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EIGENFUNCTION ESTIMATES FOR NEUMANN LAPLACIAN

AND APPLICATIONS TO MULTIPLIER PROBLEMS

XIANGJIN XU

(Communicated by Hart F. Smith)

Abstract. On compact Riemannian manifolds with boundary, the L∞ esti-
mates and gradient estimates for the eigenfunctions of the Neumann Laplacian
are proved. Applying the Lp estimates and gradient estimates to multiplier
problems on eigenfunction expansions for the Neumann Laplacian, some new
estimates for Bochner Riesz means and the sharp Hörmander Multiplier The-
orem are obtained.

1. Introduction

Let (M, g) be a compact Riemannian manifold of dimension n ≥ 2 with smooth
boundary. We shall consider the Neumann eigenvalue problem:

(1)

{
(Δ + λ2)u(x) = 0, x ∈ M,

Nx∇u(x) = 0, x ∈ ∂M,

with Δ = Δg being the Laplace-Beltrami operator associated to the metric g, and
Nx being the unit normal field with respect to the metric g. Let 0 = λ2

0 < λ2
1 ≤

λ2
2 ≤ λ2

3 ≤ · · · denote the spectrum of −Δ, which is discrete and tends to infinity.
Let {ej(x)} ⊂ L2(M) be an associated real orthonormal eigenfunction, and let

ej(f)(x) = ej(x)

∫
M

f(y)ej(y)dy

be the projection onto the j-th eigenspace. Here and in what follows dy denotes the
volume element associated with the metric g. Define the unit band spectral clusters
χλ as

χλf =
∑

λj∈[λ,λ+1)

ej(f).

The first part of this paper is to study the L∞ estimates and gradient estimates
for spectral clusters χλ of the Neumann Laplacian. The study of Lp estimates for
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the eigenfunctions on compact manifolds has a long history. In the case of manifolds
without boundary, the most general results of the form

(2) ||χλf ||p ≤ Cλσ(p)||f ||2, σ(p) = max
{n− 1

2
− n

p
,
n− 1

2
(
1

2
− 1

p
)
}
, p ≥ 2,

were proved by Sogge in [17], which are sharp for all compact manifolds (see [17],
[18]). The special case of (2) when p = ∞ can be proved using the estimates
of Hörmander in [7] that proved the sharp Weyl formula for general self-adjoint
elliptic operators on manifolds without boundary. Recently, in the case of manifolds
without boundary, Sogge and Zelditch in [20] proved that for generic metrics on any

compact manifold without boundary one has the bounds ||ej ||∞ = o(λ
(n−1)/2
j ) for

L2-normalized eigenfunctions. In the case of manifolds with boundary, the issue of
spectral cluster estimates is considerably more intricate. For example, the Rayleigh
whispering gallery modes provide examples of spectral clusters which concentrate

in a λ− 2
3 × λ−n−2

2 neighborhood of a boundary geodesic (see [5]). These examples
show that one cannot achieve linear spectral cluster estimates better than

(3) ||χλ||L2→Lp �
{

λ( 2
3+

n−2
2 )( 1

2−
1
p ), 2 ≤ p ≤ 6n+4

3n−4 ,

λn( 1
2−

1
p )−

1
2 , 6n+4

3n−4 ≤ p ≤ ∞.

It should be noted that the Rayleigh mode construction can only be done near
a portion of the boundary that is strictly convex. When the boundary is strictly
concave, the bounds (2) actually hold, as was shown by Grieser in [5] for n = 2, and
subsequently for all n by Smith and Sogge in [14]. Recently, without assuming the
concave boundary, for the special case of (3) with p = ∞ using the estimates of the
sharp Weyl formula and a maximum principle argument, Grieser in [6] proved the
L∞ estimates for a single eigenfunction of the Dirichlet and Neumann Laplacian,

||ej(f)||∞ � λ
(n−1)/2
j ||f ||2,

and Sogge in [19] proved the L∞ estimate for spectral clusters of the Dirichlet
Laplacian,

||χλf ||∞ � λ(n−1)/2||f ||2, λ ≥ 1,

which are sharp for instance when M is the upper hemisphere of Sn with standard
metric. The estimates (3) were recently proven for dimension n = 2 by Smith
and Sogge in [15], along with partial results in higher dimensions. The question of
whether or not the estimates (3) hold in general in higher dimensions remains open.
More literature discussions on Lp estimates for spectral clusters could be found in
[15] and [18]. Here, following some ideas in [6] and [19], we have the L∞ estimates
for the spectral clusters χλ of the Neumann Laplacian as:

Theorem 1.1. Fix a compact Riemannian manifold (M, g) with boundary. Then
the L∞ estimates for the spectral clusters χλ of the Neumann Laplacian are

(4) ||χλf ||∞ ≤ Cλ(n−1)/2||f ||2,
where C is a uniform constant for all λ ≥ 0.

One important application of Lp estimates of spectral clusters is to study the
boundedness of Bochner-Riesz means (see [1], [16], [18], [19], etc.). Using a funda-
mental proposition in [19], we obtain some new estimates for Bochner-Riesz means
for eigenfunction expansions from the favorable Lp estimates of spectral clusters.
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The next result is to study the gradient estimates for the spectral clusters χλ of
the Neumann Laplacian. In [25], the author proved the gradient estimates of the
spectral clusters of the Dirichlet Laplacian, based on the L∞ estimates from [19].
Here, based on the L∞ estimates in Theorem 1.1, we have the gradient estimates
for the spectral clusters χλ of the Neumann Laplacian:

Theorem 1.2. Fix a compact Riemannian manifold (M, g) with boundary. Then
the gradient estimates for the spectral clusters χλ of the Neumann Laplacian are

(5) ||∇χλf ||∞ ≤ Cλ(n+1)/2||f ||2,
where C is a uniform constant for all λ ≥ 0.

Remark 1.1. The motivation to study the gradient estimates, which is one of the
essential estimates in the proof of the sharp Hörmander Multiplier Theorem, is
that one cannot get the gradient estimates on the eigenfunctions of the Dirich-
let Laplacian or the Neumann Laplacian from the standard calculus of pseudo-
differential operators as done for the Laplacian on the manifolds without boundary,
since P =

√
−Δg for the Dirichlet Laplacian or the Neumann Laplacian is not

a pseudo-differential operator any more and one cannot get good estimates on
L∞ bounds on χλ and ∇χλ near the boundary only by studying the Hadamard
parametrix of the wave kernel as for compact manifolds without boundary in [11]
and [18].

Applying the new L∞ estimates and gradient estimates for spectral clusters χλ,
we shall prove the sharp Hörmander Multiplier Theorem for eigenfunction expan-
sions of the Neumann Laplacian. Given a bounded function m(λ) ∈ L∞(R), one
can define a Hörmander multiplier operator m(P ) with P =

√
−Δ by

(6) m(P )f =

∞∑
j=1

m(λj)ej(f);

such an operator is always bounded on L2(M). However, if one considers any other
space Lp(M), it is known that some smoothness assumptions on the function m(λ)
are needed to ensure the boundedness of

(7) m(P ) : Lp(M) → Lp(M).

Based on the sharp results on Riesz means ([1], [16], [21]), one introduces the
following sharp smoothness assumption on the multiplier function m(λ) when one
studies the Hörmander multiplier problem:

The sharp smoothness assumption on m(λ). Let L2
s(R) denote the usual

Sobolev space, and fix β ∈ C∞
0 ((1/2, 2)) satisfying

∑∞
−∞ β(2jt) = 1, ∀t > 0. The

multiplier function m ∈ L∞(R) satisfies

(8) sup
λ>0

λ−1+s||β(·/λ)m(·)||2L2
s
= sup

λ>0
||β(·)m(λ·)||2L2

s
< ∞, ∀s > n/2.

Hörmander [8] first proved the boundedness of the multiplier operator m(P )
on Rn under the assumption (8). Stein and Weiss [21] studied the Hörmander
Multiplier Theorem for multiple Fourier series, which can be regarded as the case
on the flat torus Tn. Seeger and Sogge [11] and Sogge [18] proved the boundedness
of m(P ) on Lp(M) for compact manifolds without boundary under the assumption
(8), where they used the parametrix of the wave kernel of m(P ) to get the required
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estimates on the integral kernel ofm(P ). In [2] Duong-Ouhabaz-Sikora gave another
proof of the Hörmander Multiplier Theorem using heat kernel methods and the L∞

bounds of χλ on manifolds without boundary. In [24] the author gave a new proof
of the boundedness of m(P ) on Lp(M) using L∞ estimates on χλf and ∇χλf
but without using the parametrix of the wave kernel of m(P ). As one knows,
the parametrix construction of the wave kernel does not work well for general
compact manifolds with boundary unless one further assumes that the boundary
is geodesically concave, which means that the method in [11] could not apply to a
manifold with boundary but the method in [24] works. In [25] the author proved the
sharp Hörmander Multiplier Theorem using L∞ estimates on χλf and ∇χλf for the
Dirichlet Laplacian. Using the L∞ estimates (4) and gradient estimates (5) for the
Neumann Laplacian and the ideas from [24], [25], we prove the sharp Hörmander
Multiplier Theorem for eigenfunction expansions for the Neumann Laplacian:

Theorem 1.3. Let m ∈ L∞(R) satisfy the sharp smoothness assumption (8) on
the multiplier function m(λ). Then, for 1 < p < ∞, one has the boundedness of
the Hörmander multiplier operator m(P ) on Lp(M):

||m(P )f ||Lp(M) � ||f ||Lp(M), 1 < p < ∞.(9)

For p = 1, there is the weak-type (1, 1) estimate:

(10) μ
{
x : |m(P )f(x)| > α

}
� α−1||f ||L1 , ∀α > 0.

The outline of this paper is the following: Section 2 will give the proof of the
L∞ estimates for the spectral clusters χλ of the Neumann Laplacian and some
applications for the new estimates for Bochner-Riesz means. Section 3 will give
the proof of the gradient estimates for the spectral clusters χλ and prove the sharp
Hörmander Multiplier Theorem for the Neumann Laplacian.

In what follows we shall use the convention that C will denote a constant that
is not necessarily the same at each occurrence.

2. L∞
estimates and Bochner-Riesz means

Motivated by [19], the purpose of this section is to give a simple proof of sharp
L∞ estimates for the spectral clusters χλ of the Neumann Laplacian on smooth
compact Riemannian manifolds (M, g) of dimension n ≥ 2 with boundary ∂M and
then to use these estimates to prove new estimates for Bochner-Riesz means in this
setting as Sogge [19] did for the Dirichlet Laplacian.

Here and in the next section we use the geodesic normal coordinates with respect
to the boundary. We can find a small constant c > 0 so that the map (x′, xn) ∈
∂M × [0, c) → M , sending (x′, xn) to the endpoint x, of the geodesic of length xn

which starts at x′ ∈ ∂M and is perpendicular to ∂M is a local diffeomorphism.
Under the geodesic coordinates x = (x1, . . . , xn−1, xn), the Riemannian metric has
the form

n∑
i,j=1

gij(x)dx
idxj = (dxn)

2 +

n∑
i,j=1

gij(x)dx
idxj ,

and the Laplacian can be written as

Δg =
n∑

i,j=1

gij(x)
∂2

∂xi∂xj
+

n∑
i=1

bi(x)
∂

∂xi
,
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where (gij(x))1≤i,j≤n is the inverse matrix of (gij(x))1≤i,j≤n, and gnn = 1, gnk =
gkn = 0 for k �= n. Also the bi(x) are C∞ and real-valued. For simplicity of
notation, we let d(x) = dist(x, ∂M), and d(x) = xn near the boundary ∂M under
the geodesic normal coordinates.

2.1. L∞ estimates. First we shall prove Theorem 1.1, the L∞ estimates (4) for
spectral clusters of the Neumann Laplacian. Note that

χλf(x) =

∫
M

∑
λj∈[λ,λ+1)

ej(x)ej(y)f(y)dy;

therefore, by the converse to Schwarz’s inequality and orthogonality, one has the
bounds (4) at a given point x for all f if and only if∑

λj∈[λ,λ+1)

ej(x)
2 � λn−1.

The proof of Theorem 1.1 is reduced to the following two propositions:

Proposition 2.1. Fix the compact manifold (M, g) with boundary, for a given
small constant ε > 0, there is a uniform constant Cε so that for λ ≥ 0,∑

λj∈[λ,λ+1)

ej(x)
2 ≤ Cελ

n−1,

for any interior point x satisfying d(x) ≥ ελ−1.

Proposition 2.2. Fix (M, g) as above. Then for large λ we have

max
{x : d(x)≤ 1

2 (λ+1)−1}

∑
λj∈[λ,λ+1)

ej(x)
2 ≤ 4 max

{x : d(x)= 1
2 (λ+1)−1}

∑
λj∈[λ,λ+1)

(ej(x))
2.

Proof of Proposition 2.1. As in the proof of Proposition 2.1 in [19] for the interior
L∞ estimates for spectral clusters of the Dirichlet Laplacian, we shall see that the
estimate for the Neumann Laplacian in this proposition is an immediate conse-
quence of a result similar to Theorem 17.5.10 in [8], which in turn is based on
earlier work of Seeley in [12].

Assume that the local coordinates have been chosen to the geodesic normal coor-
dinates with respect to the boundary the same as in Theorem 17.5.10 in Hörmander
[8], and define the spectral function

e(x, y, λ) =
∑
λj≤λ

ej(x)ej(y),

e(x, λ) = (2π)−n

∫
{ξ∈Rn| |ξ|≤λ}

(
1− ei2d(x)ξn

)
dξ.

Then one has the following result for the Neumann Laplacian the same as in The-
orem 17.5.10 in Hörmander [8]:

For the spectral function e(x, y, λ) of the Neumann problem on M , we have

(11)
∣∣∣ ∑
λj≤λ

(ej(x))
2 − e(x, λ)

∣∣∣ ≤ Cλ
(
λ+ d(x)−1

)n−2

, ∀λ ≥ 0.
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Since λ(λ+ d(x)−1)n−2 = O(λn−1), ∀x satisfying d(x) ≥ ελ−1, and

|e(x, λ+ 1)− e(x, λ)| ≤ Cελ
n−1, ∀x with d(x) ≥ ελ−1,

the estimate (11) implies Proposition 2.1.
One can see that the proof of estimate (11) for the Neumann Laplacian is a

straightforward modification of the proof of Theorem 17.5.10 in Hörmander [8] for
the Dirichlet Laplacian. We just give an outline here. When d(x) > c > 0 for some
fixed small constant c, this is a consequence of Theorem 7.2 in [12], where Seeley
proved:

There are constants C and α > 0 such that for λ > 1,∣∣∣ ∑
λj≤λ

(ej(x))
2 − e(x, λ)

∣∣∣ ≤ C
[
d(x)α−1λn−1 + d(x)−3/2λn−3/2

]
.

This is true for both the Dirichlet Laplacian and the Neumann Laplacian.
When d(x) ≤ c, we will use the Tauberian Lemma (Lemma 17.5.6 in Hörmander

[8]) with a = 1/c and define

μ(λ) =
1

2
sign(λ)

∑
λj≤|λ|

(ej(x))
2,

ν(λ) =
1

2
sign(λ)e(x, |λ|)

for λ ∈ R. By the definition of e(x, λ), we have

|de(x, λ)/dλ| ≤ Cλn−1.

This proves the first part of assumption (17.5.13) of the Tauberian Lemma 17.5.6 in
[8]. The same as in the proof of Theorem 15.5.10 in [8] for the Dirichlet Laplacian,
the estimate (11) will follow if we prove that

|(dμ− dν) ∗ φa(λ)| ≤ C(|λ|+ d(x)−1)n−2,

where φa(λ) = 1
aφ(λ/a) for a > 0, and φ is a positive function in C∞(R) with∫

R
φ(λ)dλ = 1 and the Fourier transform φ̂ with support in (−1, 1). We can

show that the above estimate for the Neumann Laplacian is the same as for Theo-
rem 17.5.10 in [8]. The only difference is that we should replace those estimates for
the Dirichlet wave kernel used in the proof of Theorem 17.5.10 in [8] by these cor-
responding estimates for the Neumann wave kernel with some different constants,
which can be found in Seeley’s paper [12]. �

Proof of Proposition 2.2. Our proof follows the ideas of the proof of Proposition 2.4
in [19]. In what follows we shall assume that λ is large enough and assume further
that spec(

√
−Δg) ∩ [λ, λ+ 1] �= ∅, and consider the function

H(x) =
1

w(x)2

∑
λj∈[λ,λ+1)

ej(x)
2,

where w(x) = 1−(λ+1)2x2
n. We shall show that the maximum value of H(x) must

be at the boundary of the λ−1 strip, and furthermore, we show that the outward
normal derivatives of H(x) on the boundary ∂M must be strictly positive.
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Suppose that H(x) has a maximum at an interior point x = x0 in the strip
{x ∈ M : 0 ≤ xn ≤ 1

2 (λ+ 1)−1}. Then by the Cauchy-Schwarz inequality,

v(x) =
∑

λj∈[λ,λ+1)

ej(x0)

w(x0)

ej(x)

w(x)

must have a positive maximum at x = x0. Note that in the strip {x ∈ M : 0 ≤
xn ≤ 1

2 (λ+ 1)−1} we have

(Δ + λ2
j)w = −2(λ+ 1)2 − 2bn(x)xn(λ+ 1)2 + λj

(
1− (λ+ 1)2x2

n

)
≤ − (λ+ 1)2

2
, for λ ≤ λj ≤ λ+ 1,

assuming that λ is large enough so that |2bn(x)xn| ≤ 1/2 in the strip. Also, in this
strip we have that 1

2 ≤ w(x) ≤ 1.

Define vj(x) =
ej(x0)
w(x0)

ej(x)
w(x) and v(x) =

∑
λj∈[λ,λ+1) vj(x). Note that

(Δ + λ2
j)uj(x) = 0, ∂nuj

∣∣∣
∂M

= 0, where uj(x) =
ej(x0)

w(x0)
ej(x).

A direct computation shows that for a given j we have

0 =
1

w(x)
(Δ + λ2

j )uj(x)

=

n∑
k,l=1

gkl(x)∂k∂lvj +

n∑
k=1

( 2

w

n∑
l=1

gkl∂lw + bk

)
∂kvj +

vj
w
(Δ + λ2

j)w.

Therefore, summing over λj ∈ [λ, λ+ 1), we get

n∑
k,l=1

gkl(x)∂k∂lv +
n∑

k=1

( 2

w

n∑
l=1

gkl∂lw + bk

)
∂kv = −

∑
λj∈[λ,λ+1)

vj
w
(Δ + λ2

j )w.

In particular, at point x = x0, we have

n∑
k,l=1

gkl(x0)∂k∂lv(x0) +

n∑
k=1

( 2

w

n∑
l=1

gkl(x0)∂lw(x0) + bk(x0)
)
∂kv(x0)

= − 1

w(x0)

∑
λj∈[λ,λ+1)

(ej(x0)

w(x0)

)2

(Δ + λ2
j )w(x0)

≥ (λ+ 1)2

2w(x0)

∑
λj∈[λ,λ+1)

(ej(x0)

w(x0)

)2

> 0.

(12)

But this is impossible since v(x) have a positive maximum at x0, which implies
that ∂kv(x0) = 0 for every k, and

∑n
k,l=1 g

kl(x0)∂k∂lv(x0) ≤ 0. Thus, we conclude

that the function H(x) cannot have a maximum at an interior point of the strip
{x ∈ M : 0 ≤ xn ≤ 1

2 (λ+ 1)−1}.
Next we shall prove that the function H(x) cannot have a maximum value of the

strip on ∂M . Suppose that there is a maximum at the boundary point x0 = (x′, 0)
on ∂M . Then by the same argument as above, we have that v(x) has a positive
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maximum at x0 on ∂M , in our local coordinates, which means that ∂kv(x0) = 0

for every k ≤ n− 1, and
∑n−1

k,l=1 g
kl(x0)∂k∂lv(x0) ≤ 0. We also have

∂nv(x) =
(
∂n

1

w(x)

) ∑
λj∈[λ,λ+1)

uj(x) +
1

w(x)

∑
λj∈[λ,λ+1)

∂nuj(x)

= −2(λ+ 1)2xn

w(x)2

∑
λj∈[λ,λ+1)

uj(x) +
1

w(x)

∑
λj∈[λ,λ+1)

∂nuj(x).

Given the Neumann boundary condition, we have ∂nv(x0) = 0. For our local
coordinates, we have gnn = 1, and gnk = gkn = 0 for k �= n. Hence from (12), we
have

∂2
nv(x0) =

(λ+ 1)2

2

∑
λj∈[λ,λ+1)

e2j (x0) > 0.

But it cannot be true, since in local coordinates we have that v(x′
0, xn) gets its

maximum at x0 = (x′
0, 0) from our assumption and ∂nv(x0) = 0, which implies

∂2
nv(x0) ≤ 0. This is a contradiction.
From above and our lower bound for w, we get that

max
{x : d(x)≤ 1

2 (λ+1)−1}

∑
λj∈[λ,λ+1)

(ej(x))
2 ≤ 4 max

{x : d(x)= 1
2 (λ+1)−1}

∑
λj∈[λ,λ+1)

(ej(x))
2,

as desired, which completes the proof of Proposition 2.2. �

Remark 2.1. One may see that these L∞ estimates can also be obtained from the
general Lp estimates on spectral clusters at p = ∞ as in the recent Smith and
Sogge paper [15]. The author first obtained the estimates of Theorem 1.1 in his
Ph.D. thesis [23] before the paper [15] came out. Unlike the L∞ estimates for the
Dirichlet Laplacian in [19], where the interior L∞ estimates directly come from
Theorem 17.5.10 in [8], which is for the Dirichlet Laplacian only, here we need to
prove the estimate (11) for the Neumann Laplacian, which is not available in the
literature yet. We prove the estimate (11) using some estimates for the spectral
function from Seeley in [12] for the Neumann Laplacian.

2.2. Bochner-Riesz means. Next we shall see how favorable estimates for the
spectral clusters of the Laplacian imply sharp estimates for Bochner-Riesz means
for eigenfunction expansions. Recall that the Bochner-Riesz means of index δ ≥ 0
for eigenfunction expansions are defined by

(13) Sδ
λf =

∑
λj≤λ

(
1−

λ2
j

λ2

)δ

ej(f).

It is known that a necessary condition for these operators to be uniformly bounded
on Lp(M) for a given 1 ≤ p ≤ ∞, p �= 2, is that

(14) δ(p) = max

{
n
∣∣∣1
2
− 1

p

∣∣∣− 1

2
, 0

}
.

Note that when p ≥ 2n+2
n−1 , one has δ(p) = σ(p), where σ(p) is the exponent in (2).

Using this fact, Sogge in [16] used the estimates (2) to prove the first sharp estimates
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for Bochner-Riesz means on compact Riemannian manifolds without boundary.
Specifically, it was shown that one has the uniform bounds

‖Sδ
λf‖p � ‖f‖p, ∀δ > δ(p)

for a given p ∈ [1, 2n+2
n+3 ] ∪ [ 2n+2

n−1 ,∞]. Earlier, weaker results were due to many

people, including Hörmander in [7].
In [16] the Tauberian arguments behind the proof of the sharp Weyl formula

were adapted to show that one could write Sδ
λ = S̃δ

λ + Rδ
λ, where the remain-

der term Rδ
λ could be controlled by the Lp estimates of spectral clusters, while

the other piece, S̃δ
λ, could be estimated by computing its kernel explicitly via the

Hadamard parametrix and then estimating the resulting integral operator using
straightforward adaptations of the arguments for the Euclidean case. In the set-
ting of manifolds with boundary, this approach does not seem to work since the
known parametrices for the wave equation do not seem strong enough unless one
assumes that the boundary is geodesically concave. For the Dirichlet Laplacian,
in [19] Sogge got around this fact by simplifying the earlier arguments and showed
that estimates for Bochner-Riesz operators just follow from L∞ estimates of spec-
tral clusters and the finite propagation speed of solutions of the Dirichlet wave
equation. Specifically, in [19] Sogge proved the following basic proposition:

Proposition 2.3 (Proposition 3.5 in [19]). Assume that for a given 1 ≤ p < 2 one
has the uniform bounds

(15) ‖χλf‖2 ≤ Cλδ(p)‖f‖p, λ ≥ 0,

where δ(p) is as in (14). Then for a given δ > δ(p) there is a uniform constant Cδ

so that

(16) ‖Sδ
λf‖p ≤ Cδ‖f‖p, λ ≥ 0.

The proof of this proposition in [19] made use of the desired Lp estimates (15) of
spectral clusters and the finite propagation speed of solutions of the Dirichlet wave
equation. Hence Proposition 2.3 will still be true as long as we have the desired
Lp estimates (15) of spectral clusters and the finite propagation speed property for
solutions of the corresponding wave equation in other settings, such as the Neumann
Laplacian on compact manifolds with boundary, the Dirichlet Laplacian and the
Neumann Laplacian on compact manifolds with strictly geodesic concave boundary
[5] [14], and the Laplacian on boundaryless manifolds with C1,1 metric [13].

For the manifolds with general boundary, since one only knows that the desired
bounds for spectral clusters (2) hold for p = ∞, one can only at this stage prove
the sharp estimates for Bochner-Riesz means when p = 1 or p = ∞. In [19] Sogge
proved such estimates for Bochner-Riesz means of eigenfunctions of the Dirichlet
Laplacian. Here we have the following new estimates for Bochner-Riesz means for
the Neumann Laplacian from Proposition 2.3:

Theorem 2.1. Fix a smooth compact Riemannian manifold with boundary (M, g)
of dimension n ≥ 2. Then if δ > (n− 1)/2, one has the uniform bounds

(17) ‖Sδ
λf‖p ≤ C‖f‖p,

for every 1 ≤ p ≤ ∞.
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By interpolating with the trivial estimate for p = 2 and using duality, one gets
the bounds (17) from the special case where p = 1, which is sharp. However, the
bounds for 1 < p < ∞ are certainly not sharp.

For the Dirichlet Laplacian and the Neumann Laplacian on compact manifolds
with strictly geodesic concave boundary, from [5] and [14], we know that the sharp
Lp estimates (2) are still true, which means we have the desired bounds for spectral
clusters (2) holding for 1 ≤ p ≤ 2n+2

n+3 . Hence we have the following sharp estimates
for Bochner-Riesz means in this setting from Proposition 2.3:

Theorem 2.2. Fix a smooth compact Riemannian manifold with strictly geodesic
concave boundary. For the Bochner-Riesz means Sδ

λ of the Dirichlet Laplacian or
the Neumann Laplacian, one has the uniform bounds

‖Sδ
λf‖p � ‖f‖p, ∀δ > δ(p)

for a given p ∈ [1, 2n+2
n+3 ] ∪ [ 2n+2

n−1 ,∞].

For the Laplacian on boundaryless manifolds with C1,1 metric, from [13] we
know that the sharp Lp estimates (2) are still true, which means that we have
the desired bounds for spectral clusters (2) holding for 1 ≤ p ≤ 2n+2

n+3 . Hence we
have the following sharp estimates for Bochner-Riesz means in this setting from
Proposition 2.3:

Theorem 2.3. Fix a boundaryless manifold with C1,1 metric. For the Bochner-
Riesz means Sδ

λ, one has the uniform bounds

‖Sδ
λf‖p � ‖f‖p, ∀δ > δ(p)

for a given p ∈ [1, 2n+2
n+3 ] ∪ [ 2n+2

n−1 ,∞].

3. Gradient estimates and Hörmander multiplier theorem

3.1. Gradient estimates. We shall prove Theorem 1.2 by the maximum principle
according to two different cases: for the interior points with dist(x, ∂M) ≥ ελ−1

and for the points on the strip near the boundary with dist(x, ∂M) ≤ ελ−1. Note
that

∇χλf(x) =

∫
M

∑
λj∈[λ,λ+1)

∇ej(x)ej(y)f(y)dy;

therefore, by the converse to Schwarz’s inequality and orthogonality, one has the
bounds (5) at a given point x if and only if∑

λj∈[λ,λ+1)

|∇ej(x)|2 ≤ C2λn+1.

First we have the following gradient estimate for the interior points with dist(x, ∂M)
bounded below by λ−1:

Proposition 3.1. For the Riemannian manifold (M, g) with boundary, for a given
constant ε > 0, there is a uniform constant Cε so that for λ ≥ 0 we have the
gradient estimate

|∇χλf(x)| ≤ Cελ
(n+1)/2||χλf ||2, for dist(x, ∂M) ≥ ε(λ+ 1)−1.
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The proof of this proposition is the same as the proof of Proposition 2.1 in [25]
using the ideas of interior gradient estimates for Poisson’s equation in [4], while we
use the L∞ estimates (4) for the Neumann Laplacian to replace the L∞ estimates
for the Dirichlet Laplacian in the proof of Proposition 2.1 in [25].

Next we show the gradient estimates on the 1
4λ

−1 strip of the boundary.

Proposition 3.2. Fix (M, g) as above. Then for large λ we have the gradient
estimate

|∇χλf(x)| ≤ Cλ(n+1)/2||χλf ||2, ∀ 0 ≤ dist(x, ∂M) ≤ 1

4
(λ+ 1)−1.

Proof. We shall apply the maximum principle to
∑

λj∈[λ,λ+1) |∇ej(x)|2 on the λ−1

boundary strip. First, from the Bochner formulas for the Laplacian, we have

1

2
Δg

∑
λj∈[λ,λ+1)

|∇ej(x)|2

=
∑

λj∈[λ,λ+1)

[
|Hessian(ej)|2 +

(
∇ej ,∇(Δej)

)
+Ric

(
∇ej ,∇ej

)]
.

Since M is a compact manifold, the Ricci curvature is bounded below in all of M .
Then for large λ, we have

1

2
Δg

∑
λj∈[λ,λ+1)

|∇ej(x)|2 ≥ −
∑

λj∈[λ,λ+1)

[
λ2
j |∇ej |2 −Ric(∇ej ,∇ej)

]

≥ −(λ+ 2)2
∑

λj∈[λ,λ+1)

|∇ej(x)|2.

Now define a function w(x) = 1− a(λ+ 1)2x2
n on the λ−1 strip of the boundary{

x ∈ M | 0 ≤ xn ≤ ε(λ + 1)−1
}
, and the constants a and ε will be determined

below. Set 1
2 ≤ 1− aε2 ≤ w(x) ≤ 1, and

Δw(x) = −2a(λ+ 1)2 − 2abn(x)xn(λ+ 1)2 ≤ −a(λ+ 1)2,

for all points in the strip, here assuming that λ is large enough so that |bn(x)xn| ≤
1/2. Defining h(x) = 1

w(x)

∑
λj∈[λ,λ+1) |∇ej(x)|2, we have

Δg

∑
λj∈[λ,λ+1)

|∇ej(x)|2 = w(x)Δgh(x) + h(x)Δw(x) + 2
(
∇h(x),∇w(x)

)

≥ −2(λ+ 2)2
∑

λj∈[λ,λ+1)

|∇ej(x)|2

= −2(λ+ 2)2w(x)h(x).

Dividing both sides by w(x) and applying the estimate on Δgw(x), we have

Δh(x) + 2(∇h(x),
∇w(x)

w(x)
) + (4− a)(λ+ 1)2h(x) ≥ 0.

If we assume a > 4, by the maximum principle, h(x) achieves its maximum on
∂{x ∈ M | 0 ≤ xn ≤ ε(λ+ 1)−1}.
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Assume that h(x) achieves its nonzero maximum at x0 ∈ ∂M . Since we have
∇w(x) = 0 for all x ∈ ∂M , then at the point x0 ∈ ∂M where h(x) achieves its
maximum, we have

Δh(x0) + (4− a)(λ+ 1)2h(x0) ≥ 0.

Since ∂2
kh(x0) ≤ 0 for k = 1, 2, . . . , n − 1, and h(x0) > 0, we have ∂2

nh(x0) > 0.
On the other hand, since w(x) = 1, ∂nw(x) = 0 and ∂nej(x) = 0 for all x ∈ ∂M ,
we have ∂k∂nej(x0) = 0 for k ≤ n− 1,

∂nh(x0) = ∂n

[ 1

w(x)

∑
λj∈[λ,λ+1)

|∇ej(x)|2
]
x=x0

=
−∂nw(x0)

w(x0)2

∑
λj∈[λ,λ+1)

|∇ej(x0)|2 +
1

w(x0)

∑
λj∈[λ,λ+1)

∂n|∇ej(x)|2
∣∣∣
x=x0

= 2
∑

λj∈[λ,λ+1)

n∑
k=1

(∂kej(x0), ∂k∂nej(x0)) = 0,

but from h(x) achieving its maximum at x0 ∈ ∂M , we have ∂2
nh(x0) ≤ 0, which is

contradicted by the above. Hence we have

sup
{x∈M | 0≤xn≤ε(λ+1)−1}

∑
λj∈[λ,λ+1)

|∇ej(x)|2 ≤ Cλn+1.

Finally we shall determine the constants a and ε. From the proof, we need
a > 4 and aε2 ≤ 1/2, which is easy to satisfy; for example, we may let a = 8 and
ε = 1/4. �

3.2. Hörmander multiplier theorem. Here we shall prove the sharp Hörmander
Multiplier Theorem for the Neumann Laplacian. Since the complex conjugate of
m(λ) satisfies the same hypotheses (8), we need only to prove Theorem 1.3 for
exponents 1 < p ≤ 2. This will allow us to exploit orthogonality, and since m(P ) is
bounded on L2(M), also reduce Theorem 1.3 to show that m(P ) is the weak-type
(1, 1) estimate (10) by the Marcinkiewicz Interpolation Theorem, i.e.,

μ{x : |m(P )f(x)| > α} � α−1||f ||L1 ,

where μ(E) denotes the dx measure of E ⊂ M . Since all the eigenvalues of the
Neumann Laplacian are nonnegative, we may assume that m(t) is an even function
on R. Then we have

m(P )f(x) =
1

2π

∫
R

m̂(t)eitP f(x)dt =
1

π

∫
R+

m̂(t) cos(tP )f(x)dt.

Here P =
√
−Δg and the cosine transform u(t, x) = cos(tP )f(x) is the solution of

the following Neumann-Cauchy problem:( ∂2

∂t2
−Δg

)
u(t, x) = 0, u(0, x) = f(x), ut(0, x) = 0, for x ∈ M.

We shall use the finite propagation speed of solutions of the wave equation.
The proof of the weak-type (1, 1) estimate (10) will involve a splitting of m(P )

into two pieces: a main piece which one needs to carefully study, plus a remainder
which has the strong (1, 1) estimate by using the L∞ estimates for the spectral
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clusters as Sogge did in [18] for manifolds without boundary and as we did in [25]
for the Dirichlet Laplacian. Specifically, define ρ ∈ C∞

0 (R) as

(18) ρ(t) = 1, for |t| ≤ ε

2
, ρ(t) = 0, for |t| ≥ ε,

where ε > 0 is a given small constant related to the manifold, which will be specified
later. Write m(P ) = m̃(P ) + r(P ), where

m̃(P ) = (m ∗ ρ̌)(P ) =
1

2π

∫
eitP ρ(t)m̂(t)dt,

r(P ) = (m ∗ (1− ρ)̌ )(P ) =
1

2π

∫
eitP (1− ρ(t))m̂(t)dt.

Define for λ = 2j , j = 1, 2, . . . ,

(19) mλ(τ ) = β(
τ

λ
)m(τ ).

For the remainder term r(P )f , the same as in Part I of the proof of Theorem 1.2
in [24] and [25], we have the strong (1, 1) estimate.

Proposition 3.3.

(20) ||r(P )f ||L1 ≤ C||f ||L1 .

Next, following the ideas of Part II in the proof of Theorem 1.2 in [24] and [25],
we have the weak (1, 1) estimate for m̃(P ):

Proposition 3.4.

(21) μ{x : |m̃(P )f(x)| > α} � α−1||f ||L1 , ∀α > 0.

We give only an outline of the proof here since most of the details of the com-
putations are the same as those in the proof of Theorem 1.2 in [24] and [25]. The
weak-type (1, 1) estimate on m̃(P ) would follow from the integral operator

m̃(P )f(x) =
1

2π

∫
M

{
∫
R

m̂(t)ρ(t)
∑
k≥1

eitλkeλk
(x)eλk

(y)dt}f(y)dy,

where the kernel K(x, y) =
∑

k≥1(m ∗ ρ̌)(λk)eλk
(x)eλk

(y) is weak-type (1,1). Now
define the dyadic decomposition

Kλ(x, y) =

∫
R

m̂λ(t)ρ(t)
∑
k≥1

eitλkeλk
(x)eλk

(y)dt.

We have K(x, y) =
∑∞

j=1 K2j (x, y) +K0(x, y), where K0 is bounded and vanishes

when dist(x, y) is larger than a fixed constant. In order to estimate Kλ(x, y), we
make a second dyadic decomposition as follows:

Kλ,l(x, y) =

∫
R

m̂λ(t)β(2
−lλ|t|)ρ(t)

∑
k≥1

eitλkeλk
(x)eλk

(y)dt,

where we have Kλ(x, y) =
∑∞

l=−∞Kλ,l(x, y). Define

Tλ,l(P )f(x) =

∫
M

Kλ,l(x, y)f(y)dy.
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From the above two dyadic decompositions, we have

(22) m̃(P )f(x) =

∞∑
k=0

∞∑
l=−∞

T2k,l(P )f(x).

Note that because of the support properties of ρ(t), Kλ,l(x, y) vanishes if l is larger
than a fixed multiple of log λ. Now we exploit the fact that the finite propaga-
tion speed of the wave equation mentioned before implies that the kernels of the
operators Tλ,l, Kλ,l must satisfy

Kλ,l(x, y) = 0, if dist(x, y) ≥ C(2lλ−1),

since cos(tP ) will have a kernel that vanishes on this set when t belongs to the
support of the integral defining Kλ,l(x, y). Hence in each of the second sums of
(22), there are uniform constants c, C > 0 such that

(23) cλdist(x, y) ≤ 2l ≤ Cλ

must be satisfied for each λ = 2k, whenever Kλ,l does not vanish.
Now for each Tλ,l(P ), we have the following two estimates:

Lemma 3.1. ||Tλ,l(P )f ||L2(M) ≤ C(2l)−sλn/2||f ||L1(M).

Lemma 3.2. ||Tλ,l(P )g||L2(M) ≤ C(2l)−s0λn/2
[
λmaxy,y0∈Ω dist(y, y0)

]
||g||L1(Ω)

where Ω = support(g),
∫
Ω
g(y)dy = 0 and n/2 < s0 < min{s, n/2 + 1}.

The proofs of these lemmas are the same as the estimates (a), (b) on page 470
in [25], where we use the key observation (23) to prove Lemma 3.2. Next we use
Lemma 3.1 and Lemma 3.2 to prove Proposition 3.4. We let

f(x) = g(x) +
∞∑
k=1

bk(x) := g(x) + b(x)

be the Calderón-Zygmund decomposition of f ∈ L1(M) at the level α using the
same idea as in Lemma 0.2.7 in [18]. Letting Qk ⊃ supp(bk) be the cube associated
to bk on M , we have

||g||L1 +

∞∑
k=1

||bk||L1 ≤ 3||f ||L1 ; |g(x)| ≤ 2nα, almost everywhere,

and for certain nonoverlapping cubes Qk,

bk(x) = 0 for x /∈ Qk with

∫
M

bk(x)dx = 0;
∞∑
k=1

μ|Qk| ≤ α−1||f ||L1 .

Proof of Proposition 3.4. Since{
x : |m̃(P )f(x)| > α

}
⊂

{
x : |m̃(P )g(x)| > α/2

}
∪
{
x : |m̃(P )b(x)| > α/2

}
,

notice that
∫
M

|g|2dx ≤ 2nα
∫
M

|g|dx. Using the L2 boundedness of m̃(P ) and
Tchebyshev’s inequality, we get

μ
{
x : |m̃(P )g(x)| > α/2

}
≤ Cα−2||g||2L2 ≤ C ′α−1||f ||L1 .
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Let Q∗
k be the cube with the same center as Qk but twice the side-length. After

possibly making a translation, we may assume that Qk = {x : max |xj | ≤ R}.
Letting O∗ =

⋃
Q∗

k, we have μ|O∗| ≤ 2nα−1||f ||L1 and

μ
{
x /∈ O∗ : |m̃(P )b(x)| > α/2

}
≤ 2α−1

∫
x/∈O∗

|m̃(P )b(x)|dx

≤ 2α−1
∞∑
k=1

∫
x/∈Q∗

k

|m̃(P )bk(x)|dx.

Hence we need only to show that

∫
x/∈Q∗

k

|m̃(P )bk(x)|dx =

∫
x/∈Q∗

k

|
∫
Qk

K(x, y)bk(y)dy|dx ≤ C

∫
M

|bk|dx.

From the double dyadic decomposition (22), we show two estimates of
Tλ,l(P )bk(x) on the set {x ∈ M : x /∈ O∗}:

(I) ||Tλ,l(P )bk||L1(x/∈O∗) ≤ C(2l)n/2−s||bk||L1(Qk);

(II) ||Tλ,l(P )bk||L1(x/∈O∗) ≤ C(2l)n/2−s0
[
λ max

y,y0∈Qk

dist(y, y0)
]
||bk||L1(Qk).

Given our observation (23), in order to prove (I), (II), it suffices to show it for
all geodesic balls BRλ,l

of radius Rλ,l = 2lλ−1. Such bounds are true, as shown in
[24] and [25] from Lemma 5.1, Lemma 5.2, and the Hölder inequality. From our
observation (23) and (I), for dist(x, y) ≤ CR, we have

∞∑
l=−∞

||Tλ,l(P )bk||L1(x/∈O∗) ≤ C
∑

2l≥cλdist(x,y)

(2l)n/2−s||bk||L1(Qk)

≤ Cs

(
λdist(x, y)

)n/2−s

||bk||L1(Qk)

≤ Cs(λR)n/2−s||bk||L1(Qk),

and for maxy,y0∈Qk
dist(y, y0) ≤ CR, from (II) with n/2 < s0 < min{s, n/2 + 1},

∞∑
l=−∞

||Tλ,l(P )bk||L1(x/∈O∗)

≤ C
∑

2l≥cλdist(x,y)

(2l)
n
2 −s0

[
λ max

y,y0∈Qk

dist(y, y0)
]
||bk||L1(Qk)

≤ Cs0

(
λdist(x, y)

)n
2 −s0[

λ max
y,y0∈Qk

dist(y, y0)
]
||bk||L1(Qk)

≤ Cs0(λR)
n
2 +1−s0 ||bk||L1(Qk).
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Therefore, we combine the above two estimates and conclude that∫
x/∈Q∗

k

|m̃(P )bk(x)|dx

≤
∞∑
j=0

∞∑
l=−∞

||T2j ,l(P )bk||L1(x/∈O∗)

≤ Cs

∑
2jR>1

(λR)
n
2 −s||bk||L1 + Cs0

∑
2jR≤1

(λR)
n
2 +1−s0 ||bk||L1

≤ Cs||bk||L1 .

Hence we have the weak-type (1, 1) estimate on the main term

μ{x : |m̃(P )f(x)| > α} ≤ α−1||f ||L1 . �

Combining Proposition 3.3 and Proposition 3.4, we prove the sharp Hörmander
Multiplier Theorem for the Neumann Laplacian.
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