PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 140, Number 2, February 2012, Pages 701–705
S 0002-9939(2011)10929-8
Article electronically published on June 21, 2011

ON THE BOUNDARY OF KÄHLER CONES
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Abstract. We study some geometric properties of a compact Kähler manifold (M n , g) under a certain condition on the bisectional curvature. As an
application, we give a new proof for an earlier result which asserts that any
boundary class of the Kähler cone of M n can be represented by a C ∞ closed
(1,1) form that is parallel and everywhere nonnegative.

Let (M n , g) be a compact Kähler manifold. Denote by
H(M ) = HC1,1 (M ) = H 1,1 (M ) ∩ H 2 (M, C)
the vector space of real (1,1) classes. Write K(M ) for the Kähler cone in H(M ),
namely, the convex cone formed by all the cohomology classes that can be represented by smooth closed (1,1) forms that are everywhere positives. We are interested in the boundary set B = K\K of the Kähler cone. We will call a (nontrivial)
cohomology class α in B a boundary Kähler class of M . It would be an interesting
question to ask when α can be represented by a closed, smooth (1,1) form that is
everywhere nonnegative. The existence of such forms often has direct geometric
applications in the study of Monge-Ampère foliations or Kähler submersions.
Recently, this problem has been studied by D. Wu, S.T. Yau and F. Zheng [5].
They interpreted the geometric problem by a degenerate complex Monge-Ampère
equation and proved the existence of a smooth solution to the equation through a
delicate way. The main result in their paper is as follows:
Theorem (Wu − Yau − Zheng). Let (M n , g) be a compact manifold satisfying
the following curvature condition: for any orthogonal tangent frame e1 , · · · , en at
any x ∈ M , and for any real numbers a1 , · · · , an :
n

(∗)
Riīj j̄ (ai − aj )2 ≥ 0.
i,j=1

Then any boundary class of the Kähler cone of M n can be represented by a C ∞
closed (1, 1) form that is everywhere nonnegative.
As pointed out in [5], when n = 2, the curvature condition (∗) simply implies
Ruūvv̄ ≥ 0 for any pair of orthogonal tangent vectors u, v of type (1, 0), which
means that M 2 has nonnegative orthogonal bisectional curvature. For n > 2, it’s
easy to give an example and see that the condition (∗) becomes much less restrictive
than nonnegative orthogonal bisectional curvature. So, it should be interesting to
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study some geometric properties of the compact manifolds under this curvature
condition.
In 1981, A. Howard, B. Smyth and H. Wu [6] proved that
Lemma (Howard − Smyth − Wu). If a compact Kähler manifold M satisﬁes
curvature condition (∗), then all harmonic forms of type (1, 1) are parallel. In
particular, the Hodge number h1,1 is equal to 1 if M is locally irreducible.
Inspired by this nice result, we can prove the following geometric property for
the manifolds with curvature condition (∗).
Theorem 1. Let (M n , g) be a compact Kähler manifold satisfying the curvature
condition (∗). Then, for any closed (1, 1) form Φ on (M n , g), we can ﬁnd Φ̃ ∈ [Φ],
such that Φ̃ is parallel. In particular, for any closed (1, 1) form α, we have
[α] = [β + λs ω0 ],
where β is a nonnegative C ∞ closed (1, 1) form on the boundary of the Kähler cone,
λs is a constant depending on β, and ω0 is the Kähler form on (M n , g).
Before giving the proof for our main theorem, we state a fundamental lemma
which can be found in [1].
Lemma ([1] (2.33)). Let φ be a closed (1, 1) form on a compact Kähler manifold.
Then φ is harmonic if and only if its trace is constant.
Proof of Theorem 1. Consider the equation
¯ = C,
(0.1)
σ1 (ω0 + Φ + ∂ ∂v)
where C is some constant to be determined. The above equation is equivalent to
v = C − (n + Trg Φ).
By the standard theory
 of partial diﬀerential equations, we know that u = f is
solvable if and only if M f = 0. So, if we choose

1
C =n+
ω n−1 ∧ Φ,
Vol(M ) M 0
there is a smooth solution of the equation (0.1).
¯ Then the equation is
Let Φ̃ = Φ + ∂ ∂v.
(0.2)

σ1 (ω0 + Φ̃) = C.

By the previous two lemmas, we can assert that Φ̃ is a smooth parallel (1, 1) form
and Φ̃ ∈ [Φ].
Let λs be the smallest eigenvalue of the (1, 1) form Φ̃ (under the ﬁxed orthonormal frame) and deﬁne
φ = Φ̃ − λs ω0 .
Then it is not hard to see that φ is nonnegative everywhere on M n and on the
boundary of the Kähler cone.
Thus, for any closed (1, 1) form α, we can ﬁnd a nonnegative closed (1, 1) form
β on the boundary of the Kähler cone such that
[α] = [β + λs ω0 ],
where ω0 is the Kähler form.
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As an application of the above theorem, we give a new proof for the main theorem
in [5].
Corollary 1. Let (M n , g) be a compact manifold satisfying the curvature condition
(∗). Then any boundary class of the Kähler cone of M n can be represented by a
C ∞ closed (1, 1) form that is parallel and everywhere nonnegative.
Proof of Corollary 1. Suppose α is a closed (1,1) form on the boundary of the
Kähler cone. By the deﬁnition of boundary Kähler class, we know that there exists
a sequence of smooth closed (1,1) forms {ωm } which are everywhere positive and
ωm −→ α as m −→ ∞.
Now, consider the integration to be a continuous functional on the form space
h1,1 (M ), and by the convergence, we get


k
(0.3)
ωm
∧ ω0n−k −→
αk ∧ ω0n−k , k = 0, 1, · · · , n.


M

M

So, M α ∧
≥ 0 for any k = 0, 1, · · · , n.
According to the proof of Theorem 1, there is a parallel closed (1,1) form α̃ ∈ [α].
Thus, the eigenvalues of α̃ are all constant on M n and



n−k
n−k
k
k
0≤
(0.4)
α ∧ ω0
=
α̃ ∧ ω0
= σk (α̃)
ω0n
k

ω0n−k

M

=⇒

σk (α̃) ≥ 0,

M

M

k = 0, 1, · · · , n,

which means that α̃ is in the Γn convex cone. So, α̃ ∈ [α] is nonnegative everywhere.

Remark 1. Let (M, g) be a compact Kähler manifold and let ω be the Kähler form
of g. For any real (1, 1) form α, we can deﬁne the k-th symmetric function for α
with respect to ω as
αk ∧ ω n−k = σk (α)ω n .
Denote the space of real (1, 1) forms by Λ1,1
R . We deﬁne the k-convex cone by
Γk = {α ∈ Λ1,1
R |σj (α) ≥ 0, j = 1, · · · , k}.
To study the Betti number for a compact connected Kähler manifold under some
curvature conditions is also a very interesting topic in geometry. In 1965, Bishop
and Goldberg [2] showed that any compact Kähler manifold M n with positive
bisectional curvature must have its second Betti number equal to 1. Later, Goldberg
and Kobayashi [4] introduced the conception of holomorphic bisectional curvature
and proved that the second Betti number of a compact connected Kähler manifold
M with positive holomorphic bisectional curvature is one. Now, if we restrict the
curvature condition to be the following so-called quasi − (∗), we can also get the
similar geometric property.
Deﬁnition 1. We say that a compact manifold (Mn , g) satisﬁes the quasi-(∗) curvature condition if it satisﬁes: for any orthogonaltangent frame e1 , · · · , en at any
n
2
x ∈ M , and for any real numbers a1 , · · · , an ,
i,j=1 Riīj j̄ (ai − aj ) ≥ 0 holds
everywhere and is strictly positive at least at one point.
Theorem 2. Let (Mn , g) be a compact Kähler manifold satisfying the quasi-(∗)
curvature condition. Then dim h1,1 (M, R) = 1.
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Proof. The proof follows the well-known technique due to Bochner and Lichnerowicz.
Let ξ be a closed (1,1) form on a compact Kähler manifold M n . For any ﬁxed
point on M n , we can choose local coordinates {z1 , · · · , zn } such that
gαβ̄ = δαβ ,

∂gαβ̄
∂gαβ̄
=
= 0 and ξ = ξij̄ dz i ∧ dz j̄ .
∂zi
∂zī

We consider the function φ = σ2 (g il̄ ξlj̄ ) and denote W = (wij̄ ) = (g il̄ ξlj̄ ). Then
we have
(0.5)

φα
φαβ̄

= σ1 (W |i)(g il̄ ξlī )α ,
= σ1 (W |i)(g il̄ ξlī )αβ̄ + (g il̄ ξlī )α (g ik̄ ξkī )β̄ − (g il̄ ξlī )α (g ik̄ ξkī )β̄ .

By the proof of Theorem 1, we know there is a closed (1, 1) form (which we still
denote by ξ) in [ξ] such that
F (ξ) = σ1 (g il̄ ξlj̄ ) = C,

(0.6)
where C is some constant.
By (0.6), we have
(0.7)

F αβ̄
σ1 (g αη̄ ξηβ̄ ) = C

=⇒

g αβ̄ = δαβ ,
n

ξiī,α = 0,

σ1 (g αη̄ ξηβ̄ ) = C

=⇒

g,iαη̄ī ξηβ̄ + g αη̄ ξηβ̄,iī = 0

=⇒

ξαᾱ,iī = −g,iαη̄ī ξηᾱ = −g,iαīᾱ ξαᾱ .

=

i

(0.8)

Thus, by direct computation, we can get that
(0.9) F αβ̄ φαβ̄

= σ1 (W |i)(g il̄ ξlī )αᾱ + (g il̄ ξlī )α (g ik̄ ξkī )ᾱ − (g il̄ ξlī )α (g ik̄ ξkī )ᾱ
iī
= σ1 (W |i)(g,α
ᾱ ξiī + ξiī,αᾱ ) + ξiī,α ξj j̄,ᾱ − ξij̄,a ξij̄,ᾱ
iī
= σ1 (W |i)(g,α
ᾱ ξiī + ξαᾱ,iī ) + ξiī,α ξj j̄,ᾱ − ξij̄,a ξij̄,ᾱ
n


iī
αᾱ
= σ1 (W |i)(g,α
|∇ξij̄ |2 + (
ξiī,α )2
ᾱ ξiī − g,iī ξαᾱ ) −
i,j

= σ1 (W |i)(−Riīαᾱ ξiī + Riīαᾱ ξαᾱ ) −



i=1

|∇ξij̄ |2

i,j


1
= −
Riīαᾱ (σ1 (W |i) − σ1 (W |α))(ξiī − ξαᾱ ) −
|∇ξij̄ |2
2 iα
i,j

1
= −
R
(ξ − ξαᾱ )2 −
|∇ξij̄ |2 .
2 iα iīαᾱ iī
i,j
From the second to third equality, we used the fact that ξ is a closed (1,1) form,
which gives us
(0.10)

ξαᾱ,i = ξiᾱ,α ,

ξαᾱ,ī = ξαī,ᾱ .
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From equality (0.9), we can see that if the compact Kähler manifold M n satisﬁes
the curvature condition (∗), then

1
(0.11)
F αβ̄ φαβ̄ = −
Riīαᾱ (ξiī − ξαᾱ )2 −
|∇ξij̄ |2 ≤ 0.
2 i,α
i,j
Finally, by the strong maximal principle, we assert that φ ≡ constant. Thus,
σ1 (g il̄ ξlj̄ ) = constant and σ2 (g il̄ ξlj̄ ) = constant,
from which we can get that ξiī are constants on M n . Furthermore, if the manifold
satisﬁes the quasi-(∗) curvature condition, by (0.11), we can see that ξiī = ξαᾱ for
i, α = 1, · · · , n. Thus, ξ = λω0 , where λ is a constant. So, dim h1,1 (M ) = 1.

Remark 2. For the results in [2], [4], [6], the restriction of the bisectional curvature
makes the Ricci tensor of M to be positive. So there are no nontrivial holomorphic
2-forms on M (cf. Bochner [8]), i.e., H 2,0 (M ) = H 0,2 (M ) = 0, i.e., b2 (M ) =
dim H 2 (M ) = dim h1,1 (M ). But, in our case, we have no information about the
positivity of the Ricci tensor from the quasi-(∗) curvature condition. Thus, we
cannot get b2 (M ) = 1.
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