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RESONANCE FOR THE ISOTHERMAL SYSTEM

OF ISENTROPIC GAS DYNAMICS

YUN-GUANG LU

(Communicated by Matthew J. Gursky)

Abstract. In this paper, we remove the restriction z0(x) ≥ 0 or w0(x) ≤ 0
in the paper “Existence of Solutions to Hyperbolic Conservation Laws with

a Source” (Commun. Math. Phys., 187 (1997), 327–340) and obtain the
existence of solutions for the resonant, isothermal system of isentropic gas
dynamics.

1. Introduction

Consider

(1.1)

{
ρt + (ρu)x = −a′(x)

a(x) ρu,

(ρu)t + (ρu2 + P (ρ))x = −a′(x)
a(x) ρu

2,

with bounded initial data

(1.2) (ρ(x, 0), u(x, 0)) = (ρ0(x), u0(x)), ρ0(x) ≥ 0,

where ρ is the density of gas, u the velocity, P = P (ρ) the pressure, and a(x)
represents the cross-sectional area of a variable duct. System (1.1) is of interest
because resonance occurs. This means there is a coincidence of wave speeds from
different families of waves (see [EGM, GMP, IT, Liu] and the references cited therein
for the details).

By simple calculations, two eigenvalues of system (1.1) are

(1.3) λ1 =
m

ρ
−
√
P ′(ρ), λ2 =

m

ρ
+
√
P ′(ρ)

with corresponding Riemann invariants

(1.4) z(u, v) =

∫ ρ

0

√
P ′(s)

s
ds− m

ρ
, w(u, v) =

∫ ρ

0

√
P ′(s)

s
ds+

m

ρ
,

where m = ρu.
In the paper [KL], the authors first studied the global existence of weak solutions

for the Cauchy problem (1.1)-(1.2) by using the vanishing viscosity method coupled
with the compensated compactness theory. Since the super-linear source term is
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in the second equation in (1.1), when we prove the global existence, the main diffi-
culty is to obtain L∞ estimates, of viscosity solutions, independent of the viscosity
perturbation constant ε. With the help of the condition z0(x) ≤ 0 or w0(x) ≤ 0,
the L∞ bound of (ρε,mε) was obtained in [KL] by using the maximum principle
for the polytropic gas P (ρ) = 1

γ ρ
γ , γ > 1.

Without the condition z0(x) ≤ 0 or w0(x) ≤ 0, many authors tried to prove
the same uniform estimate for the spherically, symmetric solutions in the region of
x > 1, where a(x) = x2. However, as pointed out in the paper [Ts1], there are some
defects in the proofs in these papers. Instead of the uniform estimate, a reasonable

estimate depending on the variable x : z(x, t) ≤ Cx− 2(γ−1)
γ+1 , C > 0, was obtained in

[Ts1] for 1 < γ < 5
3 .

Since the proof of γ = 1 is different from that of γ > 1, in this paper we first study
the isothermal case P (ρ) = ρ and prove the global existence of weak solutions for
the Cauchy problem (1.1)-(1.2) for general bounded initial data. The main result
is given in the following:

Theorem 1.1. Let P (ρ) = ρ, 0 < aL ≤ a(x) ≤ M for x in any compact set

x ∈ (−L,L), A(x) = −a′(x)
a(x) ∈ C(R) and A′(x) exist. Moreover, |A(x)| ≤ M, 0 ≤

A′(x) ≤ AL, where M is a positive constant and aL, AL are positive constants
depending on L. Then the Cauchy problem (1.1)-(1.2) has a bounded weak solution
(ρ, u) which satisfies system (1.1) in the sense of distributions and

(1.5)

∫ ∞

0

∫ ∞

−∞
η(ρ,m)φt+q(ρ,m)φx+A(x)(η(ρ,m)ρρu+η(ρ,m)mρu2)φdxdt ≥ 0,

where (η, q) is a pair of entropy-entropy flux of system (1.1), η is convex, and
φ ∈ C∞

0 (R×R+ − {t = 0}) is a positive function.

Example 1.2. For a small constant ε0 > 0, we choose a continuous function A(x)
to approximate − 2

x :

(1.6) A(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

0, for x ≥ 2
ε0
,

−4ε0 + 2ε20x, for 1
ε0

≤ x ≤ 2
ε0
,

− 2
x , for ε0 ≤ x ≤ 1

ε0
,

− 2e
1
2

ε0
e
− x2

2ε20 , for 0 ≤ x ≤ ε0,

− 2e
1
2

ε0
, for x ≤ 0;

then

(1.7) a(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
eε40

e
∫ ε0
0

2e
1
2

ε0
e
− x2

2ε2
0 dx, for x ≥ 2

ε0
,

e3

ε40
e
∫ ε0
0

2e
1
2

ε0
e
− x2

2ε20 dxeε
2
0x

2−4ε0x, for 1
ε0

≤ x ≤ 2
ε0
,

x2

ε20
e
∫ ε0
0

2e
1
2

ε0
e
− x2

2ε20 dx, for ε0 ≤ x ≤ 1
ε0
,

e
∫ x
0

2e
1
2

ε0
e
− x2

2ε20 dx, for 0 ≤ x ≤ ε0,

e
2e

1
2

ε0
x, for x ≤ 0,

and all conditions in Theorem 1.1 are satisfied.



THE ISOTHERMAL SYSTEM OF ISENTROPIC GAS DYNAMICS 2823

Remark 1.3. The global existence of symmetrical weak solutions of the isothermal
gas dynamics system (1.1) in the Lagrangian coordinates was well studied in [Ts2,
MMU] by using the Glimm scheme method [Gl, Ni].

Remark 1.4. The homogeneous case of isothermal system (1.1) (a′(x) = 0) in the
Euler coordinates was studied in [HW] by using the compensated compactness
theory [Di, Ta] (see also [Lu] for the details).

2. Proof of Theorem 1.1

Let v = ρaδ(x), then we may rewrite (1.1) as

(2.1)

{
vt + (vu)x = 0,
(vu)t + (vu2 + v)x +Aδ(x)v = 0,

where Aδ(x) = −aδ(x)′

aδ(x)
is given in (2.6). The two eigenvalues of (2.1) are

(2.2) λ1 = u− 1, λ2 = u+ 1

with corresponding Riemanna invariants

(2.3) z(v,m) = ln v − m

v
, w(v,m) = ln v +

m

v
, m = vu.

Now we consider the Cauchy problem for the related parabolic system

(2.4)

{
vt + (vu)x = εvxx,
(vu)t + (vu2 + v)x +Aδ(x)v = ε(vu)xx,

with initial data

(2.5) (v(x, 0), v(x, 0)u(x, 0)) = (vδ0(x), v
δ
0(x)u

δ
0(x)),

where

(2.6) (vδ0(x), u
δ
0(x), A

δ(x)) = (a(x)ρ0(x) + δ, u0(x), A(x)) ∗Gδ

and Gδ is a mollifier. Then

(vδ0(x), u
δ
0(x), A

δ(x)) ∈ C∞(R)× C∞(R)× C∞(R)

and

vδ0(x) ≥ δ, vδ0(x) + |uδ
0(x))| ≤ M, |Aδ(x)| ≤ M, 0 ≤ Aδ(x) ≤ AL,(2.7) ⎧⎨

⎩
δ|uδ

0,x(x)| ≤ M,
|vδ0,x(x)| ≤ M(δ), |uδ

0,x(x)| ≤ M(δ),
|vδ0,xx(x)| ≤ M(δ), |uδ

0,xx(x)| ≤ M(δ).
(2.8)

We now use the maximum principle to estimate the viscosity solutions of (2.4)
and (2.5). We multiply (2.4) by (wv, wm) and (zv, zm), respectively, to obtain

(2.9)

zt + λ1zx −Aδ(x) = εzxx − ε(zvvv
2
x + 2zvmvxmx + zmmm2

x)

= εzxx +
2ε

v
vxzx − εv2x

v2

≤ εzxx +
2ε

v
vxzx
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and

(2.10)

wt + λ2wx +Aδ(x) = εwxx − ε(wvvv
2
x + 2wvmvxmx + wmmm2

x)

= εwxx +
2ε

v
vxwx − εv2x

v2

≤ εwxx +
2ε

v
vxwx.

Letting z = z̄ +Mt,w = w̄ +Mt, where M is the bound of |Aδ(x)|, we have from
(2.9)-(2.10) that

(2.11) z̄t + λ1z̄x ≤ εz̄xx + 2ε
v vxz̄x

and

(2.12) w̄t + λ2w̄x ≤ εw̄xx + 2ε
v vxw̄x.

Using the maximum principle to (2.11)-(2.12), we have the estimates

z̄(vε,mε) ≤ C1, w̄(vε,mε) ≤ C2

or

(2.13) z(vε,mε) ≤ C1 +Mt = M(t), w(vε,mε) ≤ C2 +Mt = M(t),

where C1, C2 are two positive constants depending only on the bounds of the initial
data and a(x). Since the initial data vδ0(x) ≥ δ, the local solution vε > 0. The
estimates in (2.13) give us the following L∞ bound:

(2.14) vε ≤ M(t), ln vε −M(t) ≤ uε ≤ M(t)− ln vε, |mε| ≤ M(t),

where M(t) is independent of ε.
To estimate the positive, lower bound of vε, we substitute the first equation in

(2.4) into the second to obtain

(2.15) ut + uux +
1

v
vx +Aδ(x) = εuxx + 2ε(ln v)xux.

Differentiating (2.15) with respect to x, we have

(2.16) (ux)t+u2
x+uuxx+(ln v)xx+Aδ(x)′ = ε(ux)xx+2ε(ln v)xxux+2ε(ln v)xuxx.

Let

(2.17) θ = ux − 1

2ε
;

then

(2.18) θt + (u− 2ε(ln v)x)θx − 2ε(ln v)xxθ + u2
x +Aδ(x)′ = εθxx.

Since Aδ(x)′ ≥ 0, we have the following inequality from (2.18):

(2.19) θt + (u− 2ε(ln v)x)θx − 2ε(ln v)xxθ ≤ εθxx.

Then we may apply the maximum principle to (2.19) to obtain

(2.20) θ ≤ 0 or ux ≤ 1

2ε

if we let δ and ε satisfy the relation

(2.21) 2εM ≤ δ,

where M is given in (2.8).
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In fact, let

(2.22) θ = (q +
N(x2 + cLet)

L2
)eht,

where c, h and N are positive constants and c > 2|a(x, t)| + 2ε in R × [0, T ], N is
an upper bound for θ (local solution) and h a bound for b(x, t) on R × [0, T ] and
the functions a(x, t), b(x, t) are given as follows:

a(x, t) = u− 2ε(lnv)x, b(x, t) = −2ε(lnv)xx.

The function q, as is easily seen, satisfies the inequality

qt +
cNLet

L2
eht + h(q +

N(x2 + cLet)

L2
) + a(x, t)(qx +

2Nx

L2
)(2.23)

+b(x, t)(q +
N(x2 + cLet)

L2
) ≤ εqxx +

2Nε

L2
,

resulting from (2.19). Moreover

(2.24) q(x, 0) < 0, q(+L, t) < 0, q(−L, t) < 0.

Then using the standard maximum principle we see from (2.23) and (2.24) that
q ≤ 0 on (x, t) ∈ (−L,L)× [0, T ]. For any fixed (x, t), letting L ↑ ∞ in (2.22), we
get θ ≤ 0.

Using the first equation in (2.4) and the estimate (2.21), we have

(2.25) vε ≥ δe−
t
2ε ,

since vε0(x) ≥ δ. By applying the general contracting mapping principle to an inte-
gral representation of (2.4), we can obtain a local solution of the Cauchy problem
(2.4)-(2.5) first. Then using the lower, positive estimate (2.25) and the L∞ es-
timates given in (2.14), we can obtain the existence and uniqueness of a smooth
solution of the Cauchy problem (2.4)-(2.5) (the details can be found in [DW] or
[Di]). Finally, applying the convergence frame given in [HW] we have the pointwise
convergence

(2.26) (vε,δ(x, t),mε,δ(x, t)) → (v(x, t),m(x, t)) a.e., as ε, δ → 0

or

(2.27) (ρε,δ(x, t), (ρε,δuε,δ)(x, t)) → (ρ(x, t), (ρu)(x, t)) a.e., as ε, δ → 0.

We rewrite (2.4) as
(2.28)⎧⎪⎨

⎪⎩
ρt + (ρu)x = −a′(x)

a(x) ρu+ ερxx + 2εa′(x)
a(x) ρx + εa′′(x)

a(x) ρ,

(ρu)t + (ρu2 + ρ)x = −a′(x)
a(x) ρu

2 + ε(ρu)xx + 2εa′(x)
a(x) (ρu)x + εa′′(x)

a(x) (ρu),

where, for simplicity, the indexes ε, δ are dropped. Since a′(x)
a(x) is bounded for

all x ∈ R and a′′(x)
a(x) is bounded for x in any compact support set (−L,L), then

multiplying a suitable test function φ to system (2.28), we can prove that the limit
(ρ(x, t), u(x, t)) in (2.27) satisfies system (1.1) in the sense of distributions and the
Lax entropy condition (1.5). So, we complete the proof of Theorem 1.1.
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