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TOP LOCAL COHOMOLOGY MODULES

WITH RESPECT TO A PAIR OF IDEALS
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(Communicated by Bernd Ulrich)

Abstract. Let (R,m) be a commutative Noetherian local ring, and let I
and J be two proper ideals of R. Let M be a non-zero finitely generated
R−module. We investigate the top local cohomology module HdimM

I,J (M). We

get some results about attached prime ideals of the local cohomology module
HdimM

I,J (M). As a consequence, we find that there exists a quotient L ofM such

that HdimM
I,J (M) ∼= HdimM

I (L). Also, we give the generalized version of the

Lichtenbaum-Hartshorne Vanishing Theorem for local cohomology modules of
a finitely generated module with respect to a pair of ideals.

1. Introduction

Throughout this paper, let (R,m) be a commutative Noetherian local ring, and
let I and J be two proper ideals of R.

As a generalization of the usual local cohomology modules, Takahashi, Yoshino
and Yoshizawa [9] introduced the local cohomology modules with respect to a pair
of ideals (I, J). To be more precise, let W (I, J) = {p ∈ Spec(R) | In ⊆ p +
J for some positive integern}. For an R−moduleM , the (I, J)−torsion submod-
ule ΓI,J(M) of M , which consists of all elements x of M with Supp(Rx) ⊆ W (I, J),
is considered. Let i be an integer, the local cohomology functor Hi

I,J with respect

to (I, J) is defined to be the i−th right derived functor of ΓI,J . The i−th local
cohomology module of M with respect to (I, J) is denoted by Hi

I,J (M). When

J = 0, then Hi
I,J coincides with the usual local cohomology functor Hi

I with the

support in the closed subset V (I).
Recall that for an R−module T , a prime ideal p of R is said to be an attached

prime ideal of T if p = AnnR T/N for some submodule N of T . We denote the set
of attached prime ideals of T by AttR T . When T has a secondary representation,
this definition agrees with the usual definition of attached primes [7].

Let M be a finitely generated R−module of dimension n. In [8] Macdonald
and Sharp discussed the usual top local cohomology module Hn

m(M) of M with
respect to the maximal ideal m and proved that Hn

m(M) is Artinian and that
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AttR (Hn
m(M)) = {p ∈ AssR M | dimR/p = n}. Next, Dibaei and Yassemi [4] con-

tinued to study the top local cohomology module Hn
I (M) of M with respect to any

proper ideal I and proved that AttR (Hn
I (M)) = {p ∈ SuppR M | cd (I, R/p) = n}.

It is of great importance in algebraic geometry and commutative algebra to
discuss the (non-)vanishing questions for the local cohomology modules Hi

I(M),
i ∈ N, for an R−module M . The following is the famous Lichtenbaum-Hartshorne
Vanishing Theorem.

Theorem 1.1. Suppose that (R,m) is local of dimension n. Then the following
statements are equivalent:

(i) Hn
I (R) = 0.

(ii) For each prime ideal p of ̂R, the completion of R, satisfying dim ̂R/p = n,

we have that dim ̂R/(I ̂R+ p) > 0.

Divaani-Aazar and Schenzel [5] extended the Lichtenbaum-Hartshorne Vanishing
Theorem to finitely generated modules. More precisely, we suppose that (R,m) is
local and that M is a finitely generated module with dimM = n. Then Hn

I (M) = 0

if and only if dim ̂R/(I ̂R + p) > 0 for each prime ideal p of Supp
̂R
̂R ⊗R M satis-

fying dim ̂R/p = n. Takahashi, Yoshino and Yoshizawa also proved the following
generalized version of the Lichtenbaum-Hartshorne Vanishing Theorem for local
cohomology modules with respect to a pair of ideals (see [9, Theorem 4.9]).

Theorem 1.2. Suppose that (R,m) is a local ring of dimension n. Let I and J be
two proper ideals of R. Then the following statements are equivalent:

(i) Hn
I,J (R) = 0.

(ii) For each prime ideal p of ̂R, satisfying dim ̂R/p = n and J ̂R ⊆ p, we have

that dim ̂R/(I ̂R+ p) > 0.

Let M be a finitely generated R−module over a local ring (R,m). We have that
Hi

I,J (M) = 0 for i > dimM/JM (see [9, Theorem 4.3]). In particular, Hi
I,J (M) = 0

for i > dimM . Further, if I + J is an m−primary, then dimM/JM = sup{i |
Hi

I,J (M) �= 0} (see [9, Theorem 4.5]). On the other hand, in general, it is proved

that HdimM
I,J (M) is Artinian (see [3, Theorem 2.1]). In this paper, we will discuss

the top local cohomology module HdimM
I,J (M). Firstly, we provide some results

about attached prime ideals of HdimM
I,J (M). As a consequence, we find that if

HdimM
I,J (M) �= 0, then there exists a quotient L of M such that HdimM

I,J (M) ∼=
HdimM

I (L). Also, we give the generalized version of the Lichtenbaum-Hartshorne
Vanishing Theorem for local cohomology modules of a finitely generated module
with respect to a pair of ideals. Finally, we prove that HdimM

I,J (M) is a quotient of

HdimM
m,J (M), which is a generalization of Hartshorne’s result [6].

2. The results

Let M be a finitely generated R−module. Let cd (I, J,M) be the supremum
of all integers r for which Hr

I,J (M) �= 0. We call this integer the cohomological

dimension of the R−module M with respect to a pair of ideals (I, J). When J = 0,
we have that cd (I, 0,M) = cd (I,M), which is just the supremum of all integers
r for which Hr

I (M) �= 0. In [3, Corollary 3.3] a characterization to cd (I, J,M) is
provided:

cd (I, J,M) = inf{ i | Hi
I,J (R/p) = 0 for all p ∈ SuppRM} − 1.
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We have known that HdimM
I,J (M) is Artinian (see [3, Theorem 2.1]). The following

is a generalization of [4, Theorem A].

Theorem 2.1. Suppose that (R,m) is a local ring. Let M be a non-zero finitely
generated R−module of dimension n. Then the following holds:

AttR (Hn
I,J (M)) = {p ∈ SuppR M ∩ V (J) | cd (I, R/p) = n}.

In particular, AttR (Hn
I,J (M)) ⊆ AttR (Hn

I (M)).

Proof. Note that AttR (Hn
I,J(M)) = ∅ if and only if Hn

I,J (M) = 0. Since dimR/(p+

J) < n for p ∈ SuppR M \ V (J), Hn
I,J (R/p) = 0 by [9, Theorem 4.3]. Since R/p is

J−torsion for p ∈ SuppR M ∩ V (J), by [9, Corollary 2.5], Hn
I,J (R/p) ∼= Hn

I (R/p).

Therefore, we have that Hn
I,J (M) = 0 if and only if {p ∈ SuppR M ∩ V (J) |

cd (I, R/p) = n} = ∅ from the fact that

cd (I, J,M) = inf{ i | Hi
I,J (R/p) = 0 for all p ∈ SuppRM} − 1.

Let R̄ = R/AnnRM . Note that Hn
I,J (M) ∼= Hn

IR̄,JR̄
(M) and for a prime p of

R satisfying AnnRM ⊆ p, Hn
I,J (R/p) ∼= Hn

IR̄,JR̄
(R/p). So we can assume that

AnnRM = 0, and then dimR = n.
Now we assume that AttR (Hn

I,J (M)) �= ∅. Let p ∈ AttR (Hn
I,J (M)). Then

Hn
I,J (M)/pHn

I,J (M) �= 0. By [9, Lemma 4.8],

Hn
I,J (M/pM) ∼= Hn

I,J (M)/pHn
I,J (M) �= 0.

Thus, we have that n ≤ dim(M/pM)/J(M/pM) = dimR/(J+p) ≤ n, and so J ⊆ p

and dimR/p = n. Then, since M/pM is J−torsion, Hn
I,J (M/pM) ∼= Hn

I (M/pM).

Since SuppR M/pM = SuppR R/p, we have that cd (I,M/pM) = cd (I, R/p). Then
n ≤ cd (I, R/p) ≤ dimR/p = n. Thus, cd (I, R/p) = n. On the other hand, let
p ∈ SuppR M ∩V (J) such that cd (I, R/p) = n. The fact that p ∈ V (J) shows that
M/pM is J−torsion. So we have that Hn

I,J (M/pM) ∼= Hn
I (M/pM). Noting that

AttR(H
n
I (M/pM)) = {q ∈ SuppR(M/pM) | cd(I, R/q) = n},

we have that

p ∈ AttR(H
n
I (M/pM)) = AttR(H

n
I,J(M/pM)).

Since Hn
I,J (M)/pHn

I,J(M) ∼= Hn
I,J (M/pM), we have that AttR(H

n
I,J (M/pM)) ⊆

AttR(H
n
I,J (M)). Therefore, p ∈ AttR (Hn

I,J(M)). �

As the first consequence of Theorem 2.1, we have

Theorem 2.2. Assume that (R,m) is local, and let M be a non-zero finitely gen-
erated R−module of dimension n. Then

AttR (Hn
m,J (M)) = {p ∈ SuppR M ∩ V (J) | dimR/p = n}.

Proof. For p ∈ SuppR M ∩ V (J), cd (m, R/p) = n if and only if dimR/p = n by
Grothedieck’s Vanishing Theorem and the Non-vanishing Theorem (see [2, 6.1.2,
6.1.4]). Then the result follows by Theorem 2.1. �

For a module T over a commutative ring S and X ⊆ AssST , there is a submod-
ule T1 of T such that AssST1 = AssST \ X and AssST/T1 = X (see [1, p. 263,
Proposition 4]). We will use this fact to get the following result.
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Theorem 2.3. Assume that (R,m) is local, and let M be a non-zero finitely gen-
erated R−module of dimension n. Suppose that Hn

I,J (M) �= 0. Then there exists

a quotient module L of M satisfying SuppRL ⊆ V (J) and dimL = n, such that
Hn

I,J (M) ∼= Hn
I (L).

Proof. For p ∈ SuppR M such that cd (I, R/p) = n, we have that dimR/p = n.
Then p ∈ AssR M . So AttR (Hn

I,J(M)) ⊆ AssR M by Theorem 2.1. Therefore,

there is a submodule N of M such that AssR N = AssR M \ AttR (Hn
I,J(M)) and

AssR M/N = AttR (Hn
I,J(M)). Considering the exact sequence

Hn
I,J (N) −→ Hn

I,J (M) −→ Hn
I,J (M/N) −→ 0,

we claim that Hn
I,J (N) = 0. Otherwise, there exists p ∈ AttR (Hn

I,J (N)), and

then p ∈ AssR N ∩ V (J) and cd (I, R/p) = n. Hence, p ∈ AssR M ∩ V (J) and so
p ∈ AttR (Hn

I,J(M)) by Theorem 2.1. This is a contradiction. Thus, Hn
I,J (M) ∼=

Hn
I,J (M/N). Again since AssR M/N ⊆ V (J), SuppR M/N ⊆ V (J) and so M/N

is J−torsion. Therefore, Hn
I,J (M) ∼= Hn

I,J (M/N) ∼= Hn
I (M/N). Let L := M/N .

Since Hn
I,J (M) �= 0, we have that Hn

I (L) �= 0 and then dimL = n by Grothedieck’s
Vanishing Theorem. �
Proposition 2.1. Assume that (R,m) is local, and let M be a non-zero finitely
generated R−module of dimension n. Then

AttR (Hn
I,J (M)) = AttR (Hn

I (M/JM)).

Proof. For p ∈ SuppRM such that dimR/p < n, Hn
I (R/p) = 0. So Theorem 2.1

shows thatHn
I,J (M) = 0 if and only ifHn

I (R/p) = 0 for all primes p ∈ SuppRM/JM

satisfying dimR/p = n. Since dimM/JM ≤ dimM = n, Hi
I(M/JM)

= 0 for any i > n by Grothedieck’s Vanishing Theorem. Therefore,Hn
I (R/p) = 0 for

all prime p ∈ SuppRM/JM satisfying dimR/p = n if and only if Hn
I (M/JM) = 0

by [3, Theorem 3.1] and [3, Proposition 3.2]. Then we can assume that Hn
I (M/JM)

�= 0. Therefore, n ≤ dimM/JM ≤ dimM ≤ n, and so dimM/JM = n. In this
situation, by Theorem 2.1, we have that

AttR (Hn
I,J(M/JM)) = {p ∈ SuppR (M/JM) ∩ V (J) | cd (I, R/p) = n}

= AttR (Hn
I,J (M)).

Noting that Hn
I,J (M/JM) ∼= Hn

I (M/JM), the result follows. �
In the following we extend Theorem 1.2 to finitely generated modules and give

the generalized version of the Lichtenbaum-Hartshorne Vanishing Theorem for local
cohomology modules of a finitely generated module with respect to a pair of ideals.

Theorem 2.4. Suppose that (R,m) is a local ring. Let I and J be two proper ideals
of R and let M be a non-zero finitely generated R−module of dimension n. Then
the following statements are equivalent:

(i) Hn
I,J (M) = 0.

(ii) dim ̂R/(I ̂R+ p) > 0 for each prime ideal p of Supp
̂R
̂R⊗R M/JM satisfying

dim ̂R/p = n.

Proof. From the proof of Proposition 2.1, we have that Hn
I,J (M) = 0 if and only if

Hn
I (M/JM) = 0. Then the result follows by the Lichtenbaum-Hartshorne Vanish-

ing Theorem for the usual local cohomology modules of a finitely generated module
[5, Theorem 1.3]. �
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Let φ : R −→ S be a flat homomorphism of rings, and let M be an R−module.
Then φ induces a natural mapping Hi

I,J (M)⊗R S −→ Hi
IS,JS(M ⊗R S) for any i.

However, this induced mapping may not be an isomorphism (see [9, Remark 2.8] for
a counterexample). The following lemma provides a result in the positive direction.
Letting K be a finitely generated R−module, we denote the m−adic completion of

K by ̂K.

Lemma 2.1. Assume that (R,m) is local and let M be a non-zero finitely generated
R−module of dimension n. Then

(i) Hn
I,J (M) ∼= Hn

I,J (R/AnnR M)⊗R M,

(ii) Hn
I ̂R,J ̂R

(̂M) ∼= Hn
I,J (M).

Proof. (i) We denote R/AnnRM by R̄. Noting that dimR̄ = dimM = n, we have
that Hi

IR̄,JR̄
(R̄) = 0 for i > n. Since M is considered the same as an R̄−module

or as an R−module, then by [9, Lemma 4.8], Hn
IR̄,JR̄

(M) ∼= Hn
IR̄,JR̄

(R̄) ⊗R M.

Then by [9, Theorem 2.7], there are two isomorphisms: Hn
IR̄,JR̄

(M) ∼= Hn
I,J (M)

and Hn
IR̄,JR̄

(R̄) ∼= Hn
I,J (R̄). Then we have the following isomorphism:

Hn
I,J (M) ∼= Hn

I,J (R̄)⊗R M.

(ii) Note that Hn
I,J (M) is an Artinian module when n = dimM and that ̂M is

an (R/AnnR M)−module. Then, by (i) and [9, Lemma 4.8], there are the following
isomorphisms:

Hn
I,J (M) ∼= Hn

I,J (R/AnnRM)⊗R M ∼= Hn
I,J (R/AnnRM)⊗R

̂R⊗R M

∼= Hn
I,J (R/AnnRM)⊗R

̂M ∼= Hn
I,J (̂M).

On the other hand, by [9, Theorem 2.7], Hn
I,J (

̂M) ∼= Hn
I ̂R,J ̂R

(̂M) as ̂R−modules.

Since ̂R is faithfully flat, Hn
I,J (

̂M) ∼= Hn
I ̂R,J ̂R

(̂M) as R−modules. Thus, the result

follows. �
Theorem 2.5. Assume that (R,m) is local. Let M be a non-zero finitely generated
R−module of dimension n and let I1, I2 be two proper ideals of R such that I1 ⊆ I2.
Then there is a surjective homomorphism:

Hn
I2,J (M) −→ Hn

I1,J (M).

In particular, Hn
I,J (M) is a quotient of Hn

m,J (M).

Proof. Let R̄ = R/AnnRM . Note that Hn
I,J (M) ∼= Hn

IR̄,JR̄
(M). So we can assume

that AnnRM = 0, and then dimR = n.
Then by Lemma 2.1(i), Hn

I2,J
(M) ∼= Hn

I2,J
(R)⊗R M and Hn

I2,J
(M) ∼= Hn

I2,J
(R)

⊗RM . Since the tensor functor is a right exact functor, it is enough for us to prove
that the homomorphism Hn

I2,J
(R) −→ Hn

I1,J
(R) is surjective. By Lemma 2.1(ii),

we can assume that R is (m−adic) complete.
By the Cohen Structure Theorem, there exists a complete Gorenstein local ring

(S, n) of dimension n and a surjective ring homomorphism φ : S −→ R. By [9,
Theorem 2.7], Hn

I,J (R) ∼= Hn
φ−1(I),φ−1(J)(R).

On the other hand, SetK = kerφ, so thatR and S/K are isomorphic S−modules.
It thus follows that

Hn
φ−1(I),φ−1(J)(R) ∼= Hn

φ−1(I),φ−1(J)(S/K) ∼= Hn
φ−1(I),φ−1(J)(S)⊗S S/K.
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Again since the tensor functor is a right exact functor, we only need to prove that
the homomorphism of S−modules,

Hn
φ−1(I2),φ−1(J)(S) −→ Hn

φ−1(I1),φ−1(J)(S),

is surjective.
Now we can reduce the situation to the case that (R,m) is a complete Gorenstein

local ring of dimension n. Let

0 −→ E0 −→ · · · −→ En−1 dn−1−→ En −→ 0

be a minimal injective resolution of R, where Ei ∼=
⊕

htp=iE(R/p) for 0 ≤ i ≤ n.

In order to calculate Hn
I,J (R), we should apply the functor ΓI,J to the injective

resolution of R. Note that ΓI,J (E
n) = En and ΓI2,J (E

n−1) ⊆ ΓI1,J (E
n−1). Then

Im (dn−1 |ΓI2,J (En−1)) ⊆ Im (dn−1 |ΓI1,J (En−1)), and so

Hn
I2,J (M) = En/Im (dn−1 |ΓI2,J (En−1))

−→ Hn
I1,J (M) = En/Im (dn−1 |ΓI1,J (En−1))

is a surjective homomorphism. �
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