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REMARKS ON A CONJECTURE OF CHABAUTY
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Abstract. The Chabauty conjecture for connected nilpotent Lie groups has
been proved by S. P. Wang. We show that one reasoning ﬂaw has inﬁltrated the
proof. We therefore give a new proof of the validity of Chabauty’s conjecture
in this setup. More generally, we shall prove that the Chabauty conjecture
is true for rigid lattices and Zariski dense lattices of connected solvable Lie
groups. In particular, the Chabauty conjecture holds for solvable Lie groups
of (R)-type.

1. Introduction
Let G be a connected solvable Lie group. We denote by C (G) the space of closed
subgroups of G equipped with the Chabauty topology; this is a compact metrizable
space ([3], [2]). An open prebase of this topology is provided by the sets
O1 (K) = {H ∈ C (G) : H ∩ K = ∅} ,

O2 (V ) = {H ∈ C (G) : H ∩ V = ∅} ,

where V and K run respectively over all open and compact subsets of G. A discrete
subgroup Γ of G is called a lattice of G if G/Γ has a ﬁnite invariant measure (or
equivalently, G/Γ is compact ([11])). The set of all lattices of G is denoted by S (G).
Let Aut(G) be the group of all continuous automorphisms of G. Equipped with the
compact-open topology, Aut(G) is a Lie group. Aut(G) operates continuously on
S (G) (endowed with the induced topology) with operation deﬁned by (φ, Γ) −→
φ(Γ). For Γ ∈ S (G), we denote by Orb(Γ) the orbit of Γ and by Stab(Γ) the
isotropy subgroup at Γ. In [5], C. Chabauty proposed the following conjecture.
Conjecture 1.1. For any lattice Γ of G, Orb(Γ) with induced topology from S (G)
is homeomorphic to Aut(G)/Stab(Γ), or equivalently Orb(Γ) is locally compact.
The Chabauty conjecture is true in the case when G = Rn . Moreover, for
Γ ∈ S (Rn ) we have ([3], p. 187)
(1.1)

Orb(Γ) = S (Rn )  Gl(n, R)/Gl(n, Z),

where  denotes homeomorphism. In [14], S. P. Wang showed the validity of
Chabauty’s conjecture in the nilpotent case (see also [15]):
Theorem 1.2. The Chabauty conjecture is true for connected, simply connected
nilpotent Lie groups.
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Furthermore, we have
Proposition 1.3 ([14], Corollary 8.2). Let G be a connected simply connected
nilpotent Lie group. If G has a lattice Γ, then S (G) is homeomorphic to Aut(G)/
Stab(Γ).
The proof is based on the fact that S (G) is locally compact combined with the
following result ([14, p. 525]).
Proposition 1.4. If G is a connected simply connected nilpotent Lie group such
that S (G) = ∅, then the action Aut(G)  S (G) is transitive.
The above proposition is incorrect. In this paper we shall give a counterexample
to Proposition 1.4, on which Wang relies in proving Theorem 1.2 and Proposition 1.3. On the other hand, we contend that Proposition 1.3 is false. We provide a counterexample. For the rest of this paper we are concerned with studying
Chabauty’s conjecture for solvable Lie groups. It is well-known that the Chabauty
conjecture is not true in this setup. A counterexample was given by S. P. Wang in
[15]. In sections 3 and 4 we prove that the Chabauty conjecture holds for every rigid
lattice and every Zariski dense lattice of a connected simply connected solvable Lie
group. In particular, we obtain the validity of Theorem 1.2.
2. Counterexamples to Proposition 1.3 and Proposition 1.4
Consider the 3-dimensional Heisenberg nilpotent Lie algebra h3 = R-span{X,Y,Z}
with Lie brackets given by
[X, Y ] = Z
and the non-deﬁned brackets being equal to zero or obtained by antisymmetry. Let
H3 be the simply connected Lie group with Lie algebra h3 .
First, we give a counterexample to Proposition 1.4.
Proposition 2.1. Let H3 be the 3-dimensional Heisenberg group. The set
{Γr = exp(ZZ)exp(ZY )exp(rZX) : r ∈ N∗ }
is a cross-section of Aut(H3 )-orbits in S (H3 ).
Proof. This follows from [1] (or [6]) and the Malcev rigidity theorem ([8]).



Remark 2.2. Recently, M. Bridson, P. De La Harpe and V. Kleptsyn obtained a
more concrete description of orbits of Aut(H3 ) in the space S (H3 ) ([4, Section 7]).
Let us now give other counterexample to Proposition 1.4. A lattice Γ of a
connected, simply connected nilpotent Lie group G is called log-lattice if log(Γ) is
an additive subgroup of g ([9]). Let us denote by R(G) the set of log-lattices of G.
From Theorem 2 of [9] it follows that R(G) = ∅ if and only if S (G) = ∅.
Proposition 2.3. Let G be a connected simply connected nilpotent Lie group such
that R(G)  S (G). Then the action Aut(G)  S (G) is not transitive.
Proof. Let Γ ∈ R(G) and φ ∈ Aut(G). Let φ∗ ∈ Aut(g) be the derivative of φ at
identity. Since φ◦exp = exp◦φ∗ , then φ(Γ) ∈ R(G), and therefore Orb(Γ) ⊂ R(G).
Consequently, Orb(Γ) = S (G).

Remark 2.4. The 3-dimensional Heisenberg group H3 satisﬁes the above condition
of Proposition 2.3. In fact, the lattice Γr = exp(ZZ)exp(ZY )exp(rZX), (r ∈ N∗ )
is a log-lattice if and only if r is even ([9, p. 155]).
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We now present a counterexample to Proposition 1.3.
Proposition 2.5. Let H3 be the 3-dimensional Heisenberg group. For every Γ ∈
S (H3 ), S (H3 ) is not homeomorphic to Aut(H3 )/Stab(Γ).
We need the following lemma obtained by combining Proposition 5.3 and Proposition 6.3 of [4].
Lemma 2.6. For every r ∈ N∗ , the orbit Orb(Γr ) of Γr is connected and open in
S (H3 ).
Proof of Proposition 2.5. It follows from Lemma 2.6 that for every r ∈ N∗ the orbit
Orb(Γr ) of Γr is a connected component of S (H3 ). Then, S (H3 ) is not connected.
On the other hand, the homogeneous space Aut(H3 )/Stab(Γ) is connected ([4]).
This completes the proof.

3. The Chabauty conjecture and rigidity
Deﬁnition 3.1. A lattice Γ of G is said to be rigid if for any isomorphism φ : Γ −→
Γ of Γ onto another lattice Γ of G there exists an automorphism φ : G −→ G such
 Γ = φ.
that φ|
Theorem 3.2. The Chabauty conjecture is true for every rigid lattice of a connected, simply connected solvable Lie group.
Proof. Let G be a connected solvable Lie group. Let D(G) be the set of all discrete
subgroups of G. The space D(G) is open in C (G) ([2, Proposition E 1. 5]). On the
other hand, if Γ ∈ S (G), then there is a neighbourhood of Γ in D(G) consisting
entirely of groups isomorphic to Γ ([7]). Then, S (G) is open in C (G). Furthermore,
the set S (G, Γ) of subgroups in S (G) which are isomorphic to Γ is open and closed
in S (G). Since C (G) is compact, S (G) and S (G, Γ) are locally compact. On the
other hand, if Γ is rigid, then S (G, Γ) = Orb(Γ). It follows that Orb(Γ) is locally
compact.

A connected, simply connected solvable Lie group G is said to be of (R)-type
if every eigenvalue λ of any operator Ad(g), g ∈ G, is purely real. Note that,
obviously, any nilpotent Lie group is of (R)-type.
Theorem 3.3 ([12], [10]). All discrete uniform subgroups in a solvable Lie group
of (R)-type are rigid.
Theorem 3.2 and Theorem 3.3 immediately imply the following result due to
R. Mosak and M. Moskowitz [10] (see also [16]).
Corollary 3.4. The Chabauty conjecture is true in solvable Lie groups of (R)-type.
4. Chabauty’s conjecture and the Zariski density
Let H(Γ, G) be the topological space, with the topology of pointwise convergence,
of all representations of Γ into G. Let R(Γ, G) be the space of all isomorphisms
φ : Γ −→ φ(Γ) of Γ onto another lattice of G. It is well known that R(Γ, G) is an
open subset of H(Γ, G). Let R0 (Γ, G) be the connected component of the identity
map iΓ ∈ R(Γ, G). Any element φ ∈ R0 (Γ, G) is said to be a deformation of Γ in
G.
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A subgroup H of G is called Zariski dense in G if H and G have the same
algebraic hull in the real algebraic group Hol(U ) = Aut(U ) · U , where U is the
unipotent hull of G ([13]).
Theorem 4.1 ([13], Corollary 7.3). Any Zariski dense lattice is rigid under deformations.
Theorem 4.2. The Chabauty conjecture holds for Zariski dense lattices of a connected, simply connected solvable Lie group.
Proof. Let Γ be a Zariski dense lattice of a connected solvable Lie group G. We will
prove that Orb(Γ) is closed in S (G). We recall that the space S (G) is metrizable
([2, Lemma E 1.1]). Let (Γn )n≥0 be a sequence of points of Orb(Γ), which converges
to D in S (G). From [7], there exists a sequence (φn )n≥0 of R(D, G) converging
to iD such that φn (D) = Γn . On the other hand, there exists m ∈ N such that,
for every n ≥ m, φn belongs to a connected neighborhood of iD ([17]). It follows
that, in particular, φm ∈ R0 (D, G). By Theorem 4.1, let φm ∈ Aut(G) be such
that φm |D = φm . It follows that D ∈ Orb(Γ). Consequently Orb(Γ) is closed in
S (G). This completes the proof.
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