomology of degree 5.

From [10] and [17], the classical theta lifting can only produce unitary represen-
tations with nonzero cohomology of bi-degree (r, r) (r ≤ 10). So our lifting gives
representations different from classical theta lifting.

Theorem 4.3. θq+4 for q ≥ 0 are unitary highest weight modules.

Suppose the Cartan decomposition of g = so(10, 2) is g = k⊕ p+ ⊕ p−. Let h ∈ k

be a Cartan subalgebra of g. We know that the K-type decomposition of θq+4 is

θq+4|Spin(10)⊗SO(2) =
⊕

p≥0

V (pω6 + qω2)⊗ (−p− q

2
− 4)1.

The lowestK-type is V (qω2)⊗(− q
2−4)1. Letting v be a vector in V (qω2)⊗(− q

2−4)1,
we want to show that for any root vector X ∈ p+, X · v = 0.

Let t ∈ h. Then

t ·X · v = [t,X] · v +X · t · v.
As X ∈ p+ is a root vector, [t,X] = α(t)X for some noncompact positive root α.
Also, as v ∈ V (qω2)⊗ (− q

2 − 4)1, t · v = χ(t)v for some character χ. So we can get

t ·X · v = (α(t) + χ(t))X · v.
Note that the positive noncompact roots for so(10, 2) are e6 ± ei for 1 ≤ i ≤ 5,

so the ()1 component of α + χ will be 1− q
2 − 4. However, from our description of

K-types of θq+4 we know that no such vector occurs. So we must have X · v = 0.
Next, we want to show that this is an irreducible representation; i.e., the action of

p− on V (qω2)⊗ (− q
2 −4)1 will generate the full space of K-finite vectors. Note that

the roots in p− are of the form ei± e6 and the highest root is β = e5− e6. Taking a
root vector X ∈ gβ, we know that the action of X on the highest weight vector v ∈
V (qω2)⊗(− q

2−4)1 is a highest weight vector of theK-type V (ω6+qω2)⊗(−1− q
2−4).
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So if we repeat this process with X ∈ p−, we can get the full K-finite vector space.
This shows that the representation θq+4 is irreducible.
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