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ON SOME CONSTANTS FOR OSCILLATION AND STABILITY

OF DELAY EQUATIONS

LEONID BEREZANSKY AND ELENA BRAVERMAN

(Communicated by Yingfei Yi)

Abstract. We discuss the famous constants of 1/e, 1, 3/2 in necessary and/or
sufficient oscillation and stability conditions for delay differential equations
with one or more delays:

x′(t) = −
m∑

k=1

ak(t)x(t− hk(t)),

including equations with oscillatory coefficients. Some counterexamples (which
refer to necessary oscillation and stability conditions) are presented and open
problems are stated.

1. Introduction

It is well known that the differential equation

x′(t) = −ax(t− h), a > 0,

is uniformly stable if ah ≤ π/2 and is exponentially stable if ah < π/2. This is not
valid anymore for the equation with a variable delay and a variable coefficient,

(1.1) x′(t) = −a(t)x(t− h(t)),

where a(t) and h(t) are nonnegative bounded continuous functions, 0 ≤ a(t) ≤ α,
0 ≤ h(t) ≤ q. If αq ≤ 3/2, then equation (1.1) is uniformly stable. If 0 < β ≤
a(t) ≤ α and αq < 3/2, then it is exponentially stable; see [1, 2, 3].

The above conditions can be generalized [4]:

the inequality sup
t≥0

∫ t+q

t

a(s) ds ≤ 3/2 implies uniform stability, while the conditions

sup
t≥0

∫ t+q

t

a(s) ds < 3/2, lim inf
t≥0

∫ t+q

t

a(s) ds > 0,

imply exponential stability.
Let us note that constants π/2 and 3/2 are sharp.
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Consider the equation with several variable delays and constant coefficients:

x′(t) = −
m∑
j=1

ajx(t− hj(t)),

where aj > 0, 0 ≤ hj(t) ≤ qj . Then inequalities

m∑
j=1

ajqj ≤
3

2
and

m∑
j=1

ajqj <
3

2

are sufficient for uniform and exponential stability, respectively [5]. If all hj(t) are
constant, then 3/2 can be replaced by π/2 [6].

However, these results are not valid if coefficients are not constant. Consider the
equation

x′(t) = −
m∑
j=1

aj(t)x(t− hj(t)),

where 0 ≤ aj(t) < αj , 0 ≤ hj(t) ≤ qj . Then

m∑
j=1

αjqj ≤ 1

is sufficient for uniform stability, and constant 1 is sharp, as demonstrated in [5].
Let us remark that (3/2)-constant is still relevant if we consider the “worst”

delay only: if

max
k

qk

m∑
j=1

αj ≤
3

2
,

then the equation is uniformly stable and the inequalities

max
k

qk

m∑
j=1

αj <
3

2
, lim inf

t→∞

m∑
j=1

aj(t) > 0

imply exponential stability.
We would like to answer the following question: does there exist a number A > 0

such that the inequality

(1.2) lim sup
t→∞

∫ t

t−h(t)

a(s) ds ≥ A

implies instability of equation (1.1) with one variable delay and a positive coeffi-
cient?

Another objective of the present paper is to discuss constants which lead to
either oscillation or non-oscillation. For delay differential equations the following
result is well known [7]:

If

(1.3) lim sup
t→∞

∫ t

t−maxk hk(t)

m∑
j=1

a+j (s)ds <
1

e
,

then there exists an eventually positive solution of the equation

(1.4) ẋ(t) +
m∑

k=1

ak(t)x(t− hk(t)) = 0.
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Here 1/e is the best possible constant since the equation

ẋ(t) + x(t− τ ) = 0

is oscillatory for τ > 1/e.
In the monograph [7] for the equation

(1.5) ẋ(t) + a(t)x(t− τ ) = 0, a(t) ≥ 0, τ > 0,

the authors constructed a counterexample which shows that condition (1.3) is not
necessary for non-oscillation of equation (1.4).

By Theorem 3.4.3 in [7] the inequality

(1.6) lim sup
t→∞

∫ t

t−mink hk(t)

m∑
j=1

aj(s)ds < 1

is necessary for non-oscillation of equation (1.4), where aj(t) ≥ 0.
In the present paper we study non-oscillation when the above limit is between

1/e and 1 and we also discuss constants arising in stability theory.
The paper is organized as follows. Section 2 deals with non-oscillation constants.

It contains a new sufficient non-oscillation condition when the limit in (1.6) is
between 1/e and 1. We demonstrate that even for a constant delay any limit
between 1/e and 1 can be attained for a non-oscillatory equation. Section 3 presents
a justification of the fact that any A ∈ (0, 2) can be chosen in (1.2) such that
exponential stability of (1.1) is still possible. Further, we prove that no A can
be chosen (even for equations with a constant coefficient) such that (1.2) implies
instability. Finally, in Section 4 we consider equation (1.1) with an oscillating
coefficient a(t).

2. Oscillation: from

1

e
to 1

Let us present sufficient non-oscillation conditions for equation (1.4) when the
number

lim sup
t→∞

∫ t

t−mink hk(t)

m∑
j=1

aj(s)ds

is between 1/e and 1.
We consider a scalar delay differential equation (1.4) under the following condi-

tions:
(a1) ak, k = 1, · · · ,m, are Lebesgue measurable locally essentially bounded

functions;
(a2) hk : [0,∞) → R are Lebesgue measurable functions, hk(t) ≥ 0,

lim sup
t→∞

[t− hk(t)] = ∞, k = 1, · · · ,m.

Further, we will apply the following non-oscillation condition.

Lemma 2.1 ([7]). If there exists an eventually non-negative locally integrable so-
lution of the inequality

(2.1) u(t) ≥
m∑

k=1

a+k (t) exp

{∫ t

t−hk(t)

u(s)ds

}
,

where a+ = max{a, 0}, then equation (1.4) is non-oscillatory.
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Consider equation (1.4) with constant delays:

(2.2) ẋ(t) +

m∑
k=1

ak(t)x(t− τk) = 0, τk > 0.

Theorem 2.2. Suppose that there exists n0 ≥ 0 and a sequence {λj}∞j=n0−1 of
positive numbers such that

(2.3)
m∑

k=1

a+k (t) ≤ λne
−[λn−1(nτ−t)+λn(t−(n−1)τ)], (n− 1)τ < t ≤ nτ, n ≥ n0,

where τ = maxk τk. Then equation (2.2) is non-oscillatory.

Proof. Let us demonstrate that the function

u(t) = λn, (n− 1)τ < t ≤ nτ, n ≥ n0,

is a solution of inequality (2.1) for t ≥ n0τ .
In the interval (n− 1)τ ≤ t ≤ nτ we have

exp

{∫ t

t−τk

u(s)ds

}
≤ exp

{∫ t

t−τ

u(s)ds

}

= exp

{∫ (n−1)τ

t−τ

λn−1ds+

∫ t

(n−1)τ

λnds

}

= exp {(λn−1(nτ − t)) + λn(t− (n− 1)τ )} .

Hence inequality (2.1) is equivalent to (2.3), which completes the proof. �

Remark 2.3. By applying comparison theorems [7], Theorem 2.2 can be extended
to equations with variable delays 0 ≤ hk(t) ≤ τk.

Example 2.4. Consider equation (1.5), where τ = 1,

a(t) =

{
e−(2n−t+1), 2n− 1 ≤ t < 2n, n ≥ 1,

2e−(t−2n+1), 2n ≤ t < 2n+ 1, n ≥ 0.

If λ2n = 1, λ2n−1 = 2, then all conditions of Theorem 2.2 hold; hence equation
(1.5) is non-oscillatory. Since

lim sup
t→∞

∫ t

t−1

a(s)ds = 2
(
e−1 − e−2

)
> e−1,

then condition (1.3) does not hold for equation (1.5) and thus is not necessary for
non-oscillation of this equation.

We apply the idea of Example 2.4 to prove the following result.

Theorem 2.5. For any α ∈ (1/e, 1) there exists a non-oscillatory equation (1.5)
with a(t) ≥ 0 such that

(2.4) lim sup
t→∞

∫ t

t−τ

a(s)ds = α.
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Proof. It is sufficient to prove the statement of the theorem for τ = 1. Let λ > 0,
a > 1, and consider equation (1.5) with τ = 1,

(2.5)

a(t) =

{
λ exp {−[2λ(a− 1)n− λ(a− 1)t+ λ]} , 2n− 1 ≤ t < 2n, n ≥ 1,
λa exp {−[λ(a− 1)t− 2λ(a− 1)n+ λ]} , 2n ≤ t < 2n+ 1, n ≥ 0.

If λ2n = λ, λ2n−1 = λa, then all conditions of Theorem 2.2 hold; hence equation
(1.5) is non-oscillatory. We have

lim sup
t→∞

∫ t

t−1

a(s)ds ≥
∫ 2n+1

2n

a(s)ds =
a

a− 1

(
e−λ − e−λa

)
,

and the maximum of the function f(λ) = a
a−1

(
e−λ − e−λa

)
is attained at λ0 = ln a

a−1

and equals max f(λ) = f(λ0) = e−λ0 . Since

lim
a→1

ln a

a− 1
= 1, lim

a→∞

ln a

a− 1
= 0,

then assuming λ = ln a
a−1 in the definition of function a(t), we obtain

lim sup
t→∞

∫ t

t−1

a(s)ds = exp

{
− ln a

a− 1

}
,

where

lim
a→1

lim sup
t→∞

∫ t

t−1

a(s)ds =
1

e
, lim

a→∞
lim sup
t→∞

∫ t

t−1

a(s)ds = 1.

Evidently lim sup
t→∞

∫ t

t−1

a(s)ds is a continuous function of a; thus it takes all values

in the interval (1/e, 1). �

Let us note that if in (1.6) we substitute the minimal delay by the maximal delay,

(2.6) lim sup
t→∞

∫ t

t−maxk hk(t)

m∑
j=1

aj(s)ds < 1,

this condition is not necessary for non-oscillation.

Example 2.6. The equation

(2.7) x′(t) + 0.01x(t− 10) + 0.3x(t) = 0

is non-oscillatory, since the characteristic equation λ+0.01e−10λ +0.3 = 0 has two
real roots, λ1 ≈ −0.3261 and λ2 ≈ −0.5536. However, (2.6) is not satisfied since
10(0.01 + 0.3) = 3.01 > 1.

3. Stability: are

3

2
and

π

2
strict instability limits?

First of all, we present the following result which allows us to expand the set of
constants in (1.6) such that equation (1.1) may be stable up to the limit of 2.

Lemma 3.1 ([8]). Suppose a(t) ≥ 0,

(3.1) lim inf
t→∞

a(t) > 0,

(3.2) lim sup
t→∞

h(t) < ∞,
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and there exists r(t) ≥ 0 such that the equation

(3.3) ẋ(t) + a(t)x(t− r(t)) = 0

is non-oscillatory. If

(3.4) lim sup
t→∞

∣∣∣∣∣
∫ t−r(t)

t−h(t)

a(s) ds

∣∣∣∣∣ < 1,

then equation (1.1) is exponentially stable.

By choosing an appropriate r(t) = τ and the same coefficient as in the proof of
Theorem 2.5, we can for each α < 1 construct a non-oscillatory equation (3.3) such
that

lim sup
t→∞

∫ t

t−τ

a(s) ds = α.

Furthermore, applying Lemma 3.1, for any β < 2 we can construct an exponentially
stable equation with

lim sup
t→∞

∫ t

t−τ

a(s) ds = β.

Example 3.2. Consider equation (1.5), where a(t) is defined in (2.5), and

a = e3, λ =
ln a

a− 1
≈ 0.157187.

Then (1.5) has a non-oscillatory solution and

lim sup
t→∞

∫ t

t−1

a(s) ds =

∫ 2n+1

2n

a(s) ds = exp

{
− ln a

a− 1

}
≈ 0.854544, n = 0, 1, · · · .

Since ∫ 2n

2n−1

a(s) ds =
1

a

[
e−λ − e−λa

]
≈ 0.042545

and a(t) is 2-periodic, then∫ t−1

t−3

a(s) ds ≈ 0.854544 + 0.042545 < 1.

By Lemma 3.1 the equation

ẋ(t) + a(t)x(t− 3) = 0

is exponentially stable while

lim sup
t→∞

∫ t

t−3

a(s) ds = 0.854544 + 0.042545 + 0.854544 ≈ 1.751633 >
π

2
.

Is A = 2 a limit? In other words, if A > 2 in (1.2), does it imply instability?
The following example demonstrates that the answer is negative.

Example 3.3. Consider the equation with a positive constant coefficient and a
variable delay,

(3.5) ẋ(t) + ax(t− h(t)) = 0, t ≥ 0, a > 0,
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where h(t) = {t}, t− h(t) = [t] (here {t} and [t] are the fractional and the integer
parts of t, respectively) for t ∈ (2n, 2n+1] and h(t) = 0 for t ∈ (2n+1, 2n+2]; i.e.

ẋ(t) + ax([t]) = 0, t ∈ [2n, 2n+ 1), n = 0, 1, 2, · · · ,

ẋ(t) + ax(t) = 0, t ∈ [2n+ 1, 2n+ 2), n = 0, 1, 2, · · · .

Let a > 2. Then

x(1) = x(0)(1− a), x(2) = x(0)(1− a)e−a, |x(2)| < 0.15|x(0)|,
since for f(a) = |(1− a)e−a| = (a− 2)e−a we have

max
a∈[2,∞)

f(a) = max
a∈[2,∞)

(a− 1)e−a = f(2) = e−2 ≈ 0.1353

and |x(t)| ≤ |x(0)(1− a)|. Furthermore,

|x(t)| ≤ |x(0)(1− a)|
(

1

e2

)n

, t ∈ [2n, 2n+ 2];

thus (3.5) is exponentially stable for any a ≥ 2, while

lim sup
t→∞

∫ t

t−h(t)

a(s) ds =

∫ t

t−1

a ds = a

can be any positive number, which demonstrates that there is no upper bound for
the integral such that above this limit all equations will be unstable.

4. Equations with an oscillatory coefficient and open problems

Finally, let us discuss stability and non-oscillation of (1.1) when the coefficient
a(t) can be oscillatory but in some sense its positive part “prevails”.

Example 4.1. Consider (1.1) with

a(t) =

{
α+ β, t ∈ [2n, 2n+ 1),
−α, t ∈ [2n+ 1, 2n+ 2),

h(t) =

{
{t}+ 1, t ∈ [2n, 2n+ 1),
0, t ∈ [2n+ 1, 2n+ 2),

where α > 0, β > 0, n = 0, 1, 2, · · · . Then equation (1.1) becomes

(4.1) x′(t) =

{
−(α+ β)x(2n− 1), t ∈ [2n, 2n+ 1),
αx(t), t ∈ [2n+ 1, 2n+ 2).

Consider (4.1) for t ≥ 0 with x(s) = s+ 1 for s ≤ 0. Then x(−1) = 0, x(0) = 1 =
x(1),

x(2) = eα, x(3) = eα − α− β, · · · , x(2n+ 1) = x(2n− 1) [eα − α− β]

and

lim sup
t→∞

∫ t

t−h(t)

a(s) ds =

∫ t

t−2

a(s) ds = β,

∫ ∞

0

a(s) ds = ∞.

However, for any β > 0 there exists α > 0 large enough such that [eα − α− β] > 1,
which means that x(2n + 1) > x(2n − 1), so the solution is unstable and non-
oscillating. Thus there is no such constant A that for equations with oscillating
a(t) the inequality

lim sup
t→∞

∫ t

t−h(t)

a(s) ds < A
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implies stability, and this claim is still valid even in the case when two additional
conditions hold:

lim inf
t→∞

∫ t+H

t

a(s) ds > 0 for some H > 0,

∫ ∞

0

a(s) ds = ∞.

The first of the above conditions indicates that the positive part of a(t) “prevails”
over the negative part, and the second equality in the case of positive a(t) guarantees
that all non-oscillatory solutions converge to zero.

Some new sufficient stability results for (1.1) with oscillatory coefficients can be
found in the recent paper [9].

In private discussions, Y. Domshlak and I. Stavroulakis proposed the following
hypothesis.

Conjecture. Consider equation (1.1) with an oscillatory coefficient a(t). The in-
equality

(4.2) lim sup
t→∞

∫ t

t−h(t)

a(s) ds <
1

e

implies non-oscillation of (1.1), and the condition

(4.3) lim inf
t→∞

∫ t

t−h(t)

a(s) ds >
1

e

implies oscillation of all solutions of equation (1.1).

The following example demonstrates that the second part is incorrect; moreover,
there is no A > 0 such that the inequality

(4.4) lim inf
t→∞

∫ t

t−h(t)

a(s) ds > A

implies oscillation of all solutions. Thus the inequality (1.6) is no longer necessary
for non-oscillation if the coefficient of (1.1) might become negative.

Example 4.2. Consider (1.1) with

h(t) =

{
2, t ∈ [2n, 2n+ 1),
{t}+ 3, t ∈ [2n+ 1, 2n+ 2),

a(t) =

{
−α, t ∈ [2n, 2n+ 1),
eα − 1, t ∈ [2n+ 1, 2n+ 2),

where α > 0, n = 0, 1, 2, · · · . Then equation (1.1) becomes

(4.5) x′(t) =

{
αx(t− 2), t ∈ [2n, 2n+ 1),
−(eα − 1)x(2n− 2), t ∈ [2n+ 1, 2n+ 2).

Thus, the solution of (4.5) with the initial function

x(t) =

{
eα(t+2), t ∈ [−2,−1],
eα − (eα − 1)(t+ 1), t ∈ [−1, 0],

is two-periodic. Really,

x′(t) = αeαt, t ∈ [0, 1] , x(0) = 1 ⇒ x(t) = eαt, t ∈ [0, 1],

x′(t) = − (eα − 1) x(−2) = 1− eα, t ∈ [1, 2]

⇒ x(t)=eα − (eα − 1) (t− 1), x(2)=1.
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This solution is two-periodic and non-oscillatory, while

lim inf
t→∞

∫ t

t−h(t)

a(s) ds =

∫ 2n

2n−3

a(s) ds = eα − 2α− 1 >
1

e

for α ≥ α0 ≈ 1.4522. Here α0 is the only positive solution of the equation ex−2x−
1 = 1/e (the function on the left-hand side is increasing). Moreover, lim inf exceeds
1/e for α > 1.4522. Thus (4.5) has a non-oscillatory solution, while A < eα−2α−1
for some α in (4.4) can be any positive number.

Example 4.1 implies that for any α > 0 there exists a non-oscillatory equation
(1.1) with oscillating a(t) such that

lim sup
t→∞

∫ t

t−h(t)

a(s) ds = α.

In particular, this means that the well-known oscillation condition for equations
(1.1) with a(t) ≥ 0,

lim sup
t→∞

∫ t

t−h(t)

a(s) ds > 1,

is no longer valid for equations with oscillatory a(t).
In the present paper we have demonstrated that some famous constants in the

oscillation and stability theory do not work anymore if we consider instability or
equations with oscillatory coefficients. Let us outline the problems which are still
open.

(1) (Liz) Does there exist A > 0 such that the inequality

lim inf
t→∞

∫ t

t−h(t)

a(s) ds > A

implies instability of equation (1.1) with a(t) ≥ 0?
If the answer is positive, is A = π/2 or a greater number?

(2) (Domshlak, Stavroulakis) Prove that the inequality

lim sup
t→∞

∫ t

t−h(t)

a(s) ds ≤ 1

e

implies non-oscillation of equation (1.1) with oscillating coefficient a(t).
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