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INCREASING DIGIT SUBSYSTEMS
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ABSTRACT. We consider an infinite iterated function system {f;}52; on [0, 1]
with a polynomially increasing contraction rate. We look at subsets of such
systems where we only allow iterates f;; o fi, o fi; 0+ if i > ®(in,_1) for
certain increasing functions ® : N — N. We compute both the Hausdorff and
packing dimensions of such sets. Our results generalise work of Ramharter

which shows that the set of continued fractions with strictly increasing digits

has Hausdorff dimension %

1. INTRODUCTION

In this paper we consider certain subsets of the attractors of infinite iterated
function systems. For each n € N we will let f,, : [0,1] — [0, 1] be C! maps such
that:

(1) There exists m € N and 0 < A < 1 such that for all (ay,...,a,) € N™ and
for all z € [0,1],

0< ‘(fal o...ofam)/(;[;)| < A<1.
(2) For any i,j € N, fi((0,1)) N f;((0,1)) = 0.
(3) There exist d > 1 such that for any ¢ > 0 there exist Cy(¢g),Ca(e) > 0
such that for ¢ € N there exist constants \;,&; such that for all z € [0,1],
& < |fi(x)] < Ai and

Cy Cs
e S S A S

We will call such a system a d-decaying system.
There will be a natural projection IT : NN — [0, 1] defined by

H(Q) = nhﬁn;o fay0---0 fan(l).

We will denote A = II(NY) as the attractor of the system. We will let T : A — A
be the expanding map defined by T'(z) = f; (z) if z € £;([0,1]). If x = II(a), then

3
we will refer to {a,}nen as the digits of x (these are not necessarily unique). For

brevity of notation for z € A, {a;(x)};en will denote a sequence a € NV such that
II(a) = x.
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We are interested in the set of x where the digits are increasing monotonically.
For a function ® : N — R which satisfies that ®(n) > n we will denote

(1.1) Xo ={a: ant1 > ®(a,) for all n € N}.

We will be looking at the dimension of these sets for various different notions of
dimension. We will be considering Hausdorff dimension, denoted dimpg, packing
dimension, denoted dimp and upper box counting dimension denoted dimpg. For
the definitions of these notions of dimension the reader is referred to [F1]. Our
motivation for this work is in part to look at iterated function systems with a
transient Markov condition; for instance, such systems clearly cannot support an
invariant measure. These sets would also have significance when the infinite system
is a first return map for a dynamical system F and an interval J since they would
represent points where the orbit would take longer and longer to return to the
interval J. For example if F' is the Farey map, T is the Gauss map and r,(z)
denotes the nth return time of the F' orbit of « to (1/2,1), then

Xo ={z:rpp1(x) > O(rp(x)}.

Another aim is to generalise results for the Gauss map to more general systems.
Our first result is the following.

Theorem 1.1. Let ® : N — R satisfy that for some 8 > 1 we have n < ®(n) < fn
for alln € N. We then have that
1

dimH X<p = E

Considering packing dimension instead of Hausdorff dimension we obtain the
following, stronger result:

Theorem 1.2. Let so = dimp({f;(0)}22,) and ® : N — R satisfy that ®(n) > n.
Then we have that

1
dimp X¢ = max {so, E} .

To look at dimyg X¢ for functions ® : N — R where the growth rate is quicker
than a linear rate we restrict ourselves to a certain class of d-decaying systems. We
will call an iterated function system, {f,}nen, Gauss-like if

U fi([oa 1]) = [07 1]

and if for all « € [0, 1] we have that f;(z) < f;(z) implies ¢ > j. We then have that

Theorem 1.3. If {f;}5°, is a Gauss-like system, o > 1 and ®(n) = n®, then
1

l1+a(d-1)

Previous work on this type of problem has been done in the case of continued
fractions. Here the maps f, : [0,1] — [0,1] can be defined by f,(z) = — for

z+n

each n € N. In 1941 Good ([G]) showed that the set where lim; ;o a; = oo has

dimension % and this was extended by Ramharter [R] to show that the set of z

with strictly increasing continued fraction exponents has dimension % We will
show that this dimension is unchanged if we use the stronger condition a;1 > Ba;
for § > 1 and for all ¢ € N. However, on the other hand, we will show that if we

dlmH Xq> =
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have the condition a;1(z) > (a;(x))® for all ¢ € N and a > 1, then the dimension
1

does drop below 5. Subsequent to the work of Good, several papers, e.g. [L] and
[WW], have added conditions on the rate of convergence of the a; to infinity either
along sequences or subsequences. In particular, Wang and Wu [WW] calculate the
Hausdorff dimension of the set where a;(z) > ®(z) for infinitely many n for any
function ®. In Lemma 3.2 in [FL], the Hausdorff dimension of sets, where the
value of a,4+1(z) is bounded by s, and Ng, for a constant N and some sequence
sn, where s, — 00 as n — oo are calculated. In [Mu] the dimensions of related sets
are considered in the case where each map f; is a similarity.

In this setting of continued fractions, Theorem [[.Il and Theorem [[.3] have the

following corollary:

Corollary 1.4. If we denote the continued fraction expansion of x by a1 (x), as(x),
as(x), ..., then we have that

(1) for any B > 1 we have that

dimg{z : aj+1(x) > Ba;(x) for alli € N} = %;

(2) for any o > 1 we have that

1
di ta, i * llieNp=—.
impg{z: a;11(x) > (a;(z))® for all i € N} +a
It should be noted that in part (1) of the corollary, the case where 8 = 1 was
shown by Rambharter in [R]. The second part of this corollary relates to the work
by Luczak in [L]. Here for «, 5 > 1 the sets

Ola, B] = {z : an(x) > B for all n € N}

are considered (where a;(x) denote the continued fraction digits of x). It is shown
that dim O[a, 8] = 1-%@’ which corresponds with the dimension found in part (2)
of Corollary [[4l This connection is no surprise since if we have that a;11 > a$ for
all i € N, then a,(z) > a1(z)*".

Finally we can show that Theorem [[.3] does not hold if we consider more general
systems. In particular if there are gaps between the first level cylinders, then the
situation can be significantly different as illustrated by the following theorem:

Theorem 1.5. For any d > 1 and any strictly increasing function ® : N — N there

exists a d-decaying system {f;}72, such that

. 1
d1mH Xq) = a
Throughout the paper, if x € A, we will denote the nth-level cylinder containing

x by
Cn(z) = fay@)© 0 fa,(@)([0,1]).

The rest of the paper is laid out as follows. In section 2 we prove some lemmas which
are the key to the proofs of our main theorems. Theorem [[LT] and Theorem are
then proved in section 3. Finally, sections 4 and 5 are devoted to the proofs of
Theorems [[L3] and respectively.
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2. KEY LEMMAS

In this section we prove a series of lemmas which will be used in the following
sections. We start with two lemmas needed to prove the upper bound for Theo-
rems [L.1] and We fix d > 1 and a d-decaying iterated function system {f;}5°.
For a positive integer k£ we will use Ay, to denote the attractor of the system {f;}5°,.

Lemma 2.1. )

7
Proof. In the case of the Gauss map this result is contained in the work of Good [G],
and the precise asymptotic for the rate of convergence is given in [JK|. For more
general systems it will follow from Bowen’s formula for the Hausdorff dimension
of infinite iterated function systems given in [MU]. However some of the systems
we are considering do not satisfy the assumptions in [MU], and so we include a
proof. First of all we prove that dimgy Ay > é. We fix any s < %. We can
then find m € N such that Z;’;kﬂ &’ > 1. Consider the iterated function system
consisting of the maps f, ..., fi, and let A, m C A, be the attractor. By standard
results for iterated function systems, dimg Ay, > S, where s,, is the solution to
Z;Zkﬂ &™ =1, and we know by definition that s, > s. Since this holds for any
s < é we know that dimg A > é.

To obtain the upper bound we fix s > % and choose k such that Z;’ik AP < 1.
For convenience we will denote N(k) to be the set of natural numbers greater than
or equal to k. We get that

Z |a1,...,an|5 < Z (>\a1"‘)\an)s

(a1,...,an)EN(E)™ (a1,...,an)EN(E)"

(S) 0
i=k

It then follows that dimy Ay < s. Thus for every s > % we can find k such

that dimy Ax < s since dimg Ay is clearly monotonically decreasing. The result
follows. O

lim dimg A, =
k—o0

IA

We also need an analogue of Lemma [Z.1] in terms of upper box dimension or
equivalently packing dimension. We will let
so = dimp ({/:(0)}32,).
Note that instead of 0 we could take any other point of the interval [0, 1] and the
value of sg would not change.

Lemma 2.2.

1
lim dimp Ay < max{—,so} .
k—o0 d

Proof. Let ¢ >0, 6 < € and let K be sufficiently large such that

i(02(5))d’1+ei—(d—6)(d’1+s) <1.

i=K
We will fix K~¢ < A\ < 1. We can find a constant Ny > 0 such that for any integer
n >0 we can cover {f;(v)}32; by NoA="(*0+<) intervals of size g;—gg/\(l“‘;/d)”.
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We let N(K)* denote all finite words formed from the alphabet N(K). Let
Ap, ={w e N(K)* : \" > | £,([0,1])] > A"}

We have that #A4,, < A—(FD(E7 +e)  We now fix an integer N > 0 and find a cover
of Ai with intervals of length AV, Let 0 < n < N and let w € A,,. We denote

D(w) = J{fo o £5([0,1]) : |fu o f5([0,1]))] < AV,
where j € N. We have that

N
Avc U U D).
n=0weA,
We know that {f;(0)}32, can be covered by at most NoA~(N=m)(so+e) intervals of
size g;—g;)\(l“‘s/d)w’”), and so for w € A,,, D(w) can be covered by Ny A(m—N)(so+e)
intervals of size A=V for a constant 0 < N; < 3N,. Therefore we have that Ax can

be covered by
N

Ny Z )\—(n+1)(d71+€)—(N—n)(so+5)
n=0

intervals of size AN. Thus

Dy . log SN A—n(d ) —(N=n)(so+e) )
dimpA < lim su n=0 < max{d ' so} +e.
PER = 7L—>oop —N 1og by = { 0}

Applying Theorem 3.1 in [MU] completes the proof. O

We now let @ : N — R satisfy ®(n) > n for all n € N and let the set X4 be as
defined in (II]). To prove the lower bounds in Theorems [[.T] and we introduce
certain subsets of X¢ which we will use in order to define a measure supported on
Xg. For any natural n let I(n) be the minimal natural number such that

I(n)
(2.1) Sooogite e,

i=[®(n)]+1
where [®(n)] denotes the integer part of ®(n). Let K be the smallest integer such
that for any k£ > K we have
k978 < & < A < kT

We then define {l,,}nen recursively by i1 = K and l,,41 = I(I,). Let Yo be a
subset of X¢ defined as

Yoe={xe€[0,1 : ®(,) < an(zr) <lps1}.
Lemma 2.3. There exist v > 1 such that

ln+1
®(ln)

for all n.
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Proof. By assumption we have that C1i~97¢ < & < Coi~%¢. Thus we have that
if n is sufficiently large,

i(n)
9> Z gl/d € >, / —d+e)(1/d— s)ds
i=P(n)+1
Evaluating this integral and using the fact that for ¢ sufficiently small 2(d+ % —g)e <
1, we obtain that
l(n)(d—i-%—s)a < 2(1)(7,1)(d—‘,-%—a)67

and the result easily follows. ([l

The following lemma is the key to the lower bound for Theorems [I1] and

Lemma 2.4. We can define a probability measure v supported on Y . such that

(1) v(Cp(z)) < [Co()[}4=5 for allx € Y .
(2) For v almost all x € Yo ¢,
1 B 1
limsup 28XB@) S 1
r—0 logr d
Proof. We start by fixing a positive integer n and considering the set of integers
I(n):={®(,)+1,...,l,4+1}. We will then refine this set by removing the integers
which refer to the left-most and right-most intervals. To be precise let

I'(n) = {i € I(n) : 3j,k € I(n) with £;(0,1)) < £,([0. 1)) < fi([0, 1))}
(where J; < Js is to be understood as: interval J; is to the left of interval J3). We
denote by s,, the value such that

Z fS" —
i€l’(n)

and note that each s, > % — e. For each n we will define a finite measure u,
supported on the finite o-algebra given by the sets { fi([0,1]) }icr(n) and satisfying
that 1, (Co,;) = ;™. We can then let v, = ®Z;8 proT* and note that the extension
v of these measures (Kolmogorov) will be supported on a subset of Yz ..

Note that for any cylinder C,, ..., we have that

V(Cm-..wn) = :;11 T Z:

and we can immediately deduce ().

For (@) let x € supp(p) and fix an n. We can then deduce that a,41(z) € I'(n).
Now consider the set of cylinders

Zp =A{ll([a1(x), ..., an(x), ] }je1(n)
and let R, = minjcr(n)&a, () Ean(@)&j- We know that z € [a1(z),...,a,(2), ]
for some j € I'(n). Therefore B(z, Ry,) C Cy(x) and B(zx, R,,) will intersect at most
two members of Z,,. Therefore we have that

(B2, Bn)) < 20570 ) 60 ) (@ (1) + )T ()
< ymeenlodmaEe Canbi(e, g, VYATE(l, e (mde),
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Thus if we take logarithms we have that
log u(B(z, Ry)) < (1/d — €)log Ry, + 2elog lpt1 + o(—log Ry),

and to complete the proof we notice that —logl, 1/ log R,, is uniformly bounded.
O

3. PrROOFS OF THEOREMS [I.1] AND

Proof of Theorem [I.9l We fix d > 1, a d-decaying system { f;}$2; and a function
® : N — R satisfying n < ®(n) < fn for all n € N and some 8 > 1. To prove the
upper bound we note that for any k£ € N,

Xecl) U fao-ofa ().

I<kar<..<a;<k

Since the maps f; are bi-Lipschitz, it then follows by LemmaRZIlthat dimy X < %

To compute the lower bound for any € X¢ and n € N, we let r,(z) := |Cp(2)].
We can freely assume that § is strictly greater than 1 (if ¥ > &, then Xy C Xg).
We then have the following result.

Lemma 3.1. For any § > 0 there exist I > 0 and N > 0 such that for any
z,y € Yo and n > N we have

ra(z) > (raaa(y)' ™.

Proof. By applying Lemma 2.3 we can calculate that for any [ € N,

() rn(z) ( m(y)))l”

ot @) @)™ \rni(y

C1(d/2d) " 1
<(cz<6/2d>v>1+6> (C1(8/2d))10+0

Thus if we choose [ large enough such that

B+ 5 (0 (6/2d)) 1+9) <(02((15/((25(/1)2$1+6> |
1

then the proof is complete. ([l

ndl(1+6)
)B ‘

Hence, for any = € Yg ., n > N, and (r,1141(2))*° <7 < (rpa(2))F9, the set
B, (z) N Yp . will be contained in C,(z) UC,(y) for some y € Yp .. We also have
> (i1 ()0 > (ragair ()9, Thus we will have

lim inf M > liminf inf (1/d —¢)logra(y) + 10g2.
r—0 log r n—oo yeYs. (14 5)2 108 Tnt2141(Y)

The only thing missing in the proof of Theorem [ T]is a comparison of sizes of r,,(x)
and 7,41(x).

Lemma 3.2. There ezists a sequence v, — 1 such that for every x € Yg ,

log 7p+1(x)
log 7, ()
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Proof. We have that
’rn-i-l(m) > fan+1(z)rn(x)'

log &, x . .
Thus it suffices to show that %‘*&f)) tends to 0 uniformly in z. For ¢ > 0 we
have that for all z,
" Oy cy
i=1
On the other hand, by Lemma 23] and the definition of ®,

lny1 < "Y‘b(ln) < Bvln.
Thus ay41(2) < (B8y)" and s0 &, ,, () = (87)7"(¢+<) and the result follows. O

Proof of Theorem We fix d > 1, a d-decaying system { f;}$2; and a function
® : N — R such that ®(n) > n. We will let sg = dimp({f;(0)}$2,). To show that
dimp X¢ < min{l/d, so} we simply replicate the upper bound in the proof of
Theorem [Tl with Lemma, replacing Lemma 211 The fact that dimp Xg > %
can immediately be deduced from Lemma 2.4

We now turn to the case where sg > %. First we need to show that the upper
box counting dimension and the packing dimension of X¢ are the same.

Lemma 3.3. We have that for any function ® : N — N with ®(n) > n,
dimp X<1> = MBX<1>.

Proof. Tt can easily be seen that the proof of Theorem 3.1 in [MU] can be applied
in this situation. O

We let J denote the closure of X¢ and note that by Lemma we can deduce
that dimp X¢ = dimp.J. We will let v be some accumulation point of {f;(1)}.
We then have that J D {f;(v)}22, and so dimp.J > s¢ and the result immediately
follows by Lemma [3.3]

4. PROOF OF THEOREM [[.J]

We fix d > 1, a Gauss-like d-decaying system {f;}22;, @ > 1 and let ®(n) = n®.
Denote s = 1/(1 4+ a(d — 1)). It is enough to prove that for every K > 1,
1
dimyg X g = ————
P e = T ad— 1)
where
X@)K = {.’13 € Xop : al(x) = K}

Indeed, we have

Xox C Xe ={xo}U | | M Xex,
n=0 K=2
where zg is the fixed point of f;. We fix K > 1, § > 0 and denote C; = C1(6),Cy =

C3(9).
Given x € X we define

An(z) = J{Cns1(y) : y € Culz) N Xo}.
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Obviously, it is the union of all (n + 1)-st level subcylinders of C, (), where the
(n 4+ 1)-st coordinate is at least a,(z)®. We have

Of [T ai(@)™° < lCulw) < O3 [T asle)~**°

and
(4.1)

O e an (@) @D TTai(@) "% < |An ()]

=1
n
S C;l+104a —(d—é6—1)« Haz d+5
i=1

We will distribute on X x a probabilistic measure p, satisfying p(ai(z) = K) =
and

0 if § < i,
4.2 api1(z) = jlan(z) =1) =
( ) /1'( +1( ) ]| ( ) ) {Ciia(dl)sj(d+a(dl))s ifj > io,

where
1

PN T CEE

is a normalising constant. It is easy to check that for some C5 > 1 we have
C3' < e <0y

for all ¢ (in fact, ¢; = (d+ a(d—1))s+ 1 as i — o0).

The reason we have chosen the measure 1 in this way is that for all z € Xo g,
we have for each n,

C; =

O3 [Lai@) ™ - aa(@)* D0, ()= < p(An(@) = p(Ca(2)

n
< ng Hai(x)fds Cay (:E)a(dfl)san(x)fa(dfl)s'

Comparing this with (41 we have that for all z € X3 g,

(43) Cglcgn|An($)‘(1+66)8 < H(An(l')) < Cﬁcgz|An(x)|(lfc<$)s.
Note that
(44) An(2)] < [Ca(@)] < [[ Cokc~(=92"" = cp (@D ~D/(aD),
i=1

Hence for x € Xg g we can calculate
log p(Bja,@)(2))  _  log u(An())
log |A,,(z)]|  log|Ay ()]

o(=log |An(x)])
log [An(z)|

< s(1+4¢d)+

Thus we can conclude that

dimH X¢>7K S S(l + C(S)



1276 THOMAS JORDAN AND MICHAL RAMS

For the lower bound on the Hausdorff dimension we will use the Frostman Lemma,
again. Denote

rn(2) = [An(2)], Bn(z) = |Cn()].
We already know that
log (1(An(2))
im —————~ > s(1 —cf).
% Tog [, (] = )
B, (2)(x) contains A, (z) and might intersect at most one other A, (y). Moreover,

this A, (y) must be a neighbouring one, which means that a;(z) = a;(y) for i <n
and |a,(z) — an(y)] = 1. Hence, by (@3] we have that

#(Br, (@) () < (2+ £)CsClr,, (x) 1793,
‘We then have that
log M(Brn(z) (J?)) < (1 - C(S)S log Ty + 0(_ 10g 'rn).

We need to use this estimate to find % for rp(xz) < r < Rp(x) and
Ryt+1(x) <1 < rp(x). The first of these ranges is easy: each C,(x) \ A,(z) has
length comparable to |C,(z)|. Hence, the ball B,(x) for r,(z) < r < Ry (z) will
be much bigger than B, (,)(z) but will still intersect at most A, (z) plus one more
A, (y). So, in this range

log (B ())
~ logr > (1—c¢d)s — o(1).

In the range R,,11(z) < r < r,(z) the ball B,.(z) will actually intersect several
Crnt1(y),y € Xo k. Let us define

Dr(z) = J{Chs1(y) : v € Xox N B(2)}.

Note that u(D,(z)) > u(B,(z)) but |D,(z)| < 20y /CTT1r1=%, Hence, we can
use D, (x) instead of B,(z) to estimate the local dimension of p at z, and the
estimation will change at most by a factor (1 £ ).

The set D = D, (x) is a union of consecutive (n + 1)-st level cylinders Cp,4+1(y)
with a;(y) = a;(z) for i < n and Iy < an1(y) < lo, where I; > a,(2)® and
ly < 0o. We have C,(x) = Uiill Cnt1(yi) (where y; is a point from C,(z) N Xo k
with (n + 1)-st symbol in the symbolic expansion equal to i). We have

ICry1(yi)| > iidwn(x) ‘ 1+C§§

hence
c _ —(d—1 —(d—1 c
ID| > |Cp ‘1+ 622 d ) lz( ))|Cn(55)|1+ 5
i= ll
We also have
A1 (ys)] < [Cp ()|~ d= 1)
hence by ([@3]),

la

la
D)= (A1 (9:) < CoCEH(Co ()| 172D 3 - (drald=1)s(—ch),

=l =l
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Note that

lo

l2
Z Z-f(d+a(d71))s(1fc6) < léd-i—a(d—l))sc& ) Z ,L'f(d+oz(d71))s

i=l i=ly

l2
< |D|—co¢6 . Zi—(dﬂ-a(d—l))s.

=l

Thus we have that

la
log (D) < log <|cn<x>|<1—2“”s Zr“*‘“d‘””) ~ cadlog D] + o(~log(D])

=l

Q

1Og((l;(dJra(dq))squ . l;(d+a(d71))s+l)|Cn(x)\(1_2c‘5)s)
—cad log |D| + o(—log(|D]))

= log((l 7 =1, “TY)|Ca(@)[*) + o~ log(ID]).
where we use that

(d+a(d-=1))s—1=(d-1)s.
By the concavity of the function x — z® for s < 1, we have that
a=bNc=d° = (a—c) < (b—d)°.
Hence we can conclude that
log(u(D)) < s(1 = (3 + a)cd) log|D| + o(—log D),

and the proof is complete. O

5. PROOF or THEOREM

We start by fixing an increasing function ® : N — N and d > 1. We need to find
a d-decaying system {f;}72; such that

1
dirnH X<1> = E

We will fix € > 0. As in section [3 we define by I(n) the smallest number for which
l(n)
Z Cl/dfsz-flere > 1.
i=®(n)+1

We define Iy =1 and 11 = I(1,). As in Lemma [Z3] we have that
lnt1 <®(1yn)

for some v > 1.
The system will be piecewise linear of the form T;(z) = %m + a;. We will have
that
1
221 i—d 4 fozl n_2l;-|1-1(ln+l - (1)) .
We define the constants a; recursively by letting a; = 1 — ¢i~% and let

S { ap_1 —Cn=¢ if né¢ (®(,),lny1) for any n € N,
" =

an—1—Cn=94— Cj_Qljjl if ne (®(),l41) for some j € N.

C:
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As in section Bl and Lemma [2.4] we can define

(5.1)

Xo ={z:®(lp—1) + 1 < an(z) < la(2)}

and distribute on Xq, a measure v such that

V(Cn(x)) < |Cn(x)‘(1/d_€)

for all r € ch. For x € Xq:., let Z,(z) denote the minimal interval containing
Cn(z) N Xg. We can calculate

lnt1

Cal@)| | Cn 2 (s — @)+ S i

i=(In)

Q

|Zn ()]

Q

n"2|C,(2)).

We can calculate that for any cylinder C,(x), ¢ # j € (®(l,), 1, + 1] the cylinders

72171

Cn+1(yi) and Cry1(y;) will be separated by a gap of length at least Cn il
Hence, for rpp1 <r < rp,

W(B,(2)) < gu(r) = (1 U U e ‘W"”) i/

Tn

(where r, = |Cp,(z)|). Note that

galr) < et/

for r = r,, and for r = r,,; 1, and g, (r) is a linear function in between. As z — /¢
is a concave function, we have

gn(r) < ert/d—e
for r,41 <1 <r,. Hence,
1 B 1
liming 08AB(@) S L
r—0 log r d
and the proof is complete. (I
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