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MINIMAL NON-ELEMENTARY LIE ALGEBRAS

KRISTEN STAGG AND ERNEST STITZINGER

(Communicated by Gail R. Letzter)

Abstract. Minimal non-elementarty finite groups must be nilpotent. The
Lie algebra analogue admits non-nilpotent examples. We classify them for
complex solvable Lie algebras.

A group G is called elementary if the Frattini subgroup of each subgroup of G is
the identity. Following this definition, a Lie algebra L is elementary if the Frattini
ideal of each subalgebra of L is 0. Elementary Lie algebras have been investigated
by several authors; see the list of references. A group (Lie algebra) is minimal non-
elementary if it is not elementary but each of the proper subgroups (subalgebras) is
elementary. Kirtland has shown in [5] that a finite group is minimal non-elementary
if and only if G is either cyclic of order p2, p any prime, or a non-abelian p-group
of order p3, p an odd prime. Hence all minimal non-elementary finite groups are
p-groups. The analogous concept in Lie algebras admits non-nilpotent examples.
In this note we find all such finite dimensional Lie algebras with nilpotent derived
algebra over an algebraically closed field.

The Lie algebras considered here are solvable. Hence the Frattini subalgebra
coincides with the Frattini ideal. Let φ(L) denote the Frattini subalgebra of L. For
solvable Lie algebras over a field of characteristic 0, the derived algebra is nilpotent;
hence the theorem finds all minimal non-elementary Lie algebras in this case when
the field is algebraically closed. For characteristic p, if L is nilpotent of length 2,
then the final term, Lw, in the lower central series is nilpotent, hence abelian. Then
L is the semi-direct sum of Lw and a Cartan subalgebra C of L [1, Theorem 8].
Then C is abelian and L2 = Lw. Hence the theorem applies to any Lie algebra of
nilpotent length 2 over an algebraically closed field.

Lemma. Let L be a minimal non-elementary finite dimensional solvable Lie algebra
with L2 nilpotent.

(i) If L is nilpotent, then L is Heisenberg.
(ii) If L is not nilpotent and C is a Cartan subalgebra, then L is the semi-direct

sum L = C + L2.

Proof. (i) Suppose that L is nilpotent. Then φ(H) = H2 = 0 for every proper
subalgebra H of L and φ(L) = L2. If dim(L/L2) > 2, then every pair of
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elements of L are in a proper subalgebra of L and hence commute. Thus
L is abelian, a contradiction. Hence two elements, x and y, generate L.
Since 〈x, L2〉 and 〈y, L2〉 are proper subalgebras of L, they are abelian and
L2 ⊆ Z(L). Hence L = 〈x, y, z = [x, y]〉 and L is Heisenberg.

(ii) Suppose that L is not nilpotent. Let C be a Cartan subalgebra of L. As
on page 57 of [4], L decomposes as a vector space direct sum of C and C1

where [C,C1] = C1, the Fitting decomposition of L with respect to C. Both
C and L2 are nilpotent proper subalgebras of L; hence they are abelian. Since
C1 ⊆ L2, it follows that C1 is an ideal of L. If C1 �= L2, then C2 ∼= (L/C1)

2 ∼=
L2/C1 �= 0, a contradiction. Hence C1 = L2 and L = C + L2 is a semi-direct
sum. �

Theorem. Let L be a finite dimensional Lie algebra over an algebraically closed
field K and suppose that L2 is nilpotent. Then L is minimal non-elementary if
and only if L has a basis x, y, z with multiplication [x, y] = αy + z, [x, z] = αz and
[y, z] = 0, where α ∈ K.

Proof. Assume L is minimal non-elementary. If L is nilpotent, then it has the
desired presentation by part (i) of the Lemma. If L is not nilpotent, then by part
(ii) of the Lemma, L is the semi-direct sum L = C + L2, where C is a Cartan
subalgebra of L. Suppose that dimL/L2 > 1 and let x ∈ C. Then H = 〈x〉 + L2

is a proper subalgebra of L and φ(H) = 0. In particular, H is not nilpotent. If it
were nilpotent, then H would be abelian. Hence x is in the center of L and 〈x〉
is a direct summand of L, which is a contradiction. If D is a Cartan subalgebra
of H, then H = D +H2 is a semi-direct sum using the same argument as in part
(ii) of the Lemma. Since L2 is abelian, the Fitting null component of ad(x) acting
on H is nilpotent; hence it is a Cartan subalgebra of H. Hence we can let D be
the Fitting null component. Since φ(H) = 0, Proposition 1 of [7] yields that D,
hence ad(x), acts completely reducibly on H since x ∈ D, H = D +H2 and D is
abelian. Since K is algebraically closed, ad(x) acts diagonally on H and on the
ideals L2 and φ(L) that are contained in H. These results hold for all x ∈ C
and, since C is abelian, the ad(x) are simultaneously diagonalizable on L2 and on
φ(L). Let {x1, . . . , xn, y1, . . . , yt} be a basis of these common eigenvectors where
the xi ∈ φ(L) and yi ∈ L2, but yi /∈ φ(L). If M = 〈x2, . . . , xn, y1, . . . , yt〉 + C,
then M is a maximal subalgebra of L. This is a contradiction since x1 /∈ M , but
x1 ∈ φ(L). Hence dim L/L2 = 1. Thus we can let L = 〈x〉+ L2. �

We claim that L2 is not the direct sum of two non-zero ideals of L. Suppose
that M and N show this statement to be false. Let A = 〈x〉+N and B = 〈x〉+M .
Both φ(A) and φ(B) are 0. Consider the set consisting of each maximal subalgebra
of A added to M . The intersection of the elements of this set is M , since φ(A) = 0
and L is the semi-direct sum of A and M . The Fitting null component E of ad(x)
acting on A is nilpotent since N is abelian. Hence E is a Cartan subalgebra of A.
Then A = E + A2 is a semi-direct sum, E is abelian and the action of E on A2 is
the action of ad(x) on A2. By Proposition 1 of [7], ad(x) is diagonalizable on A2

and also on A since E is abelian. Similarly, ad(x) acts diagonally on B and hence
on L2. By Proposition 1 of [7], φ(L) = 0 since 〈x〉 is a Cartan subalgebra of L.
This contradiction establishes that ad(x) has only one Jordan block when acting
on L2. Hence there exists a basis {x1, . . . , xn} of L2 such that [x, xi] = αxi + xi+1

for i = 1, . . . , n− 1 and [x, xn] = αxn, where 0 �= α ∈ K.
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If n > 2, then B = 〈x, x2, . . . , xn〉 has φ(B) = 0 and ad(x) acts diagonally on
B2 by Proposition 1 of [7], which contradicts the multiplication just given for L.
Thus n = 2 and the result holds. The converse is clear.
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