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NONDEGENERACY

OF THE SECOND BIFURCATING BRANCHES

FOR THE CHAFEE-INFANTE PROBLEM

ON A PLANAR SYMMETRIC DOMAIN

YASUHITO MIYAMOTO

(Communicated by Matthew J. Gursky)

Abstract. Let Ω be a planar domain such that Ω is symmetric with respect
to both the x- and y-axes and Ω satisfies certain conditions. Then the second
eigenvalue of the Dirichlet Laplacian on Ω, ν2(Ω), is simple, and the corre-

sponding eigenfunction is odd with respect to the y-axis. Let f ∈ C3 be a
function such that

f ′(0) > 0, f ′′′(0) < 0, f(−u) = −f(u) and
d

du

(
f(u)

u

)
< 0 for u > 0.

Let C denote the maximal continua consisting of nontrivial solutions, {(λ, u)},
to

Δu+ λf(u) = 0 in Ω, u = 0 on ∂Ω

and emanating from the second eigenvalue (ν2(Ω)/f ′(0), 0). We show that,
for each (λ, u) ∈ C, the Morse index of u is one and zero is not an eigenvalue
of the linearized problem. We show that C consists of two unbounded curves,
each curve is parametrized by λ and the closure C is homeomorphic to R.

1. Introduction and main result

Let Ω be a planar domain with smooth boundary. In this paper we study the
Dirichlet problem

(DPΩ) Δu+ λf(u) = 0 in Ω, u = 0 on ∂Ω,

where we write Ω in (DPΩ) in order to specify the dependence of the problem on
the domain. We assume that f satisfies

(F)
f ∈ C3, f ′(0) > 0, f ′′′(0) < 0, f(−u) = −f(u) and

d

du

(
f(u)

u

)
< 0 for u > 0.

A typical example is the Allen-Cahn equation Δu+λ(u−u3) = 0. Let {νn(Ω)}∞n=1

(ν1(Ω) < ν2(Ω) ≤ ν3(Ω) ≤ · · · ) denote the eigenvalues, counting multiplicities, of
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Figure 1. An example of the domain Ω satisfying (D1)–(D3)

the Laplacian with the Dirichlet boundary condition, ΔD, on Ω. We assume that
Ω satisfies the following:

g ∈ C1([0, a)) ∩ C0([0, a]) and Ω={(x, y); −a ≤ x≤a, −g(|x|) ≤ y≤g(|x|)} ⊂ R
2,

(D1)

g > 0 on [0, a), g(a) = 0, g′ < 0 on (0, a), g′(0) = 0,(D2)

d

dx

(
x2 + (g(x))2

)
< 0 on (0, a).(D3)

Shen [14] has shown that (D4) stated below follows from (D1)–(D3). See also Pütter
[13].

(D4)
The second eigenvalue of ΔD on Ω, ν2(Ω), is simple, and

the corresponding eigenfunction is odd with respect to the y-axis.

An ellipse is a typical example of the domain satisfying (D1)–(D3). Note that the
convexity of Ω is not assumed in (D1)–(D3). Figure 1 is an example which is not
convex.

Let X be a functional space. We call {(λ, 0)} ⊂ R×X a trivial solution. Since
ν2(Ω) is simple, we can apply the Crandall-Rabinowitz bifurcation theorem [3].
We see that the nontrivial solutions of (DPΩ) near (ν2(Ω)/f

′(0), 0) consist of two
curves emanating from (ν2(Ω)/f

′(0), 0). Because f ′′(0) = 0 and f ′′′(0) < 0, this
bifurcation is supercritical; hence the bifurcating branches are in {λ > ν2(Ω)/f

′(0)}.
The main theorem of the paper is

Theorem A. Suppose that (D1)–(D3) and (F) hold. (Hence (D4) also holds.) The
maximal continua, C, consisting of nontrivial solutions to (DPΩ) and emanating
from the second eigenvalue (ν2(Ω)/f

′(0), 0) consist of exactly two unbounded curves
Σ+ and Σ−, i.e., C = Σ+ ∪ Σ−. Each curve is parametrized by λ, and the closure
C is homeomorphic to R. (See Figure 2.) For each (λ, u) ∈ Σ±, the Morse index
of u, which is the number of the negative eigenvalues of

(1.1) Δϕ+ λf ′(u)ϕ+ κϕ = 0 in Ω, ϕ = 0 on ∂Ω,

is one, and u is nondegenerate, i.e., zero is not an eigenvalue of (1.1).
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Figure 2. A schematic picture of the bifurcation diagram of
(DPΩ) (Theorem A).

Σ+ and Σ− are defined by (3.5) in Section 3. The shape of u ∈ Σ± is studied in
Lemma 3.4. The nondegeneracy stated in Theorem A immediately means that Σ+

and Σ− do not have a secondary bifurcation point.
Let us explain a background and known results related to the bifurcation problem

(DPΩ). Our problem (DPΩ) with (F) is a high-dimensional version of the Chafee-
Infante problem [2]. Thus it is expected that under certain conditions on the domain
the maximal continua emanating from an eigenvalue

(1.2)
consist of two unbounded curves, each curve is parametrized by λ and

the closure of the two curves is homeomorphic to R.

It is well-known that if f satisfies (F) and Ω is arbitrary, then the first bifurcating
branches satisfy (1.2). It is conjectured that if Ω is convex and ν2(Ω) is simple,
then the second bifurcating branches satisfy (1.2). Theorem A is a positive answer
for a planar domain satisfying (D1)–(D3). When Ω is a disk, the multiplicity of the
second eigenvalue is two. In this case the maximal continua consisting of nontrivial
solutions and emanating from the second eigenvalue can be parametrized by (θ, λ) ∈
S1 × (λ, λ̄) (λ̄ ∈ (λ,+∞]) for the Dirichlet [11] and Neumann [10] problems, it is
homeomorphic to S1 ×R for each problem and the closure is homeomorphic to R

2

for each problem. Here S1 comes from the rotational invariance of the domain.
When Ω is a square, del Pino et al. [4] studied the local bifurcation at the second
eigenvalue. They have shown that the closure of the nontrivial solutions locally
consists of exactly four curves for certain nonlinear terms including f(u) = u+ u3.
However, the global property is not known. On the contrary, Vegas [15] has shown
that if the domain has a dumbbell-like shape (hence nonconvex), the nonlinearity
is λu − aup + O(|u|p+1) and the Neumann boundary condition is imposed, then
another continuum of nontrivial solutions emanates from a branch from the second
eigenvalue. Hence the closure of the maximal continua is not homeomorphic to R

(see [15, Figure 3]).
Another direction of generalization is to consider the case where (F) is not im-

posed and Ω has certain symmetries. Holzmann-Kielhöfer [6] studied the con-
tinuum, C+, of the positive solutions to (DPΩ) when Ω satisfies (D1) and (D2)
and f(u) ≥ 0 for u ≥ 0. They have shown that C+ can be parametrized by
‖u‖L∞ = u(0, 0), C+ may have a turning point, but other nontrivial solutions do
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not bifurcate from C+. When f(0) = 0 and f ′(0) > 0, {(λ, 0)} is a trivial solution
of (DPΩ) and C+ emanates from (ν1(Ω)/f

′(0), 0). When f(u) ≤ 0 for u ≤ 0, the
continuum of negative solutions obviously has the same property. Thus the closure
of the first bifurcating branches is homeomorphic to R. (See the first bifurcating
branch of Figure 2 of the present paper and [6, Figures 1 and 3].) Korman [8]
showed that a result similar to [6] holds for the positive solutions of (DPΩ) when
Ω is a ball in R

N . When f is arbitrary and Ω is a disk, partial results about the
existence of unbounded continua consisting of nonradially symmetric solutions are
known for the Dirichlet [11, 12] and Neumann [9] problems.

Let us mention the technique used in the proof of Theorem A. Our main tool is
the nodal curve of the eigenfunction. We use the derivative

∂θ := −y∂x + x∂y.

By direct calculation we see that ∂θ commutes with Δ(= ∂2
x+∂2

y), i.e., ∂θΔ = Δ∂θ.
Let u be a solution of (DPΩ). Then uθ satisfies the linear equation Δuθ+λf ′(u)uθ =
0. When the domain is a disk and u is nonradially symmetric, uθ( 
≡ 0) satisfies the
Dirichlet boundary condition. Thus zero is an eigenvalue and uθ is an associated
eigenfunction. We used this fact in the disk case [11]. In the proof of Theorem A
we use a contradiction argument. Suppose that zero is the second eigenvalue. Let
ϕ be an associated eigenfunction. Then ϕ satisfies Δϕ + λf ′(u)ϕ = 0. In our
problem (DPΩ) uθ does not satisfy the Dirichlet boundary condition. We improve
the argument used in the disk case [11]. Combining ϕ and uθ (or ux), we can
construct an eigenfunction that has two nodal domains and vanishes on an open set
in Ω. (See the proof of Lemma 3.2.) This eigenfunction leads to the contradiction.
In other words, we obtain information on the Morse index of u from the shape of
u.

The paper consists of three sections. In Section 2 we recall the Hartman-Wintner
theory [7] which can analyze the nodal curve of the eigenfunction. In Section 3 we
prove Theorem A.

2. Preliminaries

In Section 3 we use the local property of a solution to a linear equation on a
planar domain near a degenerate zero.

Proposition 2.1 ([1, 7]). Let Ω be a planar domain. Let V (x, y) ∈ C1(Ω), and let
u(x, y) be a function such that Δu + V u = 0 in Ω. Then u ∈ C2(Ω). If p0 ∈ Ω is
a zero of u, then one of the followings holds:

(i) p0 ∈ Ω is a zero of every order and u ≡ 0 in Ω.
(ii) There is n ∈ N such that the Taylor expansion of u is

u(p) = Hn(p− p0) + o(|p− p0|n),
where Hn is a real valued, nonzero, harmonic, homogeneous polynomial of degree
n. Moreover, {u = 0} has exactly 2n curves near p0, and they meet p0 with equal
angle.

This proposition is due to Hartman-Wintner [7] and generalizes a result of Car-
leman [1].

The next corollary is an immediate consequence of Proposition 2.1, which is used
in Section 3.
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Corollary 2.2. Let u be as mentioned in Proposition 2.1. If p0 ∈ Ω is a degenerate
zero of u of order at least two, i.e., u(p0) = ux(p0) = uy(p0) = 0, then u ≡ 0 in Ω
or {u = 0} has at least four curves meeting p0 with equal angle.

3. Proof of Theorem A

In this section, let Ω be a planar domain such that (D1)–(D3) hold. Then (D4)
also holds. We define

S := {y = 0}, T := {x = 0}, T+ := {x > 0}, T− := {x < 0},
Ω+ := Ω ∩ T+, Ω− := Ω ∩ T−, Γ+ := ∂Ω ∩ {y > 0}, Γ− := ∂Ω ∩ {y < 0}.

Let f be a function such that (F) holds. Without loss of generality, we can assume
that

(3.1) f ′(0) = 1,

because of the changing of the variable λ �→ λ/f ′(0). We always assume (3.1) in
this section. The second bifurcation point of (DPΩ) is (ν2(Ω), 0).

We construct two unbounded curves consisting of nontrivial solutions to (DPΩ)
and emanating from (ν2(Ω), 0). First, we consider the half problem (DPΩ+

). It is
well-known that because f(u)/u is decreasing for u > 0, the positive branch, which
emanates from (ν1(Ω+), 0), is unbounded and can be parametrized by λ. We briefly
prove this. We define F (λ, u) := u+Δ−1

D [λf(u)]. Let (λ0, u0) be a positive solution

of (DPΩ+
). Since f(u)/u is decreasing for u > 0, f ′(u) − f(u)

u = u d
du

(
f(u)
u

)
< 0

for u > 0. Because of the comparison of eigenvalues, the first eigenvalue of

(3.2) Δϕ+ λ0f
′(u0)ϕ+ κϕ = 0 in Ω+, ϕ = 0 on ∂Ω+

is greater than

(3.3) Δϕ+ λ0V (u0)ϕ+ κϕ = 0 in Ω+, ϕ = 0 on ∂Ω+,

where

(3.4) V (u) :=

{
f(u)/u if u 
= 0,
f ′(0) if u = 0.

The first eigenvalue of (3.3) is zero because (κ, ϕ) = (0, u0) satisfies (3.3) and u0 does
not change sign in Ω+. The first eigenvalue of (3.2) is greater than zero, and zero
is not an eigenvalue. Hence Fu(λ0, u0) is invertible. Applying the implicit function
theorem to F (λ, u) = 0, we obtain a mapping u = u(λ) such that F (λ, u(λ)) = 0
for a neighborhood of λ = λ0. The domain of the mapping u = u(λ) may be
bounded or unbounded. For example, the domain is bounded (resp. unbounded) if
limu→+∞ f(u)/u > 0 (resp. < 0). Let (ν1(Ω+), μ̄) (μ̄ may be +∞) be the maximal
domain of u = u(λ).

We extend this solution (λ, u(x, y;λ)) with odd reflection as follows:

u∗(x, y;λ) :=

{
u(x, y;λ) if (x, y) ∈ Ω+,

−u(−x, y;λ) if (x, y) ∈ Ω−.

Then u∗ is differentiable on Ω∩T and (λ, u∗) is a classical solution of (DPΩ). Note
that the mapping λ �→ u∗(λ) is of class C1. We denote two curves of nontrivial
solutions by

(3.5) Σ+ := {(λ, u∗(λ)); μ < λ < μ̄}, Σ− := {(λ,−u∗(λ)); μ < λ < μ̄},
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where μ := ν1(Ω+). If (D1)–(D3) are satisfied, then ν2(Ω) = ν1(Ω+). Thus Σ+ and
Σ− emanate from (ν2(Ω), 0). We obtain

Lemma 3.1. Suppose that (D1)–(D3) and (F) hold. There exist two unbounded
curves, which are Σ± defined by (3.5), consisting of nontrivial solutions to (DPΩ)
and emanating from the second eigenvalue (ν2(Ω), 0). Each curve is parametrized
by λ. This bifurcation is supercritical.

Hereafter, we prove Theorem A. We have already constructed two unbounded
curves Σ± emanating from the second eigenvalue which are parametrized by λ. It
is clear that the closure of Σ+ ∪ Σ− is Σ+ ∪ Σ− ∪ {(ν2(Ω), 0)} and homeomorphic
to R. Lemma 3.2 below is the main result of this section.

Lemma 3.2. Let Σ+ and Σ− be defined by (3.5). Let (λ0, u
∗(λ0)) ∈ Σ+ be fixed.

Consider the eigenvalue problem

(3.6) Δϕ+ λ0f
′(u∗(λ0))ϕ+ κϕ = 0 in Ω, ϕ = 0 on ∂Ω.

Then the following hold:
(i) The first eigenvalue of (3.6) is (strictly) negative.
(ii) The second eigenvalue of (3.6) is (strictly) positive, and zero is not an eigen-

value.

Because of the nondegeneracy stated in Lemma 3.2 and the supercritical bifurca-
tion at (ν2(Ω), 0), we see by the implicit function theorem that Σ+∪Σ−∪{(ν2(Ω), 0)}
is the maximal continua of nontrivial solutions emanating from (ν2(Ω), 0). Theo-
rem A immediately follows from Lemma 3.2.

First, we prove (i) and (ii) in Lemma 3.2 when (λ, u) is near the bifurcation
point.

Lemma 3.3. If (λ0, u
∗(λ0)) ∈ Σ+ is near (ν2(Ω), 0), then (i) and (ii) in Lemma 3.2

hold.

Proof. We briefly prove the lemma. We study eigenvalues of the operator L := Δ+
λ0f

′(u∗) on Ω with the Dirichlet boundary condition. When (λ0, u
∗) = (ν2(Ω), 0),

the second eigenvalue is zero and simple. Since the bifurcation is supercritical,
it follows from the principle of exchange of eigenvalues that the simple near-zero
eigenvalue for a bifurcating solution near (ν2(Ω), 0), which is the second eigenvalue,
is positive. Therefore (i) and (ii) hold, because of the continuity of each eigenvalue
with respect to λ. �

Next, we study the shape of u ∈ Σ+∪Σ−. In this lemma we use the assumptions
(D2) and (D3).

Lemma 3.4. Let (λ0, u
∗(λ0)) ∈ Σ+ be fixed. Then the following hold:

(i) u∗(x,−y) = u∗(x, y).

(ii) u∗
x

{
< 0 on ∂Ω\T,
= 0 on ∂Ω ∩ T,

(iii) u∗
θ

⎧⎨
⎩

< 0 on Γ+\T,
= 0 on ∂Ω ∩ (S ∪ T )
> 0 on Γ−\T.

(iv) u∗
x(−x, y) = u∗

x(x, y), u
∗
x(x,−y) = u∗

x(x, y).
(v) u∗

θ(−x, y) = u∗
θ(x, y), u

∗
θ(x,−y) = −u∗

θ(x, y).
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Proof. Since u∗ is a positive solution in Ω+, (i) follows from the celebrated symme-
try result of Gidas-Ni-Nirenberg [5]. Here we used (D1) and (D2).

Let ∂ν denote the outer normal derivative on ∂Ω. Let

{(p(t), q(t))}0≤t<L(= ∂Ω)

be a parametrization of ∂Ω parametrized by the arc length such that ∂ν = q̇∂x −
ṗ∂y. Here ṗ := pt. Then when P ∈ ∂Ω ∩ T+, ∂νu

∗(= q̇u∗
x − ṗu∗

y) < 0 at P
(Hopf’s boundary point lemma) and ṗu∗

x + q̇u∗
y = 0 at P (the Dirichlet boundary

condition). Because of (D2), q̇ > 0 at P ; in particular q̇ 
= 0. We have u∗
y = −ṗu∗

x/q̇.
Substituting this into ∂νu

∗, we have

0 > ∂νu
∗ = q̇u∗

x − ṗu∗
y = (ṗ2 + q̇2)u∗

x/q̇ at P,

which indicates that u∗
x < 0 at P . It follows from a similar argument that u∗

x < 0
on ∂Ω ∩ T−. We easily show that u∗

x = 0 on ∂Ω ∩ T . Thus (ii) holds.
It is clear that u∗

θ = 0 on ∂Ω ∩ (S ∪ T ). If P ∈ ∂Ω ∩ {x > 0 and y > 0},
then u∗

x < 0 and q̇ > 0 at P . Because of (D3), pṗ + qq̇ < 0 at P . Substituting
u∗
y = −ṗu∗

x/q̇ into u∗
θ, we have

u∗
θ = −qu∗

x + pu∗
y = −(pṗ+ qq̇)u∗

x/q̇ < 0 at P.

We can similarly prove other inequalities. (iii) holds.
We can easily show that (iv) and (v) hold, using the oddness (resp. evenness) of

u∗ in x (resp. y). The proof is complete. �
We are now in a position to prove Lemma 3.2.

Proof of Lemma 3.2. We define L := Δ + λ0f
′(u∗(λ0)) on Ω with the Dirichlet

boundary condition. Let σ denote the set of the eigenvalues of L. We define
σe := {κ ∈ σ; there is a nontrivial ϕ ∈ Xe such that (κ, ϕ) satisfies (3.6)} and
σo := {κ ∈ σ; there is a nontrivial ϕ ∈ Xo such that (κ, ϕ) satisfies (3.6)}, where
Xe := {u ∈ X; u(x,−y) = u(x, y)} and Xo := {u ∈ X; u(x,−y) = −u(x, y)}. We
divide the proof into four steps.

Step 1 (σ = σe ∪ σo). Let (κ, ϕ) be an eigenpair. Since u(x,−y) = u(x, y)
(Lemma 3.4 (i)), ϕ(x,−y) is also an eigenfunction. Let ϕe(x, y) := ϕ(x, y) +
ϕ(x,−y) and ϕo(x, y) := ϕ(x, y) − ϕ(x,−y). Then ϕe(x, y) and ϕo(x, y) satisfy
(3.6). We see by contradiction that ϕe 
≡ 0 or ϕo 
≡ 0. Suppose the contrary.
Adding two equalities, we have ϕ ≡ 0, which is a contradiction. Since ϕe 
≡ 0 or
ϕo 
≡ 0, (κ, ϕe) or (κ, ϕo) is an (nontrivial) eigenpair, hence σ ⊂ σe ∪ σo. It is clear
that σ ⊃ σe ∪ σo. Thus

(3.7) σ = σe ∪ σo.

Step 2. In this step we will show by contradiction that the second eigenvalue of
(3.6) is not zero. Let ϕ be a second eigenfunction. Then ϕ satisfies

(3.8) Δϕ+ λ0f
′(u∗)ϕ = 0 in Ω, ϕ = 0 on ∂Ω.

Let ψ(x, y) := ϕ(x, y) − ϕ(−x, y). Then ψ satisfies (3.8). If ψ 
≡ 0, then ψ is odd
with respect to the y-axis. Since ψ has exactly two nodal domains, ψ does not
change sign in Ω+. Hence zero is an eigenvalue of (3.3) with u0 replaced by u∗.
However, we see by the same argument as before that the first eigenvalue of (3.2)
is positive. Thus ψ ≡ 0, which means that

(3.9) ϕ(x, y) = ϕ(−x, y).
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We show by contradiction that ϕ ∈ Xe. Suppose the contrary, i.e., ϕ 
∈ Xe. Then
ϕ ∈ Xo, because of (3.7). We define ξ(x, y) := u∗

θy(0, 0)ϕ(x, y) − ϕy(0, 0)u
∗
θ(x, y).

Note that u∗ ∈ C2. Then ξ satisfies (3.8) and

(3.10) ξ(−x, y) = ξ(x, y), ξ(x,−y) = −ξ(x, y).

We easily see by (3.10) and the definition of ξ(x, y) that ξ(0, 0) = ξx(0, 0) = ξy(0, 0).
By Corollary 2.2 we see that ξ ≡ 0 or {ξ = 0} has at least four curves near (0, 0).
The former case does not occur because uθ does not satisfy the Dirichlet boundary
condition (Lemma 3.4 (iii)). We consider the latter case. Each curve meets another
curve or hits the boundary. We consider two cases.

Case 1-1. If a curve meets another curve, then {ξ = 0} has at least two loops in Ω
because of the symmetry (3.10). Moreover, there is an open set in Ω outside two
loops. By ω1, ω2 we denote two (open) subdomains enclosed by the two loops. We
define Φ := ξ1 + cξ2. Here

ξ1 :=

{
ξ in ω1,
0 in Ω\ω1,

ξ2 :=

{
ξ2 in ω2,
0 on Ω\ω2,

and c is chosen such that 〈Φ,Ψ1〉 = 0, where Ψ1 is a first eigenfunction of (3.6).

On the other hand, we define

H[φ] :=

∫
Ω

(
|∇φ|2 − λ0f

′(u∗)φ2
)
dx.

Then we have

H[Φ] =

∫
Ω

(
|∇Φ|2 − λ0f

′(u∗)Φ2
)
dx

=

∫
ω1

(
|∇ξ1|2 − λ0f

′(u∗)ξ21

)
dx+ c2

∫
ω2

(
|∇ξ2|2 − λ0f

′(u∗)ξ22

)
dx

+ 2c

∫
ω1∩ω2

(∇ξ1 · ∇ξ2 − λ0f
′(u∗)ξ1ξ2) dx

= −
∫
ω1

ξ1 (Δξ1 + λ0f
′(u∗)ξ1) dx+

∫
∂ω1

ξ1∂νξ1dσ

− c2
∫
ω2

ξ2 (Δξ2 + λ0f
′(u∗)ξ2) dx+ c2

∫
∂ω2

ξ2∂νξ2dσ = 0,

where we use Δξj + λ0f
′(u∗)ξj = 0 in ωj (j = 1, 2) and ω1 ∩ ω2 = ∅. It follows

from a variational characterization of the second eigenvalue that

κ2 = inf
φ∈H1\{0}

φ∈span〈Ψ1〉⊥

H[φ]

‖φ‖2L2

≤ H[Φ]

‖Φ‖2L2

= 0.

If the equality holds, then Φ is a second eigenfunction. However, Φ = 0 on an open
set in Ω, which contradicts the unique continuation property. The above inequality
is strict; hence κ2 < 0. This contradicts the fact that the second eigenvalue is zero.

Case 1-2. If a curve hits a point P on the boundary, then ξ = 0 at P ; hence u∗
θ = 0

at P . By Lemma 3.4 (iii) we see that P ∈ ∂Ω∩ (S ∪ T ). Because of the symmetry,
{ξ = 0} has at least two loops in Ω and there is an open set in Ω outside two loops.
Thus using the same argument as in Case 1-1, we obtain a contradiction.
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Two cases (Cases 1-1 and 1-2) are verified. The assumption, which is ϕ ∈ Xo,
is not valid; hence ϕ ∈ Xe. We have

(3.11) ϕ(x,−y) = ϕ(x, y).

Differentiating (3.9) (resp. (3.11)) with respect to x (resp. y) and evaluating
it at (0, 0), we have ϕx(0, 0) = −ϕx(0, 0) (resp. −ϕy(0, 0) = ϕy(0, 0)). Thus
ϕx(0, 0) = ϕy(0, 0) = 0. We divide the possibilities into two cases.

Case 2-1. We consider the case ϕ(0, 0) = 0. Then (0, 0) is a degenerate zero of ϕ of
order at least two. Since ϕ 
≡ 0, there are at least four curves of {ϕ = 0} emanating
from (0, 0). Each curve meets another curve or hits the boundary. No matter which
case occurs, ϕ has at least three nodal domains because of the symmetries (3.9)
and (3.11). This contradicts the fact that ϕ is a second eigenfunction, because ϕ
should have exactly two nodal domains.

Case 2-2. We consider the case ϕ(0, 0) 
= 0. We define η(x, y) := u∗
x(x, y). Since

Δu∗ + V (u∗)u∗ = 0 in Ω+, u
∗ = 0 on ∂Ω+ and u∗ > 0 in Ω+, we see by Hopf’s

lemma that η(0, 0)(= u∗
x(0, 0)) > 0. Lemma 3.4 (i) says that

(3.12) u∗(x,−y) = u∗(x, y).

Differentiating (3.12) with respect to x and y and evaluating it at (0, 0), we have
−u∗

xy(0, 0) = u∗
xy(0, 0) which indicates ηy(0, 0)(= u∗

xy(0, 0)) = 0. Differentiating
u∗(−x, y) = −u∗(x, y) twice with respect to x and evaluating it at (0, 0), we have
ηx(0, 0)(= ηxx(0, 0)) = 0. We define ζ(x, y) := ϕ(0, 0)η(x, y)− η(0, 0)ϕ(x, y). Then
ζ(−x, y) = ζ(x, y) = ζ(x,−y) (Lemma 3.4 (iv)) and ζ(0, 0) = ζx(0, 0) = ζy(0, 0) =
0. Since ζ satisfies Δζ + λ0f

′(u∗)ζ = 0, it follows from Corollary 2.2 that ζ ≡ 0
or {ζ = 0} has at least four curves emanating from (0, 0). Since η(= u∗

x) does not
satisfy the Dirichlet boundary condition (Lemma 3.4 (ii)), ζ 
≡ 0. If a curve meets
another curve, then {ζ = 0} has at least two loops. If a curve hits a point on the
boundary, then ζ = 0 at the point; hence the point is on ∂Ω ∩ T (Lemma 3.4 (ii)).
Because of the symmetries, {ζ = 0} has at least two loops. No matter which case
occurs, {ζ = 0} has two loops and there is an open set in Ω outside two loops. By
the same argument as in Case 1-1 we obtain a contradiction.

Two cases (Cases 2-1 and 2-2) are verified. We have shown that zero is not the
second eigenvalue of (3.6).

Step 3. In this step we will show by contradiction that the first eigenvalue of (3.6)
is not zero. Let ϕ be a corresponding eigenfunction. Using the same argument with
ζ as in Case 2-2, we can obtain a contradiction. We omit the details.

Step 4. When (λ0, u
∗(λ0)) is near (ν2(Ω), 0), statements (i) and (ii) follow from

Lemma 3.3. Combining the continuity of each eigenvalue with respect to λ and the
results of Steps 2 and 3, we see that (i) and (ii) hold for every (λ0, u

∗(λ0)) ∈ Σ+.
Otherwise, there is (λ1, u

∗(λ1)) ∈ Σ+ such that zero is the first or second eigenvalue,
which contradicts Step 2 or Step 3. �
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